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Abstract Static slice means a set of parts of a program that potentially affect the values computed
at a slicing criterion considering all the possible input values. In this paper, we have formally defined
static slice of a first-order functional language based on operational semantics. And, we have
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presented a sound method to analyze static slice using abstract interpretation.
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— Fager Evaluation FBval: Val —+ Valu{L}

Eval (¢} = ¢

Eval (v1,v2) = if (Bval(ni) = 1 or Bval{vy) = 1)
then L else (vy,v2)

Eval {sv) = if{Eval{v)=1)then Lelsesy
Eval {vy) = L
Evdl (V) = {Eval(v) |veV}

— Masking Mask : Val - Val

Mask (c) = ¢y

Mask (v1,v;) = (Mask(vy), Mask(vz)) .
Moask (s v) = (x Mask(v))y

Mask (vy) = (Mask(v))

— Unmasking

Umask (vy) = Umask(v)

Umask (c) =c

Umask (v1,u9) = (Umask{vi), Umask(va))
Umask {kv) = (x Umask(v}))

— Sum of Functions
RU...UFRH) = R)u...uFR(Q)
VYD = if('=1) then V else ¢
{) = ¢
-~ Overwriting of Environments
m ®p2x) = if (z € domain(py)) then py(z)
else p1(z)
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— Absyy : 2¥9 — 2V
Absyg(V) = {Absy(v) [veV}

— Abs, : Val — Val'

Abs,{e) =

Absy(vy) = (Absy(v))r

Abs,(k v) = K (Absy(v))

Absy((v1, vg)) = (Absy(v1), Absy(v2))

— Abscy : Collection — Collection’
Abscal F)I) = Absva(F(1))

— AbSgny : Env — Eny’
(Absgay(p))(id) = Abs,(p(id)) if id is a variable
p(id) if id is a function name

a2 4 3ol 2%k 48 ¥4E

~ Concygy : 2V — 2V
Concva(V) = Uyev Concy(v)

~ Concyq : 2Y8 - 2V
Coney(1) = {c|ce Val}
Concy(v1,12) = {(v},1]) | v} € Concy(uy}}
Concy(k v) = {sv' |V € Concy(v)}
Concy(vy) = {v) | v € Concy(v)}
Concy(v) = {v€ Val| Bval(v) # 1}
Concy(l) = {Mask(v) | v e Val}
Coney(T) = Val

— Concgy : Collection’ — Collection
Concea{F)(I) = Concva({F(1))

— Concgny : Env’ = (Id - 2¥%)
(Concpay(p))(id) = Concyylp(id)) if id is a variable
{p{id)} if id is a function name
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25 gEd deHes aodd Y d4E A9
B3 Utk A, E Vel 942 Q% Fgrold,
Absye ©1F Ao AT Zolth E Absot
Abs g, = ZEAT BAHS 293h= Fgeolch

o33 F4EH R, 898 FP& AT FS
olZe] vehle AA #EY Iz uite A& 4
A &M concretization)2k1 3k 19 55 AAZE 43
sl gaEolth

A g gokn AAE 5] HAE i) A
o, 8% £y A FE Al FAE UYEe
EHE B9 898 AL AT gEY #Ae
ool WE3h= AA HE9] AFE Aol TIAAE
n#ske] F71Y 29 2o Fodck
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- ACH, means that Vxedomain(f), f(x)Cfo(x).
- fi€f, means that Vxedomain(f), f(x)EfAx).

®71Y 2
. YV, VoCVal’, Vi =V, means that
Concy,A V1) = Conc v Vo).
.« Yo, neVal’, v, v, means that
Conc yf v1)C Conc vl v).
- YV, V,CVal', VTV, means that

Concy A V1)C Concya Vy).

. YF|, FyeCollection’, F,TF, means that
Y ledomain( Fy), F\() TFy(1).
.« VFy, Fye Collection’, F\=

F()TF(h and Fy)TF(D.

F, means that

01 Co, means that vV id domain(ey),
oilid)= py(id) and if

id is a variable, p\(id) Cp,lid).

