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L, error estimates and superconvergence for finite element
approximations for nonlinear parabolic problems

QIAN LI AND HONGWEI DU

Abstract

In this paper we consider finite element mathods for nonlinear parabolic prob-
lems defined in Q C R? (d < 4). A new initial approximation is taken. Optimal
order error estimates in L, for 2 < p < oo are established for arbitrary order finite
element. One order superconvergence in WP for 2 < ¢ < oo are demonstrated as
well.

1 Introduction

Consider the following initial boundary value problem for the nonlinear parabolic prob-
lem:
(@) w— V- (a(z,u)Vu
(b) a(z,0
(c) u(z,t

where Q is a bounded in R? (d < 4) with smooth boundary, J = [0,7T]. We assume
data a, f, up together with their derivatives to be bounded on 2 x R and

|
~

(z,u), (x,t) € QxJ,
o(x), r € (1.1)
, xr € 00 xJ,

T =22
e

==

0 < ax <alz,s), (z,s) € 2 x R.

The global nature of those assumptions is not restrictive, as we shall show below that
the approximate solutions are uniformly close to the exact solution u of (1.1).

The object of this paper is to demonstrate optimal error estimates of finite element
approximation in L, for 2 < p < oo and to derive the superconvergence in WP for
2 < p < o0 between the numerical solution and the Ritz projection of the exact solution
of (1.1). In actual application, superconvergence estimates can be used to improve
the approximation accuracy of the numerical solution to u by certain postprocessing
technique as in [8-10].
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For this purpose, let { Sy, }o<n<1 be a family of finite-dimensional subspace of H )N
W (Q), with the following approximation properties: for some r > 2, 1 < s < r,
2 <p < oo and C a positive constant

inf —w + h|lx —w < Ch¥||lwl|s.p,
xeSh{HX lo.p Ix lipt < l[wlls,p (1.2)
w € W*P(Q)NHQ),
where || - [|;,, denotes the norm in the Sobolev space W'P(2). In the sequal we also
use || - ||; for || - [|;2 and || - || for || - [|o,2. In addition, we assume that {5} satisfies the

standard inverse properties in finite element spaces2°l.

The semidiscrete finite-element approximation to the solution u of (1.1) is defined
to be a map U(t) : J — S, such that

(Ut x) + (a(U)VU,Vx) = (f(U),X), X € Sh, (1.3)

and U(0) € Sy, is the approximation to ug which will be given in (1.5) below.
We now define the Ritz projection operator Ry, : HE(Q2) — Sj, by

(a(u)V(w — Rpw),Vx) =0, X € Sp, (1.4)

where u is the solution of (1.1).
Let the error U — u = (U — Rpu) + (Rpu — u) = £ + 1. Then we choose the initial
approximation U(0) to satisfy

A(€0),x) = (a(uo)VE(0), Vx) + (au(u)€(0)Vug, V)
+A(£(0), x) (1.5)
= _(au(UO)n O)VUOaVX)’ X € Sha

where X is selected large enough to ensure the coerciveness of the bilinear form A(-,-)
over H'.

Finite element methods to (1.1) have been studied by several authors. For example,
Douglas and Dupont [7] and Wheeler [15] initiated the analysis of the standard Galerkin
finite element approximation and demonstrated optimal order convergence in the H'
and Lo norms. Optimal maximum norm estimates for the one-dimensional case was
optimal in [13,15]. For the higher dimensional case Chen and Huang [3] get the almost
optimal L error estimates for linear elements. In [12], maximum-norm superconver-
gence of the gradient in linear finite element approximation is derived. These results
above are in consistent with those for the linear problem (a(z,u) = a(z)). Recently,
the Chou and author [5] obtained optimal L., error estimates of (1.1) with zero initial
value ug = 0. Finite element methods for linear parabolic and hyperbolic integrodif-
ferential equations, Sobolev’s equations and the equations of visco-elasticity have been
discussed by Lin, Thomee and Wahlbin [11], in which optimal L, error estimates are
shown for 2 < p < co. The standard references on the subject of superconvergence are
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[3,14,17]. The reader is referred to [14] for the issue of carring superconvergence results
over from linear problems to their nonlinear counterparts.

