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ON THE RELATION BETWEEN COMPACTNESS
AND STRUCTURE OF CERTAIN OPERATORS
ON SPACES OF ANALYTIC FUNCTIONS
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Dept. of Mathematics,
Shiraz University, Shiraz 71454, IRAN.
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Abstract. Let B be a Banach space of analytic functions defined on the
open unit disk. Assume S is a bounded operator defined on B such that S is in
the commutant of M;n or SM,n = —M,n S for some positive integer n. We
give necessary and sufficient condition between compactness of SM, + cM, S
where ¢ = 1,-1,2,—1, and the structure of S. Also we characterize the
commutant of M,» for some positive integer n.

1. Introduction

In this section we give some notation and definitions which we
use later. Let B be a Banach space consisting of complex valued
analytic functions defined on the open unit disk D in the plane
such that 1 € B,zB C B and for every A € D the evaluation
functional at A, ey : B — C, given by f — f(A), is bounded. Let
¢ : D — D be a rotation we assume that for every f € B, fop is
in B and the composition operator C,, defined by C,,(f) = fop
is bounded. We define f(A) = f(=X) and f(A) = f(z)) for every
A € D. Also we assume that the set of all analytic polynomials P
is dense in B. We set B; = closed linear span {z"***: k > 0} for
t=0,1,2,...,n — 1. Let p be a polynomial having decomposition
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P=po+p1+..+pn_1 where p; € B; for i = 0,1,2,...,.n — 1.
Furthermore we assume that there are positive constants c, and
dy, such that ||p;|| < c,|lp|| < dp max {|lps]] : ¢=0,1,2,--- ,n~
1}. Therefore the projection operator P, ; : P — B defined by
P, i(p) = p; has a unique extension to B, and every f € B has a
unique decomposition f = fo+ f1+ fa+ -+ fn—1 where f; € B;
fori=0,1,2,--- ,n—1.

Throughout this article by a Banach space of analytic functions
we mean one satisfying the above conditions. A complex valued
function ¢ defined on D for which ¢f € B for all f in B is called a
maultiplier of B and the collection of all such multipliers is denoted
by M(B). Each multiplier determines a multiplication operator
M, on B defined by M,(f) = ¢f. By the closed graph theorem
it is easy to see that M, is bounded. Let L(B) denote the algebra
of all bounded operators on B. It is well known that if X € L(B)
and XM, = M, X, then § = M, for some function ¢ € M(B).

Throughout this article {M,} denotes the set of all bounded
linear operators X on B such that M, X = XM, i.e., the com-
mutant of M,. Given A C B by the VA we mean the closed
linear span of A in B and for a fixed positive integer n we set
B = v{z"*t* . k > 0} fori = 0,1,2,...,n — 1. We define
M, : B - B by My(f) = ¢f; and define M, : B — B by
M‘p( f) = ¢f; by the closed graph theorem M¢ and M(,, are
bounded.

In what follows we present some examples of such spaces.

EXAMPLES. X
a)The spaces D, of all functions f(z) = Y f(n)z", holomor-
phic in D, for which

IF1Z =D _(n+1)* | f(n) P< o0

for every a € R.
b)Let 1 < p < oo and let {a(n)} be a sequence of positive
numbers with a(0) = 1. We consider the space of sequences f =

{f(n)} such that

NFIE =Y 1f(m)Pla(n)]P < oc.
n=0
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We shall use the formal notation f(z) = 350 f(n)z" for
z € D (See Shields [5] for p = 2). Let BP(a) = {f| f(z) =
Yon=o f(n)2%; [|fllp < 00} and

Bi(a) ={f € BP(a

o0
Z " is convergent in D}.
=0

Let {1/a(n)} € 4. If f € Bp(a and A € D, we have

)= lZf W] < (O 1Pl Z e e
n=0
Therefore, f is analytic and ||f||p < H{a_(,{)“}HquHp Also Bg(a)
= B?(a) C H*™. Furthermore, each point of D is a bounded
point evaluation for BP(a) and also convergence in BP(«) implies
uniform convergence on D. For more information on these spaces
see [3], [6], 7]

Cuckovic in [1] investigates the commutant of M,» on the Berg-
man space L2,(D), Seddighi and Vaezpour [4] have shown that
under certain conditions on the reproducing kernels of a functional
Hilbert spaces every operator S essentially commuting with M,
and commuting with M,» for some n > 1 is a multiplication
operator. In [2] the author characterized the commutant of M,> on
various spaces of analytic functions. In section two we investigate
the relation between compactness and the structure of operator
S such that S € {M,~} or SM,» = —M,.S for some positive
integer n. We give necessary and sufficient condition under which
S gets the form M,, or M,, or M,, for some ¢ € M(B).

