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The surface modeling capability of CAD systems is 
widely used to design products bounded by free form sur-
faces and curves. However, the surfaces or curves gener-
ated by popular data fitting methods usually have shape 
imperfections such as wiggles. Thus, fairing operations are 
required to remove the wiggles, which makes the surfaces 
or curves smooth. This paper proposes a new method 
based on the wavelet transform for fairing the surfaces or 
curves while preserving the continuity with adjacent sur-
faces or curves. The wavelet transform gives a hierarchical 
perspective of the surfaces and the curves, which can be 
decomposed into the overall sweep and details, i.e., local 
deviations from sweep like the wiggles. The proposed fair-
ing method provides a similar effect on the mathematical 
surface as that of the grinding operation using sandpaper 
on the physical surface. 
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I. INTRODUCTION 

Currently, hybrid solid/surface modelers are widely used to 
design products bounded by free form curves and surfaces.  
These modelers usually provide the function of generating sur-
faces or curves in many ways such as skinning, sweeping, 
swinging, lofting, data fitting, interpolation, etc. Although the 
surfaces or curves generated by these methods satisfy the user’s 
purpose in most cases, there may be some shape imperfections 
in the surfaces or curves. In computational geometry terminol-
ogy, shape imperfection means the region which has frequent 
saddle points in the curve or the frequent variation in the sign of 
the Gaussian curvature in the surface. Usually, the surfaces or 
the curves generated by interpolation or data fitting may have 
local wiggles with high amplitude. In particular, the surface 
generated by the interpolation and data fitting method from the 
products on the clay model of an automobile may have severe 
local wiggles and frequent discontinuity in the curvature. These 
shape imperfections cause significant economic loss in time 
and cost in later design stages. Thus, the process called ‘fairing’ 
is required to make the surface smooth by removing local wig-
gles. This paper proposes a new fairing method based on the 
wavelet transform that preserves continuity across the bound-
ary with neighboring surfaces. 

II. RELATED WORKS 

The wavelet transform was introduced to replace the win-
dowed Fourier transform in 1980’s. Although it has its roots in 
the field of the approximation theory and signal processing, it is 
widening its application to areas such as turbulence, radar signals, 
seismic geology, image compression and computer graphics. In 
general, the wavelet transform decomposes a function into a 
coarse overall shape and detail coefficients hierarchically.  
Thus, the wavelet transform presents a tool, by which an image, 
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a sound signal, surfaces or curves can be analyzed in different 
levels of detail. It also allows the multiresolution analysis of a 
function. Some publications in which the wavelet transform is 
applied to curves and surfaces are summarized as below. 

Forsey and Bartels [1] employed hierarchical B-splines to 
address the problem of editing the overall sweep of a surface 
while maintaining its details. This construction is similar in 
spirit to the filter bank process used in multiresolution analysis.  
One significant difference is that in their formulation there are 
an infinite number of possible representations for the same 
surface, whereas the multiresolution curve representation is 
unique for a given shape. Chui [2], [3] suggested the B-spline 
wavelet. He improved the traditional Mallat’s [4] wavelet, 
which has global supports, by adapting minimal supports so 
that local modification is possible. Gene Chuang [5] developed 
the wavelet descriptor. Using the wavelet transform, the hier-
archical planar curve descriptor, i.e., the wavelet descriptor, 
decomposes a curve into components of different scales so that 
the coarsest scale components carry the global approximation 
information while the finer scale components contain the local 
detailed information. Chuang used the wavelet descriptor in 
curve matching and shape recognition. Gortler [6] developed 
variational geometric modeling with wavelets. To realize a 
more intuitive modeling, he directly manipulated curves and 
surfaces with a set of constraints such as interpolation and tan-
gent constraints. By using a wavelet basis, the “best” solution 
which requires solving a variational problem can be obtained 
more efficiently because the iterative methods converge rapidly 
owing to the hierarchical nature of the wavelet basis. 

For the fairing of B-spline curves and surfaces, Farin and 
Sapidis [7] used knot removal and insertion technique. Greiner 
[8] described variational design for fairing. Rando and Roulier 
[9] suggested designing of parametric surfaces. Moreton and 
Sequin [10] utilized a functional optimization problem. 