This paper is organized in the following way. In §2, some nesessary lemmas will
be proved which are essential in the analysis. In §3, optimal L, error estimates and
superconvergence in WP for 2 < p < oo will be presented, while maximum norm error
estimates and superconvergence of the gradients will be demonstrated in §4.

2 Lemmas

In this section we shall given the error estimates of Ritz projection and prove the
estimates for the initial value error. In addition, we shall also establish Lo estimates
for & and V€.

The following lemma is contained in [6,17].

Lemma 2.1 Forte J, 0<[<2,and 1 <s <r we have
(a) IDi(w — Rpw)llop + bl Di(w — Rpw)|l1
[ .
< Chs Y, ||Dgw]|s,p, 2<p<oo, r>2,
j=0

(2.1)

(b) JJw — Rpwl|o,00 < C’h,slogh_1 5,00 r=2,
< Ch¥||ul|s,00, r>2,
(c) [lw— Ryw |1,oo < Chs_l““’ |5,007 r > 2.

This lemma together with the inverse property derives the following conclusion.

Corollary 2.1 If u € Luyo(0,t;W24(Q) N WH®(Q)), uy € Luso(0,t; WH*(Q)), then
V Rpu and V(Rpu); are uniformly bounded on [0, ¢].

Proof. Obviously by (2.1c)

IVRpullo.co < [ Bhu = w100 + lul1,00 < Cllu

|1,oo-
On the other hand, we know that!*]

[(Rpu)e — Rpuell1p < Cl[Rpu —ull1p, 1<p<oo.
This together with inverse properties and (2.1) obtain

IV(Rhu):

|(Rpu)s — Rpug||1,00 + | Brus — wello,co + [luelo,00
Ch™|(Rpu)y — Rpuell1,a + [Juell,00

Ch™ | Rpu — ull1,q + [|ull1,0

C(llull2,a + llwtll1,00)-

|0,oo

IAININ TN

The proof is completed.
Now, let us establish the estimates for V£(0) and &;.
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Lemma 2.2 If ug € W54(Q), u(0) € H*(Q), for 2 < s <7 and r > 2, then

(@) [[(U=Rpu)O)|L < Ch?lluglls,
(b) (U = Rpu)e (O] < Ch*{Jluolls + [luoll? 4 + [[ue ()]s},

where u;(0) =V - (a(z,uo)Vug) + f(x,up) which comes from (1.1a) and (1.1b).

(2.2)

Proof. We first take xy = £(0) in (1.5) to get

lE)I1F < Clln(0)I[IvE(O)],

which, by (2.1a), implies (2.2a).
We mext show (2.2b). For this, combine (1.1a), (1.3) and (1.4) to yield the error
equation

(&, x) + (a(U)VE, V)
= (fU) = fw) =m, x) — ((a(U) — a(u))VRuru, x), X € Sh-

Now subtract (1.5) from (2.3) with ¢ = 0 and set xy = &/(0) to derive (in the sequal,
t = 0 will be omitted)

&1

(2.3)

(fU) = fw) = m + A&, &)
+(au(u)(U = u)Vu — (a(U) — a(u))Vu, V&)

+((a(U) —a(u)V(u—U), V&)
= L+ L+

(2.4)

Then it follows from (2.1a), (2.2a), imbedding inequalities!!) and inverse properties that

I < CUEN A lInll 4 llme DIl
< Ch*(JJuolls + [t (0)][)NIEe]
1
I — (/0 (4 (1) — au(u+ (U — u)ds(U — u)Vu, V&)
1 1
_ (/0 [/0 (s + 5(1 = 7Y (U = w))dr)(—s)ds(U — u)?Vu, VE,)
< C(IENIG.4 + lImlg. )Nl
< (||€||%+||77||34) el
< C 1B
Iz < (H§||o,4+!|77||0,4)(!|§| , A€l
< (||€||1 + ||77||o D RHEN + Il kMg
< C -

Collecting the estimates of I;-I3 with (2.4) completes the proof.
Our next aim is to derive estimates for & and V¢.
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Lemma 2.3 Assume that ug € W*(Q), u:(0) € H5(Q), u, ug, uy € La(0,t; H5(Q)),
U € Loo(0,t; W24(Q) N WH2(Q)) and uy € Loo(0,t; WH(8)). Then for t € J
(U — Rpu)e|| + ||lU — Rpuly <Ch?, 2<s<r and r>2. (2.5)

Proof. By differentiating (2.3) with respect to ¢ we obtain

(&ut> x) + (a(U)VE;, Vx)
= —(@O)UVE V) + (f(U) = f(u))e = nus X) (2.6)
—((a(U) = a(w));VByu, V) = ((a(U) = a(w))V (Rpu)i, V), '
X € Sh.