© pL,EERY,
if i is a function name,
- Vo meEn, pi=p, means that e, Ce. and

o2 CoL

Aed 89 B Az FPEL, 84d 9UEd
N 2oy 8 At AA Fgo] ARE AA

A JeErdS Z9shed #4843 ted 28 99
ARASE NEHTh
A4 1
. Vv eVal, ve ConclAbs,(v)
- YV CVa, Val © Concyu(Absya( V) n
A4 2
- Vv eVa', (Absva(Concva({v)))={v}).
- VVCVal', (Absyy(Concyy(V))=V. ||
44 3

if v €Concyu( V) then {Abs ()} T V.

Yve Val and VCVal’',
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o #gH = WA, F 22 AA#RE el geo=
B2 Atk 44 2& g9 89 AT AE dE
He 8oF 338 7Hg AL gE 292 W) "Eel
Agsts, ol 44 390 Jles ok
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— Eager Evaluation Eval’ : Val' — Val'

Eval’(1) =1

Eval'(v) =v

Eval'(L) = )

Eval'{vy) = 1

Bval'(s v) = if (Eval'(v) = L) then L elsess
Eval'(v1,v2) = if (Bval'(v;) = L or Eval'(vg) = 1)

then L else {v;,v0)

Eval'(T) =41

Tual (V) = {Eval'(v)|veV}
— Masking Mask’ : Val' > Val’

Mask’(1) = 1y

Mask’(v) =1

Mask'(v, ) = Mask'(v)

Mask'(v),v) = (Mask'(11), Mask'(s2)) 1

Mask'(s v) = (x Mask'(v))L

Mask'(L1) =1

Mask’(T) = 1

I¥ 6 8a%" o] HooA AlgEHe £l g8
Boal’ 2 AA FHAN] By vPAFAZ el o
o] X&Ho A=AE FARITE Mesk' = AA FHYeAM
ARGE Mot ol Fhe] BRE FE 1 & BYF
€ AdE FPEh o HFEL aofd ol dig
338 69 sl A Al YAy ofuE uz
BEFS vehdth
A4 4
© Vv €Val, Evav)= L iff Eval (Abs,(v))= L

« VYV CVal, Le Ewa(V) iff L Eval (Absva(V)). R

445
+ Vv eVal', Eval’(v)= L1 iff Le Eval(Conc,(v)).
- VVCVal', Le Ewal (V) iff L= Eval(Concva(V)). B
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YoveVal', Conc,Mask (v))={MasKv)|v<Conc(v)} IR

29" edFolMd v Foe ¥ 73 1Y 39
BAAY AN FH7 AR o4y FHog oojur)
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dateg JHE 7Hedel e BE ;EY AES A%
A "ok

3“ {1 = {1)} if leM

% (Lh{l-+ {1}} otherwise
3M {ve fvep(), {1 = ol®)} ﬁ IEM
Bae P {1 pla)} wise

Const

Var

pt e Py V.F DCons
P Freil Uy VEFUI-VY) HicM
By V', FUI -V} otherwise
where V' = (ko[ w €V} and V"= {0 vV}

pre ¥y VF (=12 Tuple
2 r (enen):t By VIRURU{I-VY B leM
Y VAURUE V] otherwise
where V = {(v,u3) [ o1 € Viva e Vi) and V' = {v  fveV}

pre yVeh (=12 BOp
pr et il uu v, 0, FURBUL— (v 1 i a-u 1eﬁ<m

Vo (LLRUBUI = (v} ebsif

Yy WhRURUG = (vh i

ot e W ViF plEY VAR  pogdke gy VP Let
T letpmeine andil Yy VR FURUPUIS V] 1€ M
Yy VLFUFUF (i - V') otberwise
where V7= {u) | v € V'}

oy = fd((ﬂl El)l -Hon, eu)) 9’ e Yy V.F App
& 9y Ey v
(f‘“’[d((Pl»ﬂl“'-«l(Pn en)} B p, |‘ 8;, ‘lu Vg, (1gigh)
ot (fe):l ¥ VO FUR V.. P UFRU.. UFU("’V'} ifleM
Y VLPURU- R URU. - UF [0l '} otherwise
where V= Vi, U...UV;, aod V"= (v, |vE V')

