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CONVERGENCE OF REGULARIZED SEMIGROUPS

YouNnG S. LEE

ABSTRACT. In this paper, we discuss convergence theorem for con-
traction C-regularized semigroups. We establish the convergence
of the sequence of generators of contraction regularized semigroups
in some sense implies the convergence of the sequence of the cor-
responding contraction regularized semigroups. Under the assump-
tion that R(C) is dense, we show the convergence of generators is
implied by the convergence of C-resolvents of generators.

1. Introduction

Let X be a Banach space and let A be a linear operator from D(A) C
X into X. The abstract Cauchy problem for A with initial data z € X
consists of finding a solution to

Sult) = Au(®), 20, u(0)=2z.

From the theory of Cy semigroup, if A is the infinitesimal generator
of a Cy semigroup, then the abstract Cauchy problem for A has a
solution and the solution is given by the Cj semigroup. And it is well
known that a densely defined linear operator with nonempty resolvent
set is the infinitesimal generator of a Cj semigroup. When A does not
generate a Cy semigroup, the Cp semigroups cannot be applied directly
to the abstract Cauchy problem for A.

For the abstract Cauchy problem for a non densely defined linear
operator A, regularized semigroups were independently introduced by
Da Prato [2], and by Davies and Pang [3], where they were called
C-semigroups. There are some problems for the terminology C' -
semigroup. In the terminology of C-semigroups, it is not clear that
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a specific C' is given. It may imply C-regularized semigroup for some
C instead of C-regularized semigroup for this specific C.

The class of operators that generate regularized semigroups is much
larger than the class of generators of Cp semigroups. So regularized
semigroups are generalizations of Cp semigroups which can be applied
to the abstract Cauchy problem where the C semigroups cannot be
applied directly. Examples of this are the backwards heat equation,
the Schrodinger equation on LP, p # 2 and the Cauchy problem for
the Laplace equation. A non densely defined linear operator A may be
a generator of regularized semigroup and in this case the solution of
the abstract Cauchy problem is given by regularized semigroup.

It is known [8] that a Cp semigroup depends continuously on its
infinitesimal generator and the infinitesimal generator also depends
continuously on the corresponding Cp semigroup. In this paper, we will
establish similar result for contraction regularized semigroups. That
is, the solution of the abstract Cauchy problem given by regularized
semigroups depends on A. The idea we use in this paper is to use the
Hille-Yosida space and then to apply several inequalities appeared in
nonlinear semigroup theory in [1]. Under the assumption that R(C)
is dense in X, we show that the convergence of generators implies the
convergence of C-resolvent of generators (cf. [6]).

2. Preliminaries

Throughout this paper, X will be a Banach space. C will be a
bounded injective linear operator on X. For an operator A, we will
write D(A) for its domain and R(A) for its range.

We start with the definitions and properties of regularized semi-
groups.

DEFINITION 2.1. The strongly continuous family {S(t) : t > 0} of
bounded linear operators on X is said to be a C-regularized semigroup
if

(1) $(0)=C,
(2) S(t+s)C = S(t)S(s) for t, s > 0.

A C-regularized semigroup {S(t) : ¢ > 0} is exponentially bounded
if there exist M > 0 and w € R such that ||S(t)|| < Me“* for t > 0.
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The linear operator A is a generator of a C-regularized semigroup
{S(t) : t > 0} if

— =1 1 1 —
Az =C (thII(l) 7 (S(t)z C‘:z:))
with

D(4) = {z € X : lim %(S(t)z: 0y einds and 50 RECTT.

When we do not want to specify C, we will say regularized semi-
groups. The existence of generator of regularized semigroup is the
important information about the existence of nontrivial solutions of
the abstract Cauchy problem. Moreover, the choice of C tells us how
many solutions we expect; the larger the range of C, the more solutions
we have (see[4]).

DEFINITION 2.2. The complex number A is in pc(A), the C-resolvent
set of A, if A — A is injective and R(C) C R(A — A).

Next, we present some known facts about C-regularized semigroup
and its generator, which will be used in the sequel (see [7]).