Setting x = &, by using e-inequality and Corollary 2.1, we have

2
2 p “ft” + a.||[ V&

< C{UIElIG 00 + DIVEN® + IENZ + €N + nll® + 7l + llmeel|*}
+e|| V&

Hence integration now implies

t
lé® + [ leular

t
< C{lI&O* + /0 (€N 00 + DIENT + NENZ + €N + nll® + el + el P}

If we assume that
N oo (731 () €t L (73200 (2)) < CRP, (2.7)

then it follows from (2.1) and (2.2b) that

2 t 2 2
el + [ eliar < w2+ [ Gle? + elyar. (23)
0
Now the inequality
td
€O = 1€+ [ Zlelar
t t
< IEOIF+C [ leliar += [ leliar,

can be combined with (2.8), by (2.2a), to show that

t t
€l + gl + [ lle3ar < ot + [ (el + el)ar). 29)
0 0
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Gronwall Lemma now yields

t 1
el + il + (| lelifarys < on. (2.10)

Finally it remains to vertify the induction hypothesis (2.7). First note that (2.7),
by (2.2), holds for ¢ = 0. We then need discuss the diffetent cases. If d = 1 or 2, it
follows from imbedding inequalities and (2.10) that

t 1
€O e o)

13 ! 27 \%
Cllogh™) et [ Il 2ar)?
< C(logh Y)Th? = o(h?),

IN

which implies that (2.7) is volid.
For s = 3 or 4, applying the inverse property and imbedding inequality we conclude
that
t 1
€O (] N ootr)?
_d ¢ 1 ) 2d
< Ch @I [ el with g= 75
44 ! 27 \1
ch HeI [ elian?

< CthJrlf% — o(hs),

IN

Therefore the proof has been completed.

3 Error estimates and superconvergence for 2 < p < 0o

In this section the optimal L,, error estimates for the semidiscrete finite element approx-
imation for 2 < p < oo will be proved in Theorem 3.1. In addition, superconvergence
results in WP (2 < p < co) between the approximate solution and Ritz projection of
the exact solution of (1.1) will be derived in Theorem 3.3.

Theorem 3.1 Let u and U be the solution of (1.1) and (1.3), respectively. If, in
addition to the hypotheses of Lemma 2.2, u € W*%(Q) for 2 < s < r and r > 2, then
forteJ

WU —ullop < Ch*, 2<p<oo. (3.1)

Proof. Write the error U —u = (U — Rpu) + (Rpu — u) = £ + 1 as before. To prove
(3.1) we define a auxiliary the problem. For ¢ € W12 (Q), p~! +p'~1 =1, let ® be the

solution of
(a(u)Vo,V®) = (v,4), v € H(Q). (3.2)
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Thus
1®ll2p < Clidllog- (3.3)
By (2.3) we then have
& ¢) = (a(w)VE, VD)
= ((a(u) —a(U))VE, VRL®) + (a(U)VE, VR, D) (3.4)
= ((a(u) —a(U))VU, VR, ®) '

+(f(U) = fu) = & — nt, Ra®).

The first term on the right-hand side can be bounded as follows. From the inverse
property, Corollary 2.1 and (2.5).

VUl < 119€llooc + IV Rstloe
Ch~%]| Vel +1)
C(h* % +1)

C,

INIA N IA

and it follows from imbedding inequalities and the stability of Ry, in Wh4' d-14+d ! =
1, that

((a(U) — a(u)) V¢, VR, ®)

Cl€lo,a + linllo,a) | Ba® 1,

CUEl + linllo,a) 1 {l1,a

Che ([ @2,

where (2.1a) and (2.5) has been applied at the last step.
In order to estimate the remaining term, by using the same way as in [11, Theorem
3.2] we can select o > 1 such that

VAVANIZAN

IBn@ < ClIRy @10 < Cll®l10 < ClI2]12,5"

Hence, by (2.1b) and (2.5),

(f(U) = f(u) =& — i, Rp®)
< CUEN+ Nl + 1€l + [lnelD | Rn @]l
< Ch||P|l2,p-

Combining our estimates with (3.4) and noting (3.3), the inequality (3.1) follows.