29 7 208 9o 39 - BRAY AL

Pl V =pF
where
I €V, 8t p k' vz g B, wherep= g U...Ups and F=AY. .. UF

- By v= (10}

¢k v {h{}

i1y v {3 - (v, Mask'(n)}}, {2 - {u}} IHEMm Bual'lv) = 1

z:l By v {z o (vhh{l 5 {o}}

(Pl p2) By (o) > mUp, FEUF; where py FM v = F (i =12)
(prp2) By v p F where (pi,p2) Fiy v=pF

(pup2) Fu v U AUR where g |=y v By (i=1,2)

(piup2) Fy L=aUe AIUF where p; |=, L2 p K (i=1,2)

(re.p2) By T2pm@mAUR where p; =) T=p 5 (i=1.2)

sp Ey sv=pF where p |=) v= o F

Kp bl vipF where kp =y v p F

xp By vopF  whee p By v F

rp By L=pF  whee p |y L=pF

kp iy T=pF whae p |5y To>pF

a4 8 aokd ovl 49 - HY Y
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059 Bz Qe Hele 8o%d onl Folo A%
Z20d +3 2ARE dAg § Aol d u &
4% 9 2#AE TS vehdch

BxAd 1 99a ov) A9 Y vjxe] AR

VyeVal and v e Val’, if pEyv=u F and
ve Cone,(v'), then Py v =0 F where
pe Conc g,(p"), and FCConccy(F7) [ ]

A9 1 299 2vgejsd on) Feleo] AN

Vo' s.t. p=Concplp’), if o-el y v, F and

o'kel’y V.F, then ve Concyy(V) and FCConc i(F’).

[ ]
4. 38 289 24

E FoMe goky eddgoldd u] Foo] st
st A $&& 4 e risdth 3F £
o] HoolA nE P49 RE AAAESL 1 & XF
StA] gemZ gokd ouEdAe vE oy 24
2ol S AASA ZAHapproximate)d 4 ATk
mebA], QoFd ofm Agelo) kst Fojz Fepol
vE AUAFeR  AH§std ANFozH, 3 BY
o AR AL 79 F Uck

a9, AA FHA ofd FH2A Adte] F4
(terminate) 8t} 3ltiglz, ojd] wi-g&3t= 8.oF8 v
e 7 Ajtelre Zzade] FHA Fev A
$7F g o]#g AS o] Eur ¥A HEZ

olel g siZ@dol Fasict B dAvdAe, 899
42 9% 459 APL AN W2 2 A
GOz TAGLEA, KO A Ul A9 2ES ¥
G A R A=
— Pruning Abstract Values

Pruneya (d, V) = {Prune, (d,v} v €V}

(Pruneca (d, F))() = Pruneva (d, F(1))

Prune, (-, 1) =1

Prune, (-, v) =V

Pruney (., L) =41

Prune, (L, T) =T

Prune, (0,v) =T

Prune, (n,v,) = (Prune, (n,v))1

Prune, (n.x v) =k (Pruney, (n—1},v)

Pruney (n, (v1,v2))

= (Prune, (n - 1,v1), Prune, {n —1,v3))
Y9 2% UL AW gEY FH Lo) AR

2% 9ol BoE T4 Prune, = F0IZ ol Wi}

o el FEAA oI AV A3t} A oln
o dZe] REES ToE UAUT o3 el B
g ARFoEA, ao%d FYL N ak—«l Aee

A BE b Atk AE B9, 8%} £ 27

*F'r
T, @ @ TN, (T, (L x L)) *Jﬂ;u z
o8 022 A4 o, Hu o] 59 FHE TXE U}
Az Stk TeF o] ghel] tidte] zlol& 3o A @H
o3 2ol Atk
Prume,(3, ((T,(1,(L,(1, TH),(L(T,(,x LN
= (7,1, T),4,(T, T
Z Zlo] 3Kt} QR X3 FHY F2E /IR
25U amF 0x E ZE AAFA #E
Yehlle ro2 giXgo 2N, AAHE FREHEA
o) Adts}A At
B3A AR @ 72 aokd FYPAM FX
e AL, A8 BEY EAAY HAE wjFd) o F