Finkelstein [11] developed a multiresolution curve using the 
B-spline wavelet transform. Using multiresolution analysis of a 
curve, curve smoothing, curve compression and scan conver-
sion are accomplished. His curve smoothing method will be 
well described in section III.2 and the surface and curve fairing 
method proposed in this paper is originally derived from his 
work. Finkelstein’s fairing method works well but there is no 
consideration on the continuity with neighboring curves or 
surfaces. Thus, an improved fairing method for surfaces and 
curves is proposed to guarantee the continuity across the 
boundary with neighboring surfaces or curves. 

III. CURVE FAIRING 

1. B-Spline Scaling Functions and Wavelet Functions 

Finkelstein [11] suggested the B-spline wavelet transform for 

the multiresolution analysis of the B-spline curves. For arbitrary 
type surfaces, Lounsbery et al. [12] proposed multiresolution 
analysis algorithms. In this section, the definition of B-spline 
scaling functions [13] and wavelet functions are described. We 
use end point interpolating B-spline scaling functions. 

A. B-Spline Scaling Function 

The definition of the end point interpolating B-spline func-
tions [14]-[16] of level j  is described in (1) and (2): 
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The level represents how many times the vector space, knot 
vector in this case, can be subdivided. Also, the number of ba-
sis functions is related to the number of knots and degree of 
B-spline scaling function. Thus, the level is dependent upon the 
number of B-spline scaling functions, that is, the number of 
control points. Some B-spline scaling functions for 1V  for 
degrees 0 to 3 are shown in Fig. 1. 
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Fig. 1. B-spline scaling functions, level 1=j (courtesy of “wavelets
for computer graphics”).  

 
B. B-Spline Wavelet Function 

The wavelet function is determined by the matrix jQ , but 
there is no unique solution for the jQ matrix. Thus, Finkelstein 
[11] derived the B-spline wavelet function with additional con-
straint, that is, wavelet function with small support. Figure 2 
shows the cubic B-spline wavelet functions and scaling functions 
for level .3=j  
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Fig. 2. Cubic B-spline scaling function and wavelet functions
)3( =j (courtesy of “wavelets for computer graphics”). 
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2. Curve Smoothing Using the B-Spline Wavelet 

The end point interpolating uniform B-spline curve of level 
j  of this curve is described in (4) 
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In this case, the number of control points of the curve is 
.2 pj +  

The comparison of the general wavelet transform with the 
B-spline wavelet transform is shown in Table 1. 

The scaling function of the general wavelet transform corre-
sponds to the B-spline basis function, and the coefficients of the 
scaling function in the general wavelet transform correspond to 
the control points in the B-spline wavelet transform. Fairing a 
j  level curve into a lower resolution curve, i.e., 1−j  level 

curves using the wavelet transform, is accomplished by finding 
new control points 1−j

iV  of the 1−j  level curve from the 
control points j

iV  of the j  level curve using the filter bank. 
The new 1−j  level curve is described in (5). 
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Lowering the level of the curve results in a decrease in the 
number of control points. Missing the detail coefficients, the 
curve shows its overall shape rather than its local features. Fig-
ure 3 shows the process of fairing the curve. 

The curve faired by this algorithm is shown in Figs. 4 to 7. 
The level of the original curve is 5. In these figures, the dashed 
line represents the control polygon of the curve and each dot 
represents a control point of the curve. Severe wiggles are 

Table 1. General wavelet vs. B-spline wavelet. 
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Fig. 3. Curve fairing using the wavelet transform. 
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shown in the original curve, but as the level is lowered, the am-
plitude of the wiggle is reduced and the overall shape is 
smoothly faired. 

Also, we can see the number of control points is decreased as 
the level is lowered. So, we can deduce from this example that 
the detail coefficients of the curve imply local wiggles of the 
curve. Consequently, the original curve can be decomposed 
into lower level curves representing the overall shape of the 
curve and detail coefficients, that is, wiggles of the curve by the 
wavelet transform. 