LEMMA 2.3. Suppose that {S(t) : t > 0} is an exponentially bounded
C-regularized semigroup generated by A. Then

(1) A is closed and R(C) C D(A).
(2) (w, 00) C pc(A). For every A > w and n € N,

R(C) € R(A - A)")

and

ﬁf t" e MS(t)dt.
2 s

(3) For allz € X, A(fot S(s)zds) = S(t)x — Cx. That is, S(t)x is
a mild solution of

(ke AP

d

—u(t) = Au(t), u(0) = Cez.

dt

Next, we will introduce the solution space that contains all initial

data for which the abstract Cauchy problem has a unique solution, on
which A generates a Cy semigroups.
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DEFINITION 2.4. Suppose A as no eigenvalues in (0, co). The ex-
ponentially bounded solution space for A is the Banach space defined
by

Z, ={z € X : The abstract Cauchy problem has a mild solution
u(t, =) such that e~“*u(t, z) is bounded and uniformly continuous}
with ||z||z, = sup{e~“!||u(t, z)||: t > 0} for = € Z,,.
The space Zj is called the Hille-Yosida space for A
The weak Hille-Yosida space for A is the Banach space defined by
Y={zeX:zeR(A-A)")for A>0 and n € N with
||lz|ly = sup{A\*||(A— A)™"z||: A >0, n=0, 1, ---} < o0}

We have the following relation between Y and Z, (see [5]).

LEMMA 2.5. Suppose A has no eigenvalue in (0, 00). Then

(1) Zo CY and ||z||z, = ||z||y for all z € X.
(2) Al|z, generates a contraction Cy semigroup on Z.

3. Convergence of Contraction C-Regularized Semigroups

A C-regularized semigroup {S(¢) : t > 0} is of contraction if
[|S(t)z|| < ||Cz|| for t > 0 and z € X.

Let A be the generator of a contraction C-regularized semigroup
and let Zy be the Hille-Yosida space for A. Then ||z|| < ||z||ly and
||Cz||z, < ||Cz]||, by Lemma 2.3.

THEOREM 3.1. Let {S(t) : t > 0} and {W(t) : t > 0} be C-
regularized semigroups generated by A satisfying ||S(t)|| < Me*? and
||W(t)|| < Me“* for allt > 0. Then S(t) = W (t) for all t > 0.

Proof. Let x € X and A > w. Then
(e o] [e ]
(A= A) f e MS(t)zdt = Cx and (\— A) / e MW (t)zdt = Cx.
0 0

Since (A — A) is injective, f0°° e 2 (S(t) — W(t))zdt = 0. Therefore
S(t)z=T(t)= for all £ > 0. O

By Theorem 3.3 in [7] and Theorem 5.16 in [5], we obtain the fol-
lowing result.
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THEOREM 3.2. Let {S(t) : t > 0} be a contraction C-regularized
semigroup generated by A. Then R(C) C Zy and S(t)z = T'(t)Cx for
all z € X, where T'(t) is a contraction Cy semigroup generated by A|z,
with D(A|z,) = {z € D(A)N Zy : Az € Zy} on Zy.

By the above theorems and the exponential formula, we obtain

n—00

S(t)z = lim (I-— %A) Cz forall z € X.

THEOREM 3.3. Let {S,(t) : t > 0} be a contraction C-regularized
semigroup generated by A,. Let {S(t) : t > 0} be a contraction C-
regularized semigroup generated by A. Suppose that D(A) C D(A,),
(0, o0) C p(Ay,) for allm € N and for A >0

lim (I —rAp) 'z, = (I —rA) 'z,

n—oo

where z € R(I —rA) and lim, o0 Zp, = .
Suppose that C(D(A)) is dense in R(C). Then

le Sp(t)z = S(t)x for all z € X,

and the convergence is uniform on bounded t-intervals.