Theorem 3.2 Let u and U be the solutions of (1.1) and (1.3), respectively.If, in ad-
dition the hypotheses of Lemma 2.2, u € W3P(Q) for 2 < s < r and r > 2, then for
teJ

\U — Rpull1p < Ch®, (3.5)

where2§p<oowhend:10r2,2§p§d2?‘12whend:30r4.
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Proof. we first introduce the other auxiliary problem. Denote 1, to be an arbitrary
component of Vi and let ¥ be the solution of
(a(u)Vv,V\Il) = _(,Uaz/)x)a v E H[}(Q)a (36)
Thus
19l < Cllgllog, p~' +0 71 = 1. (3.7)
We then have by the analogue of (3.4) that
() = ((a(u) —a(U))VU,VR,Y)
+(f(U) = f(u) — & —m, RpY).
For the first term on the right-hand side we have
((a(u) — a(U))VU,VR,Y)

ClIVEllo,00(lEllo,p + llnllop) 1 Rn Y

ClIEll + limllo.p) 1 ]]1
Che[[ ]y -

(3.8)

|1,p’

VAIVANIVAN

The second term on the right-hand side is easily treated as before.

(f(U) = f(u)) = & = ne, Rp W)
< CUEN+ linll + gl + lime DI R @]l
< O @f1p-

Together our estimates with (3.8) and (3.7) implies that the desired results (3.5) holds.

4 Error estimates and superconvergence for p = oo

In this section we only consider two-dimensional space R?. The optimal maximum
norm error estimates and superconvergence of gradients will be established.
We shall first show the following L, norm error estimates.

Theorem 4.1 Let u and U be the solutions of (1.1) and (1.3), respectively. Assume
that the hypotheses of Lemma 2.2 are satisfied. Moreover, assume that u € W95%°(Q)
for2<s<randr>2. ThenforteJ

U~ ulloee < Chilogh™', r=2,

< Ch%, r> 2. (4.1)

Proof. From (2.1b) we need to bound ¢ only. Let G? € S, be the discrete Green
function associated with the bilinear form (a(u)V-, V-)I!7). Hence the definition of G
and (3.4) now imply that for z € Q and t € J

E(z,t) = (a(w)VE,VGY)

(a(u) — a(U))VU,VGE) + (f(U) — f(u) — & —ni, GY)
CLUIEN + Imllop) G2l + CIEN + llmll + 1€ + e DINGEI}
CR(IG2 |1y + IGEID-

IAIA
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Recalling that!!”]

G2y +IGHI < C, p™ 407 =1, p>2,

the conclusion of the theorem is now concluded.

Corollary 4.1 Under the hypotheses of Lemma 2.2, assume that v € W*P(Q) for
2<s<r,r>2andp>2 ThenforteJ

||U—Rhu||0,oo S Chs. (4.2)

We finally show W1 superconvergence for U — Rju.

Theorem 4.2 Under the hypotheses of Theorem 4.1, we have for 2 < s <randte€ J

U= Ryulho < Cho(logh™1)2, r=2

< Chflogh™, r> 2. (4.3)

Proof. Let g? € Sp, be the finite element approximation of the derivative type
regularized Green function, which is associated with the bilinear form (a(u)V-, V-) (see
3]). Thus the following estimates hold[®):

g2 1% + llg2 111 < Clogh™. (4.4)

Now the definition of ¢” implies that for z € Q and ¢t € J

0:£(z,t) = (a(u)VE,Vg?)
= ((a(u) —a(U ))VUVQZ) (f(U) = flu) — & —me, 97) (4.5)
< CO{( o)llg? (IEN + Tl + N€ell + NlmelD g2 13-

Recall that )
1€ll0,00 < C(logh™ )2 |€ ]I,

This together with (4.4) and (4.5) complete the proof.
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