Kangweon-Kyungki Math. Jour. 8 (2000), No. 2, pp. 111-119

REMARKS ON GAUSSIAN OPERATOR
SEMI-STABLE DISTRIBUTIONS

HoNG cHUL CHAE AND GYEONG SUK CHOI

ABSTRACT. For a linear operator Q from R® into R, & > 0and 0 <
b < 1, the Gaussian (@, b, @)-semi-stability of probability measures
on R? is investigated.

1. Introduction

Let R? be the d-dimensional Euclidean space. In [2], one of the
authors obtained the complex characterization of Gaussian operator
semi-stable distribution on R¢. In this paper, we consider a description
for Gaussian operator semi-stable distribution in a real form.

We will use some notation. B(R?) is the collection of Borel sets
in R%. P(R9) is the collection of probability measures (distributions)
defined on B(R?). Ji(z), z € R? is the characteristic function of u €
P(R%). End(R?) is the set of linear operators from R into R?. The
identity operator is denoted by I. We denote Euclidean norm of z by
|z| and Euclidean inner product of z and y by (z,y). For B € End(R?)
and r > 0, we define r® = exp{Blogr} = 5 (Blogr)"/n!. Let I(R%)
be the collection of infinitely divisible distributions defined on B(R?).
We denote the b-th convolution power of u € I(R%) by ub. The class
of linear operators on R4 whose eigenvalues have positive real parts is
denoted by M, (R?).

Fix @ > 0 and @ € M, (R%). A distribution z € P(R%) is called
(Q, b, @)-semi-stable if p € I(R?) and there are a number b € (0,1)
and a vector c(b) € R? such that

" =0 x Sy
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Here d.(y) is the delta distribution at ¢(b). It is called strictly (Q, b, @)-
semi-stable if there is b € (0, 1) such that

a" =1

The relationship between the class of (Q, b, a)-semi-stable distributions
and that of strictly (Q,b, a)-semi-stable distributions has been dis-
cussed in [3]. Note that the class of (Q, b, &)-semi-stable Gaussian dis-
tributions on R? is a proper subclass of Gaussian operator semi-stable
distributions on R?. See [7].

Our results of this paper are generalizations of some results in [8,9]
to operator semi-stable case. These results are got by using the same
manners as are done for operator stable distributions in [8].

Preliminary results are given in Section 2 and we write our results
in Section 3. Proofs are given in Section 4.

2. Preliminaries

Let B = 9. For z € C% 7 stands for the complex conjugate
of z, that is, each component of T is the complex conjugate of the
corresponding component of z. Let 91,...,Y¢42., (1 < 7 < g+ 2r) be
all distinct eigenvalues of B, where ¢ is the number of distinct real
eigenvalues and 2r is the number of distinct non-real eigenvalues of
B(q > 0,2r > 0). Let ¥; = o; + ip; with ; and p; being real. Let
f(€) be the minimal polynomial of B such that

FEY S =Pl =B giiar) 2T

Then
f(&) e fl(g)ml ce fq+r(§)mq+rs

where

fi(€) = (-0 +p2 for g+1<j<q+r

We write W; for the kernel of f;(B)™ in R%, 1 < j < g+ r. The
projector onto W; in the direct sum decomposition

RE=W1 0 & Wy,
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is written by U;. Denote

V; =Kernel(B—9,;)™ in C¢% 1<j<q+2r
Then we have that
(2.1) C'=Vi® & Vg,

Let T; be the projector onto Vj; in the decomposition (2.1). We denote
the adjoint of a linear operator T' by T". Set

W; = Kernelf;(B)™ in R* for 1<j<q+r
and
V) =Kernel(B' = 9;)™ in C? for 1<j<q+2n

Then we have

(2.2) C'=V® &V,
and
(2.3) Ri=Wi® --@W.,,.

We see that V] and Vj, are orthogonal for j # k and T} is the projector
of C% onto V/ in the decomposition (2.2).
We set

A={j:1<j<q+r satisfying [J;]< 51/2}_

Let WA = @jeaWj, let SA={z € Wp:|z|p< 1 and | B lz o> 1}
and B(Sa) as the class of Borel set in Sx. Here | - |g is the norm such

that o
|:c|Q=f Iumldu, T € R%.
0 U

The reason that we use the norm | - |g is given in [7]. It is well-known
that p € I(R?) is infinitely divisible if and only if fi(z) has form

I(z) = exp{z'{'y, z) — %(Az, z)+ G(z,x)v(dac)},

Rd
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where G(z,z) = e¥#®) —1—i(z,z)(1+|z|*)~, v is a vector in R%, A is
a symmetric nonnegative definite operator and v is a measure (called
Lévy measure pu) on R? satisfying #({0}) = 0 and

/ 1z|2(1 + |z|®) " tv(dz) < oo.