Proof. Let Zén) and Zy be the Hille-Yosida spaces for A, and A,
respectively. Let z € D(A) and let 0 < ¢ < T. Then
Sa(t)z — S(t)x = T, (t)Cx — T(t)Cx
= To(t)Cx — T,()C(I — rAy,) 'z
+ T (0)CI — rAn) 1z — (F=t/kAs) (I ~rA,)7Cx
+ (It kA ™I —rAL)Cr = (I - t/kA,) *Cx
£ (Lt /kA) FCe = (T =t/RA) *Cx
4+ (I —t/kA)*Cz — T(t)Cxz.

Since rAn(I — rAn)"1Cx = (I — rA,) " 'Cz — Cz, there exists N;
such that for all n > N;

[ An(I = rAn)~*Ca|| < [|AU - r4)~*Cal| +1 < || ACq]| + 1.
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Since {Tr(t) : t > 0} is a contraction Cp semigroup on Z;" (") we have
ITa(t)Cx — Tn()C(I - rAn) " 2]
< |ITu(t)Ca — Tu(t)CU — rAn) ™ al| 0
< |ICz = C(I = rAn)"'al| yo < ||Cz = C(I = rAn) " 1|
< rl|An(I = rAn)~Cazl| < r(||ACz|| + 1),

for all n > Nj.
In the proof of Theorem I in [1] we have the following inequalities

T () (I —rAp)~1Cx — (I —t/kA,) " (I —rA,) " Cx||
SNTa(®)I = 7An) "' Cz — (I - t/kAn) ™" (I - 7An) " Cal| 5w
< 2t\/1/k||An(I — 7A,) )1Cz| yim
< 2t\/1/k||Apn(I — 7A,) " Cx||
< 2t/1/k(||ACz|| + 1),

for all n > Nj.
By Lemma 2.3, we have

(I-t/kAn) *(I —rA,)"Cx — (I — t/kA,) *Cx||
= ||(I —t/kAn)*C(I - rA,) "tz — (I —t/kA,)*Cx||
<||C(I —rAn) "z — Cx|| =r||An(I — r4,) " Cx|
< r(||ACz|| + 1),

for all n > N;.
Finally, we have the following inequalities

[|(I —t/kA)~*Cz — T(t)Cxz||
<||(I - t/kA)~*Cz — T(t)Cx||
< 2t\/1/k||ACz]|z, < 2t\/1/K||ACz|].
Therefore we have for all n > Ny,
|[Sn(t)z — S(t)z||
< r(||ACz|| + 1) + 2t\/1/k(||ACz|| + 1) + r(||ACz|| + 1)
+||(I — t/kAn)*Cx — (I — t/kA)~*Cz|| + 2t\/1/k||ACH||.
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Let € > 0 be given. Choose 79 > 0 such that for all 0 <7 < rq

2r(||ACz|| + 1) < .‘g

Then choose k such that

1 €
2 gl
4T\/;(||AC:1:||+1) =3

By hypothesis, there exists N, such that for all n > N,

(I - t/kA,)~*Cz — (I — t/kA)~*Cz|| < g
Thus ||S,(t)z — S(t)z|| < € for all z € D(A) and n > max{N;, N;}.
By hypothesis, for z € X there exists xx € D(A) such that

hm Cor=0U%.
k—o00

1S5 (t)z — S(t)z||
<||S@)x — Sn(t)zk|| + ||Sn(t)zr — SE)zk|| + ||S(t)zr — S(t)z||
< ||Cz — Cxil| + ||Sn(t)zr — S(t)zx|| + ||Cz — Cxy|.

Therefore the result follows. O
We examine the relation between the convergence of generators A,
and the convergence of (I —rA,)~ 1.

REMARK. Suppose that R(C) is dense in X. By Lemma 4.2 in [7],
(0, 00) C p(A), (0, o) C p(Ap) for all n and ||(I —rA,) " 1z|| < ||=||
for all z € X. Assume that lim A,, O A, that is for z € D(A) there
exist z, € D(A,) such that z, — z, Apz, = Az as n — oco. Let
yn= I —r4p) tandy= (I —rA) 1z, as n = co. And

11 =7An)(Yn = 2a)ll > |(T =7 An) (I — 7An) (yn — 20)l| = [lyn — 2n]|-

Therefore we have lim,,_,oo (I —74,) 'z, = (I —rA) .
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