2. The Main Results

In the next lemma we show that if SM, = —M, S, then S = ng
for some multiplication function ¢.

LEMMA 2.1. Let B be a Banach space of analytic functions
and let S : B — B be an operator such that SMZ = -~M,S. Then
there exists a ¢ € M(B) such that S(f) = ¢f for every f € B.

Proof. Let S(1) = ¢. We have S(z) = —zp and by induc-
tion S(2") = (~1)"z"y for every positive integer n. Hence for a
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polynomial p, S(p) = ¢p. Now assume that f € B and let {p,}
be a sequence of polynomials such that p, — f in B. According
to the properties of B, p, — f in B and so pointwise. There-
fore ¢p, — @f pointwise, since S(p,) = @pn converges to S(f)
pointwise we have S(f) = ¢f .

LEMMA 2.2. Suppose B is a Banach space of analytic functions,
S € L(B), SM,» = —M,»S for some positive odd integer n > 1,
and B; = v{z2"*+t . k > 0} fori = 0,1,2,---,2n — 1. Suppose
f € B has decomposition f = fo+ fi +---+ fon—1 where f; € B;
fori=0,1,2,---,2n — 1. Then

S(f)=wof+w1(h—“;{'il-) )+
""Pn—l(fn lz: ]:271 1)

f2 = fny2
+<P2(“—;§£i“

where pg = S(1), ¢; = (SM,: —M,: S)(1) for positive even integers
i <n and ; = (SM,: + M,:S)(1) for positive odd integers i < n.
Also:

(SM, + M. S)(f) = fo<p1+f1( +cp1)+f2(—-—+?i%)+ .

+ faz 1({)” . “‘fn‘Pl fn+1((p—+§01)
<P3 P2 Pn—1
= fat2( g + 7)== fanea :2)

Proof. Let p be a polynomial having decomposition p = pg +
p1+p2 + -+ pan—1 with respect to B; for ¢ =0,1,2,--- ,2n — 1.
Since po = S(1),¢0i = (SM,: + M,:S)(1) for i odd and ¢; =
(SM,: — M,:S)(1) for i even and 1 <i < n — 1, we have S(2*) =
@; — 24 for i odd and S(2%) = ¢; + 2%pg for i even and 1 <
i < n—1. Also S(z2"%) = ppz?"* and §(22k+") = —g2nk+n,
Therefore an easy calculation shows that

S(po) = popo, S(p1) = %901 — P10, S(p2)

P
- 'z—;% + P20, -+, S(Pn) = —Pnio.
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S(pn+1) = =01 + pry1wo,- -, S(pen—1) = —E2 g, —
Pan-10- Since S(p) = S(po) + S(p1) + S(p2) + - - - + S(pan—1) we
can see that S(p) has the same form stated in the theorem. Now
since polynomials are dense in B and convergence in norm implies
pointwise convergence, the proof is completed.

The second part follows easily by considering

(SM, + M. S)(f) = S(zf) + 25(f)

= —2fpo + (fo— fa)er + (f—l——z-j-rﬁl—)wz

+ "+(I%;f?2-_2)(f9n—l+z.f900+(fl_fn-i—l)(Pl
-I—(f2 —an+2)(p2+ +(fn 1— fzn Don_y.

Note that if S € {M,} or SM, = —M,S, then S € {M,.}
for all positive even integers n. Hence if SMyn = —SM,» for n
even, then S does not have the form of My or M. However we
show that if n is an odd integer and SM, + M, S is compact, then
S = M, for some function ¢ € M(B).

In the next theorem, with a slight refinement we will use the
idea of the proof of the Theorem 1.4 in [1].

THEOREM 2.3. Suppose B is a Banach space of analytic func-
tions, S € L(B) and SM,» = —M =S for some odd integer n > 1.
There is a function ¢ € M(B) such that S = My if and only if
SM, + M,S is compact.