 

Fig. 4. Original curve )5( =j .  
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Fig. 5. Faired curve )4( =j . 

Fig. 6. Faired  curve )3( =j . 

Fig. 7. Faired curve )2( =j .  
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Fig. 8. Original curve (wiggles in the middle of the curve). 
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Fig. 9. Faired curve (one level lowered). 
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 Fig. 10. Faired curve (two level lowered). 
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3. Problems in the B-Spline Wavelet Transform 

Figure 8 illustrates an example where local wiggles are con-
centrated in the middle of the curve. To remove these local 
wiggles, the curve is faired and the results are shown in Figs. 9 
and 10. 

Consider the curve lowered by one level by the wavelet 
transform. Although the amplitudes of the local wiggles are 
reduced, there is unexpected self-intersection in the region in-
dicated by A where the region of local wiggles is connected to 
the other region. Besides, there are unexpected faired regions 
indicated by B which should not have been faired. The curve in 
Fig. 10 which is wavelet transformed once again has an unde-
sirable overall shape. This curve is transformed to an undesir-
able shape because the magnitudes of the detail coefficients of 
the wiggle region are different from those of the non-wiggle 
region. In the mixed region where the region of local wiggles 
are connected to the other region, the detail coefficients are 
mixed with each other: i.e., not only the detail coefficients of 
the wiggle region but also those of the non-wiggle region are 
transformed together. 

As described above, the curve can be faired by the wavelet 
transform which removes undesirable wiggles in the curve.  
However, the curve is faired desirably only in the case where 
the wiggles of the curve are relatively uniform. If the wiggles 
of the curve are concentrated locally, the transformed curve 
might have an overall bad shape. To avoid this problem, it must 
be allowed to fair the local region selected by a user. Also, after 
fairing, the selected region should be connected smoothly to 
the remaining non-selected region. However, the curve trans-
formed by the algorithm in section III.2 cannot preserve the 
continuity at the end points. Figure 11 illustrates the result after 
fairing the curve in Fig. 4. It shows that the end points of the 
faired curve are not coincident with those of the original curve. 
To solve this problem, a local wavelet transform to fair a por-
tion of the curve is suggested in this paper. 

Original Curve

Transformed Curve

Distinct End Point

Distinct End Point  

Fig. 11. Original curve and faired curve.  

4. Wavelet Transform Preserving Continuity at the Ends 

As mentioned in the previous section, the wavelet transform 
of a B-spline curve can not preserve the continuity at the end 
points. The reason is as follows. 
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Consider the wavelet transform of a j level curve. The j  
level curve is decomposed into 1−j  level curves and detail 
coefficients which are the coefficients of wavelet functions of 

1−j  level as shown in (6) and (7). 
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When the knot vector is normalized, the function values at 
0=u  and 1=u  of the j  level curve should be the same 

as those of the 1−j  level curve to preserve 0C  continuity 
at both end points during the fairing process. 

As the B-spline curve has compact support, the number of 
nonzero B-spline basis functions is only 1+p  for any knot 
span ]. [ 1 ii uu −  So, for the j  level curve, the maximum 
number of nonzero B-spline basis functions at 0=u , i.e., for 
the knot span 0[u ],1u  is .p  The function value of the j  
level curve at 0=u  is described as follows: 
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The detail coefficients derived from the j  level curve are 
expressed in terms of linear combinations of 1−j  level 
B-spline wavelet basis functions. These detail coefficients can 
be expressed in terms of linear combinations not of 1−j  
level B-spline wavelet basis functions but of one level higher, 
j  level B-spline basis functions, using the jQ  matrix for the 

synthesis filter bank. 
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When the detail coefficients are expressed in the form of j  
level B-spline basis functions, the nonzero component of the 
B-spline basis function at 0=u  is shown as follows. In (10), 

j
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multiplied by the jQ  matrix. 
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If (10) is applied to (6), the function value of the j  level 
curve at 0=u  is derived in (11). 
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Additionally, the function value of the 1−j  level curve at 
0=u  is shown in (12). 
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When the j  level curve is wavelet-transformed, all detail 
coefficients are removed, i.e., part (b) in (11). As a result, 0C  
continuity of the curve at 0=u  cannot be preserved.  