This representation is unique and called the Lévy representation (v,
A,v). We call p a purely non-Gaussian in the case of A = 0. If
v =0 and A = 0, then we call p a centered purely non-Gaussian. If
v = 0 and v = 0, then p is called a centered Gaussian. In [4 |, we
note that recurrence and transience of Lévy process on R? associated
with (@, b, @)-semi-stable distribution depend on whether it is centered
Gaussian or not. For a real symmetric nonnegative definite operator
A, ¢a(z) stands for (Az,z). Here ( ) denotes the Hermitian inner
product on C%. Let J = {j: 1 < j < ¢+2r,[9;|2 = b%}. The following
proposition is obvious from the results of Luczak in [5,6] and Theorem
3.1in [2].

PROPOSITION 2.1. Fix b € (0,1), o > 0 and Q € M, (R%). Let
p € I(R®) with the Lévy representation (v, A,v). Then u is (Q, b, a)-
semi-stable if and only if

(2.4) AT; =0 forall j¢J,
(2.5) (B-9;)AT; =0 forall jeJ,
W(E) = f S P Ip(B"z)w(dz), E e B(RY),
SA p=—oco

where vq is a finite Borel measure on Sh.

3. Results

Denote N; = Kerf;(B) in R%, 1 < j < g+7. Then for each j, N; is
a linear subspace of the space W;. We set

Jo={jeJ:1<j<q+r}

Define Nj, = ®;ej,N;. If Jo is empty, then let N, = {0}.
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THEOREM 3.1. Fix b€ (0,1), @ > 0 and Q € M, (R%). Let i be a
(Q, b, @)-semi-stable centered Gaussian distribution, then

(3.1) Spt 1 is a B-invariant subspace of N,

and there uniquely exist centered Gaussian distributions p;, 7 € Jy
such that Spt p; C N; for j € Jo, and

(3.2) = *jedo -

Where these distributions u;, j € Jo, are (Q, b, «)-semi-stable .

THEOREM 3.2. Fix b € (0,1), @ > 0 and Q € M, (R%). Let Vb~
be an eigenvalue of B and let j € Jy such that 9; = v/b*. Then any
centered Gaussian distribution p with Spt © C N; is (Q,b, o)-semi-
stable.

For every j(1 < j < g+ 2r), we can choose I; > 1, zj; € V] and

nj; > 1 such that (B’ —9;)™'2z; = 0 and the system
{im = (B" =) gpilgcigl; 1l £ € ng}

is basis of V}-’. Let us pick real z;; for 1 < j < g so that {zj, : 1 <1 <
lj,1 < n < ny} is basis of W}. For ¢ +1 < j < g+, we have that
lj = lj4r and ng = njy, ;. We choose zj; € V; forg+1<j < g+,
L i< lj and define Zjtr,l by Zjtrl = Zjl- Let Ujin and Vjin be the
real and the imaginary part of z;;, respectively for g +1 < j < qg+r.
Then we see that {uﬂn,vﬂn ki i lj, 1<n< Tl.j;} is basis of W;
Let j={jeJ:1<j<qlandlet Jh={jeJ:q+1<j<qg+r}

THEOREM 3.3. Fix b € (0,1), @« > 0 and Q € M (R%). Let pu €
I(R%) with the Lévy representation (v, A,0). Then p is (Q, b, @)-semi-
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stable if and only if the following five conditions are satisfied:

(3.3)
qu(z):O for ZEW_; jé:]();
(3.4)
(Az,w)=0 for zE€ W;, weWy, jeldokedy, j#k;
(3.5)
Pa(zjm) =0 for je€Jy, 1<L1I<;, 2<n<ng;
(3.6)
ba(Ujin) = da(vjin) for jE€Jz, 1<1<L1;, 2<n<ny;
(3.7)
(AUj11, Ujm1) = (AVji1,Vjm1) and  (Aujn, Yjm1) = —(Avji1, Ujmi)

for jelJ;,, 1<I<l; 1<m<l!l; (Il=m inclusive).