N rlo -1m

o

o AER R4S F3) AsAE, g =2
aYdM ded FEG X}E Agﬂx} Helo] opd

S BE3E g AMSste AtE E3A @oEE 5
oldte] e atE AHEHLEN £ HE=E f
AL F7F Aok v B2 FEE Prune, 7t TR 7kl
3 AHS ZAME RIS YeERdA,

RZAE 2

VveVal' and d20, v CPruned,v). |

HH gl AL Rs) A5 WA L8 %
FHA e A4S U@ ¥4 A8 RE AR
£ 2ARkE P AND,

39 2 ¥5 A% A% 24

fo=el | p=e, 2 JYHE G5 so, L& ZF
BlA] Gi= gro & ANEE Yoo FHEY eE Lo
(fo9o 74 daAE bigt 98 A Res,y.=
e go) Hegrh

a }
/‘7
F

—~——y

{
{
{

repeat until there is no change in A, V,and F

( Vbie (1<i<n) s.t. p;1="A =p, F;
oi kel (yv_r)_MVinx,'
(where Y (f e;) in e; (1<j<r),
ey has been evaluated to Vi, F;)
V = Prune vy (d, (VUV,U..UV,)
F = Prune ¢ (d, (FUF\U..UF,UFU...UF,))
A=AUVU..UV,U..UV,U..UV,,

}
Res o= (A, V, F)
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ol Liveu 2 Iy A7 BEY A O
& 73 gEQ
oF el vouV F

o (Fail Uivnu V. FUF if led
Uvou V.FUF if &M

where V' ={v, | veV}. [ |

oA HAE Res;yoNA s FAR g0l M
el AgEHE dolEy APoln, av 84d F3
% G ARE KIS FE7] Y3t AL
Hu zeolgteltt. 9] gxeEolMe Hx 4AA#
o AL (vIE FI, AA EFEAAM AEE AR
FES AAA9 I dsiZiaM o ol Akt
A1z Agol FrketA &S WA F49 HL-& vt
E3tA ok A7) 39 494 AFe eo) 93
o Fg3HA 277 AgED, dkEe Az Y
A3z APE FidA) @omz 9o HEL Hisy)
ZgstA doh

g e A 14 A% FA49 At AAFS
el

A 2

FofZl g} foi=e | .| p=e,° tjsped
Res;ya=(A, V, B)elx &ixf o] of ofH FFHY <}
ve Concy( )Y 02 () - UyuFS} Zo] AMET ¢
of izt g4 ro FHE (fo:i Tt U~ fcl(pr.e) | ... |
(Pur e F(f @il y v, F' &} 2] ARFNEITPE o & Conc v
(Ynojx G FH djo] 9eje] ol o histd
F (1)< Cone ca( FX(1) ©] HH L ]

i e rlo

el 20 ofdte] Aol Resyu, S AHEES FE s

o A% $EE 0L Lol AP BN $7t Ak o
& AN s BF s BE 2RSS 2A,
7 A% AAYE He 39 Gsted FHE

EEREERL O

FAZ #F fa=el .| pa=e, WA T EA
el #olE s i AH B A ssi0e o
23} o] Helgoh
SSpaIy={I'eL;| Res; 4=(V,F) and 1 Eval (F(2'))} Il

e 3 33 £ 49 Ay

VieL;and d=0, SS;(/)CSS,q(0). [ |

E90]

m oo

2 $8 A 27 A A 8 Z(20008)

= Leaf of int
| Node of int * tree * tree

datatype tree

t (Leaf x, n) = ((Leaf ny)2,13)4
i (Node(x,lt,rt), n) =
let
(t15,81g) = (f (1t7,m8)9)103
(t211,8217) = (£ (rti3, (Qyetmsdig+stindhigdis) 2o
in
((Node ({ng;+s12:)23,t124,5205)26) 27,
((8123+8229) 30+131)32) 33
endgy