)0(  )0( 1 =≠= − uCuC jj .              (13) 

In the same manner, 0C  continuity of the curve at 1=u  
cannot be preserved either. 

)1(  )1( 1 =≠= − uCuC jj .               (14) 

For the reason mentioned above, part (b) in (11) which in-
fluences the function value of the end points should not be re-
moved and should be merged into the 1−j  level curve to 
preserve continuity during the wavelet transform. 

However, in this case, the detail coefficients are expressed in 
the form of j  level B-spline functions, and therefore, these 
cannot be merged into a 1−j  level curve. Thus, new knots 
should be inserted into the knot vectors of the 1−j  level 
curve using the Boehm algorithm so that the knot vector and the 
number of control points of this curve should be the same as 
those of the one level higher j  level curve. This knot insertion 
operation of a cubic B-spline of level j  is shown in Fig. 12. 

 

Fig. 12. Raising the level by knot insertion. 
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Then, the detail coefficients are added into the corresponding 
control points to generate a new j  level curve preserving 0C  
continuity at the end points. Figure 12 shows the knot insertion 
process. 
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Fig. 13. Fairing algorithm preserving 0C  continuity by the wavelet
transform. 
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Figure 13 shows a fairing algorithm in which the 0C  continuity 
is preserved by the wavelet transform. The original curve is 
decomposed with low level curve and details. The level is then 
raised and only selected details are added into the wavelet 
transformed curve in the synthesis process. 

The same fairing approach can be applied to preserve not 
only 0C continuity but also nC continuity. However, in this 
case, the part to be merged into the 1−j  level curve is the 
detail coefficients which influence th-n  derivatives of the 
j  level curve at the end points. So, merging these detail coef-

ficients can generate a new faired curve preserving nC  con-
tinuity at the end points. A user can assign the order of continu-
ity at the end points while fairing by this algorithm. A 
new faired curve transformed by this process is shown in Fig. 
14. In Fig. 14, the faired curve preserves 1C  continuity at the 
end points, that is, it is tangent to the original curve at the end 

points. 
The comparison of the faired curve by the traditional wavelet 

transform with the faired curve by the proposed wavelet trans-
form is shown in Fig. 15. Except the region near the end points, 
the faired curve by the proposed wavelet transform is identical 
with the one by the original wavelet transform. 
 

Original Curve

Transformed End Point  C1 
continuous Curve  

Fig. 14. Fairing curve preserving continuity.  
 

Transformed Curve with no Continuity

Transformed curve
 with  C1 continuous Curve  

Fig. 15. Comparison of the traditional wavelet transform and the
suggested wavelet transform.  

IV. SURFACE FAIRING 

Basically, a B-spline surface is a tensor product of the 
B-spline curve and there are two directions vu,  in the para-
metric domain. The definition of the B-spline surface is given 
in (15). Like the case of the B-spline curve, we use end point 
interpolating B-spline surfaces. The u  level of the surface is 

,n  and the v  level is .m  The degrees of the surface in the 
u  and v  directions are p  and ,q  respectively. 

∑ ∑
−+

=

−+

=

=
12

0

12

0
,,, )()( ),(

q

i

p

j
ji

m
qj

n
pi

n m

VvNuNvuS .     (15) 

1. The Derivatives of the B-Spline Surface 

The general definition of the derivatives of a B-spline surface 
is shown in (16) and (17). 
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Therefore, the first derivative and twist vector of the B-spline 
surface are derived as shown in (18) through (23). 
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2. Fairing of the B-Spline Surface 

Since B-spline surface is a tensor product of the B-spline 
curve, the algorithm used in fairing the B-spline curve can also 
be used in fairing the B-spline surface. However, because there 
are two directions vu,  in a B-spline surface, a two dimen-
sional wavelet transform should be applied in fairing a B-spline 
surface. The two dimensional wavelet transform is the exten-
sion of the one dimensional wavelet transform and there are 
two types of two dimensional wavelet transform as follows. 

