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ON THE RELATION BETWEEN
THE TIMEWIDTHS A; AND Ay,

PHIL-UNG CHUNG AND SONG-HO HAN

ABSTRACT. In the present paper we shall first introduce the time-
width of a signal, and then we shall investigate the relation between
the timewidths of a signal f and of the convolution f % h for some
other signal h.

1. Introduction

In this paper we shall consider the signals in the space

G < {fIf € L*(R), tf(t) € L*(R)}.

A signal f is said to be band-limited if there is an w/ € R such that

supp(f) C [~w!,w]],

where we call w; the off-frequency of f.
The purpose of the present paper is to investigate the relationship
between the timewidths of f € G and of the convolution f x h for some

h.

2. Preliminaries

We first introduce the concept of the timewidth of a signal in the
space G ;
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DEFINITION 1. For each f € G, we define the timewidth Ay of f by

C(flt= xR 2
Af‘( INIOEE ) ’

RO
N AVICIRT
LEMMA 1. Let T, and S, be operators on G defined by T, f(x) =
f(x —a) and S, f(z) = f(ax). Then we have
(1) Ar,p =4y  Ag,p= ;A
(2) So(f *h)=la|Sef * S.h.

where

Proof. 1t is easily verified from Definition 1. O

In Lemma 1, (1) states that the timewidth Ay of signal f is not
only translation invariant but also it is compressed by the ratio of the
compression of the variable. So we can assume xy = 0, whence we

have
1
2 2 3
) a= (BEA0)
Jelf@)Pdt
Throughout the present paper we shall fix an even function A with
finite support and with positive essential infinimum. Then we have

(2) Xf«h =0
for any even signal f € G. Hence we have, for F' = f x h,

AF:/t2|F(t)|2dt
R

from (1) and (2).
In (2) of Lemma 1, put a = —1, then we have

S_l(f * h) = S_lf * S_lh

and hence S_1f = f for even f, S_1f = —f for odd f. Therefore
the convolution of even and even or odd and odd is even, but the
convolution of even and odd is odd.

We can also assume that the signal f(¢) is even, because a lot of
signals in a practical problem aren’t defined in the interval (—oo, 0],
but they can be extended over R to be even.
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3. Main Theorem
LEMMA 2. If f,h € G, then f*h € G and
E(f DO (@) = V2r ([ (1MW) - hw) + [Th(D)] @) - f())
Proof.
[L(f =

h) ()" (w)
_ \/% /R ¢ ( /R f(T)h(L‘—T)dT) et gy

_ L —WwT —twt
= \/%/RT]”(T)e dT/Rh(t)e dt

1 —tWwT —twt
+\/_2_7r/Rf(T)e dT/Rth(t)e dt
= V2r ([ f(1)] (@) - h(w) + (th(T) @) - f@)) . O

THEOREM. Let h € G be an even function having finite support and
positive essential infinimum. Then, for any f € G, we have

My, Mf||h||Ah>
3 Asp < 2%( + Ay,
) pen SV A, ) A

where
(4)
M, & esssup |h(w)|, mp, def essinf|h(w)| > 0, My aef esssup|f(w)].
|w|<wh+41 lw|<wl w

Proof. Let ' = f % h. Then, from Lemma 2, we have

A%==/£9Fﬂﬁﬁﬁ=iégﬁF@HAfﬁﬁdw
zzfé(hfﬁﬂWWXﬁ@0+hhﬁﬂWWV@0fdw

wl+1 .
5 =[O @R

[ IO @O @) )
+ 2 [ (THO @) )
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Using Holder inequality, the middle and the last terms of the right
hand side of (5) are given by

f

2 [ O @) () @) fw)dw

wl

w5+1 .
<o ( / ([Tf(T)]A)2(w)h2(w)dw>

—wg—l

N

1
2

x ( / w‘;<[Tf<f>m2<w>f2<w>dw>

w£+1
< 2m M M; ( / ([Tf(T)]A)Q(w)dw>
x ( / wcfw(ﬂvf(w)dw) ,

2 / (I f ) (@) 2 (w)dw < 20 M3 / (I ()2 (@)

and

respectively, where M}, my, and My are given by (4). Since

wf
2 N P2, N72 o ¢ 272
/RF (t)dt—/Rf (w)h (w)dw—/w({f h*dw,

we obtain, from (5),

wf
A%mi/ 2 (w)dw

S

w£+1 . L 2
<2 (( | @ PRt + 2y [ (rho) P )

f

—we —1 R
(6)
w£+1 ) ) 2
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By virtue of (4), we obtain

83 [ Plojs <
R
M, .M 0\
o <_h(/([7f(7)]A)2dw)2 + —fAh(/ h2(7)d7)2> '
mp Jr mp R
Dividing both sides of (6) by [ f?(w)dw, we have
M, M A 0\ 2
AZ < or (—hAf + —fAh[/ hZ(T)dT// fz(w)dw]2)
mp mp R R
M, M 2
(7) =21 (—hAf + Mm)
mp 1f I
2
_ o (Mh n MthHAh) A3

mn  ma| Ay
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