Proof. Let SM, + M,S be a compact operator and
B; = v{z?>"k+' : k > 0} for i = 0,1,2,--- ,2n — 1. suppose f € B
having decomposition f = fo + f1 + ... + fan_1 where f; € B;,
1=20,1,...,2n — 1. By Lemma 2.2 we have:

(SM. + M.S)(f) = fopr + 122 + 1) + fu 5y + £2) 1.
+fn I(Pn - fn‘Pl fn+1(¢_+‘p1)

—fn+2(;—2“+7)—"‘*f2n 1((pn L
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Since (SM, + M.S)|s, = M,,|s, is compact, it follows that
M, ,2n|B, = M,2e M, |8, is compact. Also we see that M, ,2» |5,

=M, M, |B,M,2n-i|p, is compact for i =1,2,---,2n — 1. Since
there are positive constants ¢z, and da,, such that || f;|| < conl|f]l <
den max {||fil|: i=0,1,2,---,2n—1} we have M,2n,, is com-
pact on B and by the Fredholm alternative theorem, z°"¢; = 0
so ¢1 = 0. Now (SM, + M,S) = Mgzz on B; and it is a compact
operator. Hence Mez (M,|p,) = M,, is compact on By. By a
similar argument, we have @9 = 0, and repeating this method we
conclude that ¢; = @3 = ... = @9p—1 = 0. Hence by Lemma 2.2,
S(f) = @of for each f € B.

The converse is obvious.

COROLLARY 2.4. Let B be a Banach space of analytic func-
tions and let S € {MzZn}l for some positive odd integer n. Then
S € {M,~} if and only if SM,n — M= S is compact.

Proof. Assume that SM,» — M, S is compact. We have (SM,n
—Man)Mzn = SMZZn - ManMzn = - zn(SMzn - Man).
Hence by Theorem 2.3, SM,» — M,»S = M¢ for some function
¢ € M(B). Now we show that M, is compact. Let {f,} be a
sequence of functions in B such that || f,|| < 1 so {f,} is a bounded
sequence in B. Since J\;Lp is compact, there is a subsequence { f,, }
such that M¢( fnk) converges to a function g in B. But M¢( fnk) =

) fnk = ¢ fn,, S0 My is compact and by the Fredholm alternative
theorem ¢ = 0. This implies that M,»S§ = SM,~», and hence
Se{M.}.

THEOREM 2.5. Let B be a Banach space of analytic functions
and let S € L(B) such that SM,» = —M,~ S for some odd integer
n>1. IfSM, — M,S is compact, then S = 0.

Proof. Suppose n = 1. We have (SM,—~M,S)M, = —M,(SM,
—M,S) and hence by Lemma 2.1, (SM, — M, S) = My. But My
is compact and so ¢ = 0. Therefore SM, = M,S and S = 0.
Now let » > 1, and p be a polynomial having decomposition
p=po+p1+--+pan_1 such that p; € B; for 0 <7 < 2n—1. By
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Lemma 2.2 we have:

(SM, — M. 5)(p) = S(zp) — 25(p)

- — D
= —2pop+ ¢1(Po — Pn) + wz(&———"—ﬂ) + -
DPn-2 — Pan-2 - D1 — Pn+1
+¢Pn—1(—1*-zn—.'{l—) —Z(¢0P+<P1(——z—ri—)

P2 — Pny2 DPn-1—Pon-1
+802(___2_2_’:".__)+...+(pn_1(.l_;_n_—_1_.n—))

= po(—22¢0 + ¥1) + p1(+22¢p0 + %3 — 1)

+pa(-22p0+ 5 - E2y 4

-1
+ pan—1(+22p0 + f:_z

By a similar argument as in Theorem 2.3, we have SM, - M,S =0
which is a contradiction or directly we obtain

—22<p0+z(f_i1=0 for 1<i<n-1 and ¢ odd,

zf__ilzﬁ ; for 1<i<n-1 and 7 even,
Pn-1
2z<p0+zn_2—0

which implies that each ¢; =0for 1 <i<n - 1.

The proofs of Lemma 2.6 and Theorem 2.7 are similar to the
proof of Lemma 2.2 and Theorem 2.3. Also see [2] for the certain
Hilbert spaces of functions.

LEMMA 2.6. Let B be a Banach space of analytic functions
and let S € {Mzn}’ for some positive integer n. Suppose that
B, = v{z™** : k > 0} fori = 0,1,2,---,n—1. Iff € B
having decomposition f = fo+ f1 + -+ fn_1, where f; € B; for
t=20,1,--- ,n—1, then

S(f) = feo+ 'fjsol + %wz + .+ i::igan—l,
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where g = S(1) and ¢; = (SM,: —M,:S)(1) fori=1,2,....,n—1,
and hence

(SM; — MS)(f) = p1fo+ fl(fﬁz — 1)+

+ fama(P2 - 2 4 fua (5

THEOREM 2.7. Under the conditions of Lemma 2.6 for B, S,
n, and B;. There is a function ¢ € M(B) such that S = M, if
and only if SM, — M,S is a compact operator.