8S¢(1) = 55¢(8) = 55;(15) = 5S;(16) = SS¢(18) = S&(21) =
(3,6.8,12,14,15, 16,17, 18,28, 29, 30, 31, 32}

$S(2) = {1,3,6,8,12, 14,15, 16,17, 18, 28,29,30,31,32}

85¢(3) = 85:(7) = 55¢(13) = §5(14) = §5(31) = { }

§5,(4) = {1,2,3,6.8,12, 14,15, 16, 17, 18, 28,29, 30, 31, 32}

55,(5) = S8;(11) = 55,(24) = 55¢(25) = 55,(26) = 55:(27)

= 55,(33) = {1,2,3,5,6,8,11,12,14,15,16,17,18,21,22,23,

24,25,26,27,28,29, 30, 31,32)

554(6) = §5(12) = $S,(17) = S5,(22) = 85¢(28) = §5,(29) =

S(30) = $5(32) = {3,6,12,28,29,30, 31,32}

55,(9) = {3,8,7,8,12,14,15,16, 17, 18,28,29,30,31, 32}

55(10) = §5(20) = {1,2,3,4,5,6,8,11,12,14,15,16,17,18,21,
22,23, 24,25, 26,27, 28,29, 30,81, 32, 33,34}

$5,(19) = {3,6,8,12,13, 14,15,16,17, 18,28, 29,30, 31,32}

55,(23) = {3,6,8,12,14,15,16,17, 18,21, 22, 28, 29,30, 31,32}

55,{(34) = {1,2,3,5,6,8,11,12,14,15,16,17, 18,21, 22,23, 24,

25,26,27,28,29,30,31,32, 33}

a% 10 FH 289 o

29 108 AF BEo 424 ¥4 (9 BE BEY
o gt FH REE B4 FAo|d fr Eg
(tree)s} A1z M5 E QIRE Wolx] ¢l T(inorder) &
A2 HEE B9 EFY EF Ivle FES A=
ot gzhe] REAY B9 Hrls #Hol&S
Bl Axg BY, ZAZhe) REA o] didte] o
&3l BEAZo|Y, FE ALY ol ARE, I+
&9 HAA, AA &9 ARG T E3H 49
Agse 48] 19 ZFH 2 =PI ¢ F A
th AdE E¢l, 34 5o £33 FA= YAHE {FE
A% 94 E Y= R84 27He 5 9 4
A% 945k A3 ¥4 AL 5Ue) AN 2P
gE AE & 5 den, g5 59 A 2EF
YAE AN RE4A 3292 S gY 589 3F
E8olle XX g g5 FAne] 2EF ko] XA
He B 9 619 FF 280 2] ALS B
+ Sloh

588

£ drdie ¥ dold A4 2¥E 2ol
A omeg ANt F¥HeR ok, 8% 3
A PR 7 24 9e AXsEd. AAE
W2 HAG a9 59 T A s FE A
ol g Agolt 2w AR il i A4 el
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239 AR £5S BN 4 Y& 59E A =
@ ANY BH Pl 37 2R ool hatof A
A% 29E We FPaAch

B a7e 94 ¥5F Q019 38 AR A
2 9sted FYSIPRH1LL. T, B AFAN ANE
54 REAdAg ¢ ATe 59 A= 58 24 P
He $Wed == AA, AAHA e A9 4P
2% So B9 24 2 A3 582 + e R
oz Budd.

2 Q7o 9F ATEAE 99 Qo9 WAE n3

3148 ¢o](higher-order functional languages)Z &
Aok AU B £ A o1 AWML, F5) A
o} QAR B47) 488 £ Qm, REHoe 4
4% (partially applied) ¥5E A F UA=F A
o olnlolg BAelm, olo] WE HAL ackd vl
A7sto g} olEF AYE B, ¥ AT EH
23 BY ol BAT B R AP 2l
= AN £ Qg AeE gudg
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