A. Standard Wavelet Transform 

The standard wavelet transform begins with applying the one 
dimensional wavelet transform to the surface in the u  direc-
tion first. That is, as shown in Fig. 16, transforms each set of 
control points of the surface in the u  direction respectively. 

This will yield a new surface with one level lower in the u  
direction which has lost details during this operation. Next, 
we apply the one dimensional wavelet transform for a new 
surface in the u  direction again until the desired u  level 
of the surface. Then apply one dimensional wavelet transform 
to resultant surface in v  direction. Like the wavelet trans-
form in the u  direction, wavelet transform in the v  direc-
tion gives a new surface with one level lower in the v  direc-
tion which has lost details. Until the v  level of the surface 
reaches the desired level, the surface is transformed in the v  
direction. Finally it gives a single faired surface, that is, the 
overall sweep surface and detail coefficients lost in this proce 

V
direction

U
direction

V direction

U directionInitial Set 
of Control point 
in U direction

Transformed Set 
of Control point 
in U direction

 

Fig. 16. Fairing the surface in u  direction. 
 

 
dure as shown in Fig. 17. The rectangle represents the simpli-
fied B-spline surface and the vertex represents the control 
points of the B-spline surface. 

 
Initial surface

transform
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transform
in V direction

U

Transformed 
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++++
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level  mn ×××× level  )1( −−−−×××× mn level  0××××n

level  0)1( ××××−−−−n

level  00 ××××

 

Fig. 17. Standard wavelet transform of simplified B-spline surface.

 

B. Nonstandard Wavelet Transform 

In contrast to the standard wavelet transform, the nonstan-
dard wavelet transform alternates between u  and v  direc-
tions. First, one step of the u  directional transform is per-
formed and it gives a new surface with one level lower in the 
u  direction. Next, one step of the v  directional transform is 
applied to the new surface. To complete the transform, we re-
peat this process in an alternating manner. 

The nonstandard wavelet transform is slightly more efficient 
than the standard wavelet transform in the aspect of computa-
tion time. However, it requires that the u  level of the surface 
is the same as the v  level of the surface, that is, the same 
number of control points is required in each direction. Thus, it 
cannot be applied to the general surface. In this paper, we 
adapted the standard wavelet transform for surface fairing. 

Equation (24) shows the first step of the standard wavelet 



92   Joohyung Cho et al. ETRI Journal, Volume 23, Number 2, June 2001 

transform. Assume that the u  level of the original surface is 
n  and the v  level is .m  
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First, let’s transform the surface in the u  direction. As 
shown in (24), the surface has vu,  directions. The term in 
parentheses in (25) corresponds to the B-spline curve in the u  
direction. So, one dimensional wavelet transform in the u  
direction is accomplished as described in section III.2 using the 
filter bank algorithm. Then, the u  level of the surface is low-
ered and the details are stored in the latter term in (26). How-
ever, because the details can be expressed in terms of the 
B-spline wavelet function, it can be expressed in terms of a one 
level higher B-spline scaling function using the synthesis ma-
trix jQ  as shown in (27) and (28), i.e., the original surface is 
decomposed into one level lower surface which describes the 
overall sweep of the surface in the u  direction and details.  
We repeat this process to the desired u  level, and then trans-
form the surface in the v  direction. Finally, the surface can be 
expressed as the sum of one overall sweep surface and all the 
other detail coefficients as shown in (29). Then, to fair the 
original surface, the detail coefficients which represent the de-
viation from the sweep, that is, the wiggle, should be removed.  
However, similar to the curve case, the coordinates of the 
boundary of the surface are changed if the detail coefficients 
which influence the boundary are simply removed. So, the 
continuity with the neighboring surfaces across the boundary 
curves cannot be preserved. In the next section, we present a 
method to manipulate detail coefficients to preserve continuity. 
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3. Manipulating Detail Coefficients 