COROLLARY 2.8. Let B be a Banach space of analytic func-

tions and let S € {Mz2n}'. Then SM,n = —M,~S if and only if
SM,» + M,»S is compact.

Proof. Assume that SM,» + M~ S is compact. Since (SM,~ +

M,.8) € {Mzn}l by Theorem 2.7, there is a function ¢ € M(B)
such that SM,» + M,»S = M,. Now since M, is compact, we
have ¢ = 0.

THEOREM 2.9. Let B be a Banach space of functions and let

S e {M; }’ for some positive integer n > 1. If n is an odd integer
and SM, + M,S is compact, then S = 0. If n is an even integer
and SM, + M,S is compact, then S = M¢ for some function
¢ € M(B).

Proof. Let p be a polynomial having decomposition p = po +
P14+ DPn-1 where pi € Bz for 1 = 0,1,2,'-' ,n — 1. By Lemma
2.6 we have:

(SM + M.S)(p) = S(zp) + 25(p)

:ZP900+P0<P1+%<P2+"'

+ - P2 one1 + 2p00 + P11

+ p2 —e2t S YO
Z

=P0(<P1 + 22¢0) +P1(£2' + @1+ 22¢0) + - -

Pn— 1+Q0n2

+ Pn- 2( + 22¢0) + pn- 1(@ + 22¢p9).
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Since SM, + M, S is compact as in Theorem 2.3 we can see that

2200 + - 2 _0; for 1<i<n-1 and i odd,
Z(f_zl:(); for 1<i<n-1 and ¢ even,
Pn—1

2ch0+zn_2—0.

Now if n is an odd number f;‘—:% = 0 and so 2zpg = 0 that implies

wo=20. Hence each ¢; =0fori=1,2,---,n—1and S=0. Ifn

is an even number, then ¢; = —22%¢g, forioddand 1 <i<n-—1
and ¢; =0 for 7 even and 1 <7 < n — 1. Hence

fi [ f 1
S() =foo+ o1+ Zeat o+ 25001 = pof = My (f)-

THEOREM 2.10. Let B be a Banach space of analytic functions
and let S € {Mz4n}’ for some positive integer n. There is a
function ¢ € M(B) such that S = M, if and only if SM, —iM, S
is compact.

Proof. We set m = 4n, S(1) = g and:
= (SM,; —iM,;8)(1) for 1<j<m and
j =4k +1 for some integer k
=(SM,; + M,;S)(1) for 1<j<m and
j =4k + 2 for some integer k
w;j = (SM,;: +iM,;S)(1) for 1<j<m and
j =4k + 3 for some integer k
=(SM,; — M,;S)(1) for 1<j<m and
J =4k for some integer k.

Suppose B; = v{z™**7 : k > 0} for j = 0,1,2,--- ,m — 1 and
f € B has a decomposition f = fo+ fi+- -+ fm—1, where f; € B;
for j=1,2,---,m — 1. As in Lemma 2.2 we can show that:

S(f) = feo + %%-l- f§902+ -+ g“:,%@m-l
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and
(SM: = iM.S)(f) = rfo+ F1(22 — igr) +-

+fm 2(‘Pm 1__ (pm 2)_me 1(‘Pm 1)

m2 m2

Now if SM, —iM,S is a compact operator by a similar argument
as in Theorem 2.3 we can show that S = M, . The converse is
obvious.

THEOREM 2.11. Suppose B is a Banach space of analytic func-
tions, S € L(B) and SM,sn = —M4- S for some positive number
n. There is a function ¢ in M(B) such that S = M‘p if and only
if SM, +tM,S is compact.

REMARK. Let ¢ € M(B) be a one to one map of D onto D such
that fo¢ and fod~! are in B for every f € B. Let S € {M¢n},.
We define T : B = B by T(f) = fo¢~!. Clearly T € L(B)
with inverse T-1(f) = fo¢. Then M,T = TM, and hence
by induction M,=T = TMyn. Since SMyn = My S, it follows

that ST-'M,-T = T~'M,.TS and so TST~! € {M,.} . Now
let SMy + cMyS be a compact operator for some constant c=1.-
1,i-i, then T(SMy + cMyS)T~! = TST*M, + cM,TST! is
compact. Hence we can use from these facts, for study of the
structure of S. For example let S € {Myn} and let SM, — MyS
be a compact operator. By Theorem 2.7, TST~! = M, for some
function ¥ € M(B), 50 S = Myog.
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