THEOREM 3.4. Fix b€ (0,1), @ > 0 and Q € M (R?). Fix j such
that j € Jo and ¢+ 1 < 7 < g+ r. Let u be a centered Gaussian
distribution with covariance operator A with Spt u C N;. If

(3.8) (Auj11, Ujm1) = (AVj11,Vjm1) and  (Auji1,Vjm1)
= —(Avji1, Ujm1) forall | and m(l=m inclusive),

then p is (Q, b, @)- semi-stable.

4. Proofs

For the proof of Theorem 3.1,we need the following lemma.

LEMMA 1. Fix b € (0,1), > 0 and Q € M, (R%). Let p be
(Q, b, a)-semi-stable on R%, and let T be a linear operator on R% which
commutes with Q. Then Ty is (Q, b, a)-semi-stable on RA.

Proof. From the assumption that TQ = QT', we see that
Tu(2)"" = B(T'2)"" = pb% T'z)elc® T2
— ﬁ(TIbQ’z)ei(C(b)TT’z} s ﬁ(bQ’z)ei(Tc(b),Z). 0



Remarks on Gaussian operator semi-stable distributions 117

Proof of Theorem 3.1. Suppose that p is a (Q, b, @)-semi-stable
distribution with Lévy representation (0, 4,0). Define A; = U; AU;
for j € Jy. From the fact that

(4. 1) UyAU, =0 for j#k

and
AU; =l doi 7 ¢ Jg,

we see that
g+r

(4.2) A= D" Uz AU} =) U;AUj = ) A;.
k,j=1 9 J€Jdo

For j € Jo, we see that U;A = A; and AU = A; by (4.1) and (4.2).
Let p; be the centered Gaussian distribution with covariance A;. Then
(4.2) is (3.2). Noting that

73(2) = exp{~5 {4z, 2)} = BU2),

we see that pu; = U;u. Hence p; is (Q, b, )-semi-stable by Lemma 1,
since QU; = U;Q on R4 for 1 < j < g+ r. Using the same method in
Theorem 4.2 of [9], we see that A;(R?) is a B-invariant linear subspace
of ;.

Let us show the uniqueness of the decomposition (3.1) and (3.2). Let
kj,J € Jo, be centered Gaussian distributions satisfying (3.1) and (3.2),
and let B; be the covariance operator of u;. Then A = Eje 7, Bj and
Bj(Rd) =Spt p C N;. Thus we have that U;B; = B; and UxB; = 0
for j # k. Hence U; A = B; for j € Jp. O

Proof of Theorem 3.2. Suppose that u is a (Q,b, a)-semi-stable
distribution with Lévy representation (0, A, 0). Then we see that Sptu
= A(R%) by Lemma 4.2 in [9]. Using the fact that Spt u C Nj, we
get AT}, =0 for j # k. Since Spt p C Nj, (B —9;)A = 0, which gives
that (B — 9J;) AT} = 0. Hence we show (@, b, a)-semi-stability of x by
Proposition 2.1. 0
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Proof of Theorem 3.3. Suppose that p is a (Q, b, @)-semi-stable
distribution with Lévy representation (0, A4,0). Then the conditions
(2.4) and (2.5) lead to (3.3) and (3.4). From (2.5), we get (3.5) and
(3.6). We note that (Azji1,Zjm1) = (AUji, Ujm1) —(Avji1, Vim1) +
i(Auju, 'Ujm1> +(A’Uj:1, ujml}, where ujgl—i—ivjml = ZI1 € Vj" and Ujn—
Wjim1 = Zji1 € Vj,. Using this and (2.5), we also get (3.7).

Conversely, suppose that A satisfies (3.3),(3.4),(3.5), (3.6) and (3.7).
In case j ¢ J, we see that Az = 0 for z € V] by (3.3). Hence we get
(2.4). In case j € J, we can prove (2.5) by the same proof as that of
Theorem 4.1 of [9]. O

Proof of Theorem 3.4. Let z € W[, k # j. Then we have Az
€ N; C W;. So Az = 0, since W; and W}, are orthogonal. Hence
(3.3), (3.4) and (3.5) hold. Let j € J; and ¢ € N;. Then (B—
9;)(B — 9;)r = 0. Hence there are z; and z, in C? such that z =
L1+ z2, (B —¥;)z1 = 0 and (B — J;)z2 = 0. For n > 2, we have
(T1,2jin) = 0 and (z2,2;n) = 0. Hence (z, zj;,) = 0. Thus (3.6) is
proved. By the above hypothesis, (3.7) also holds. Thus x is (Q, b, a)-
semi-stable. O
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