To preserve the continuity when fairing a B-spline surface, some 
manipulation of the detail coefficients is needed. First, consider the 
continuity across the boundary. When the knot vector is normal-
ized, equation 0=u  represents one of the boundaries along the 
v  direction. The first derivative across curve 0=u  and the 
twist vector at 0=u  are shown in (30) through (35). According 
to these equations, the nonzero component of the B-spline basis 
function at ,0=u  i.e., for the span of knot vector ][ 0 quu are 
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points are 2,0, ,, −qii VV K  and .,, 2,20,1 −++ qii VV K  These control 
points are 1−q  rows of control points near the boundary along 
the u  direction as indicated in Fig. 18. As 1−q  rows of con-
trol points near the boundary along the u  direction influence 
the first derivatives across the boundary, these 1−q  directional 
curves should not be transformed. In the case of the cubic 
B-spline surface, two )3( =q  rows of control points near the 
boundary should not be transformed. Similarly, to preserve con-
tinuity and the twist vector across the curve corresponding to 

,1=u  the 1−q  rows of control points from the boundary 
should not be transformed. Similarly at 0=v  and 1=v , the 

1−p  sets of control points from the boundary also should not 
be transformed. 
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Fig. 18. Control points that should be transformed.  
 

Figure 18 shows the control points which should not be 
changed to preserve 1C  continuity of a cubic B-spline surface. 

Thus, some detail coefficients have to be preserved if they 
have influence on the control points which should not be 
transformed. However, it is difficult to find the corresponding 
detail coefficients because the level of the detail coefficients is 
different from the level of the original surfaces as shown in (29). 

Also, it is difficult to add the detail coefficients to the overall 
sweep surface because of the difference in the level. Thus,  
equalizing the level of all the detail coefficients and the overall 
sweep surface is needed. This can be accomplished by raising 
the level of the detail coefficients and the overall sweep surface 
to the level of the original surface using the Boehm Algorithm.  
As described in section III.4, raising the level is the knot inser-
tion process which results in the increase in the number of con-
trol points. Although the detail coefficients are not really of the 
B-spline surface, it has the same dimension as of the B-spline 
surface. Consequently, the knot insertion process can be ap-
plied to the detail coefficients. 

In this way, we can find the corresponding detail coefficients 
which lies in 1−q  arrays of control points in the u  direc-
tion and 1−p  arrays of control points in the v  direction 
because the level of the detail coefficients and the overall 
sweep surface are the same as those of the original surface.  
Finally, after summing up all the corresponding detail coeffi-
cients to the overall sweep surface, we can get the faired 
surface preserving continuity with the neighboring surfaces at 
its boundaries. 

Figure 20 shows the resultant surface faired in both direc-
tions. We can see that on the boundaries of the faired surface, 
 
 

Fig. 19. Original surface.  
 

 

Fig. 20. Faired surface.  
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1C continuity with the original surface is preserved while the 
internal severe wiggles are removed. 

V. CONCLUSION 

Traditional methods to smooth curves or surfaces usually try 
to minimize the curvature variation in the curves or surfaces 
within a user-defined tolerance. However, they are only appli-
cable to the correction of minute defects and not applicable to 
the fairing process involving very severe wiggles of high am-
plitude.  

This paper proposes a new method for fairing such a surface 
or a curve using the wavelet transform while preserving the 
continuity with adjacent surfaces or curves. The proposed fair-
ing method provides a similar effect on the mathematical sur-
face to the grinding operation using sand paper on the physical 
surface.  Besides, a user can fair the surface interactively 
through selecting a local region by the fractional level.   

So far, this algorithm is limited to the B-spline surfaces or 
curves with the uniform knot vector. So, further study is needed 
to extend this algorithm for NURBS surfaces or curves with 
non-uniform knot vectors.  It would be necessary to consider 
a new wavelet based on the vector space composed of 
non-uniform knots to solve this problem. Alternatively, ap-
proximation of the surface to that of uniform knot vectors 
would be a solution as well. Currently, the proposed algorithm 
is only applicable to 4 boundary B-spline patches and cannot 
handle trimmed surfaces. Subdividing the parametric domain 
of the trimmed surface into 4 boundary regions will solve this 
problem. 
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