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L, and WP Error Estimates for First Order GDM on

One-Dimensional Elliptic and Parabolic Problems

Jing Gong and Qian Li

Abstract

In this paper, we consider first order generalized difference scheme for the two-
point boundary value problem and one-dimensional second order parabolic type
problem. The optimal error estimates in L, and WP (2 < p < c0) as well as some
superconvergence estimates in WP (2 < p < oo) are obtained. The main results
in this paper perfect the theory of GDM.

1 Introduction

We first consider the two-point boundary problem

{(a) Lu = —%(pg—g) = f, a<z<b, (1.1)
(0) w(@) = 0,  ub) =0,

where p = p(z) > pmin > 0, p € CY(I), f € L?>(I), I = [a,b]. Secondly, we consider
one-dimentional second order parabolic type problem

(@) -y = 1), (x1) € (ab)x(0,T],
u(z,0) = 0, z € [a,b], (1.2)
(¢) u(a,t) =0, wu(b,t) 0, t € [0,T],

—~
=
~

where p = p(x) > pmin > 0, p € CY(I), f € L*(I), I = [a,b]. In the past several
decades, Li and other authors did extensive and deep research on the theory and appli-
cation of generalized difference methods (GDM for short), including constructing first
order or higher order difference schemes on elliptic, parabolic and hyperbolic equa-
tions, establishing the optimal Sobolev norm estimates of errors, and applying GDM
to underground fluid, electromagnetic field and other fields. Theoretical researches and
realistic computations show that GDM not only keep the computational simplicity of
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difference methods, but also enjoy the accuracy of finite element methods. See [4] and
[7] for more details.

Since the time of studying GDM is only several decades and establishing the error
estimates is very difficult, the theory of GDM is not perfect. For example, the optimal
order H', L, and maximum norm error estimates to problem (1.1) and (1.2) have been
obtained (See [4], [5], [6], [7]), but the W' and L, (2 < p < co) norm error estimates
as well as some superconvergence estimates have not been derived before. We shall
do this work in this paper. Moreover, by using Green functions, we will reduce the
demand of the smoothness of u in the error estimates of maximum norms, and get a
perfect statement combining the case of 2 < p < co.

This paper is organized in the following way. In section 2 we do some preparations,
including introducing the partitions of the interval I, the trial and test function spaces,
Green functions and some lemmas which are essential in our analysis. We consider
problem (1.1) and establish optimal error estimates of u — u;, in WP(I) and Ly (I)
(2 < p < o0) as well as the superconvergence estimate of @ — uy in WHP(I) (2 <
p < 00) in section 3. Section 4 deals with the problem (1.2) and we will obtain the
optimal error estimates of u — uy in WHP(I) and L,(I) (2 < p < 00) in addition to the
superconvergence estimates of @ — uj, and Rju — uy, in WHP(I) (2 < p < o0).

2 Preparations

Let U = H}(I) = {v € H'(I), v(a) = v(b) = 0}. Then the weak form of (1.1) is to
find v € U such that
a(w,0) = (f,0),  WweU, (2.1)

where
b b
a(u,v) = / pu'v'dz, (f,v) = / fodz.
a a
We first define the partition T}, of the interval I = [a, b] with nodes z;,7 = 1,2,---,n,
a=zrg <1 <T9 <+ <z =b.

Let h; = x; — z;—1 denote the length of the element I; = [x;_1,z;], h = max h; and let
Stsn

the partition T} of I be regular, that is, there exists a constant p > 0 such that
h; > ph, i=1,2,---,n. (2.2)

Corresponding to the partition 7}, we then introduce its dual partition 7} with

nodes x 1=0,---,n—1,

1
=
z+2

1 <z, = b.

a=2)< 21 <zxr3<- <
2 2 2

n—
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I(T = []707]7%]7 I; = [

dual elements, here

$j7%,$j+%] (1=1,2,---,n—1),and I} = [$n,%,$n] are said to be

1 .
T 1= 5(%’—1 +z;), 1<j<n.
Corresponding to the partition T}, we choose the trial function space U be the
space of continuous piecewise linear functions, and U, = span{¢;(z),1 <i <n — 1},

The basis function ¢; corresponding to the node z; is

1—h Yo -z, @i <z <y,
1 .
¢Z(x): 1_hi+1|$_$i|7 xi§$§$i+17 221727"'7’”’_]—7
0, otherwise,

so, any up, € Uy can be expressed uniquely in the following way:

n—1
un(r) =Y uigi(x),
i=1

where u; = up(z;), and on each element I;, i =1,2,--- n,
Uj — Uj
up, (z) = ZT“, zi1 <z <z (2.3)
i

Corresponding to the partition T}, let the test function space V}, be the space of
piecewise constant functions. Then the basis of V}, may be taken to be characteristic
functions of elements I7,

1, zelf
(z)=14 ji i =1,2,--,n—1.
¥; () { 0, otherwise, J S n

and each vy, € V}, can be expressed uniquely in the following way:

n—1
va(@) = vjth; ().
j=1

Obviously
Up(z) cUNWHR(I), V;, C Lo(I).

Let’s define, for any u, € Uy, and v, € V},, a bilinear form as follows

n—1
(a) a"(up,vp) = vja* (up,YP;),
7=1
(b) a"(up,v;) = pj_%uﬁ(fﬂj_%)—pj+%u§1(fﬂj+%) (2.4)

D, luj_uj—l . luj-l-l_uj
- J—3 h] J+3 ’

hj+1
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where u; = uy(z;), v; = vp(x)), Pj1 :p(:ijr%), and j =1,2,---,n— 1.

For numerical analysis, we need to introduce the interpolation operators Il : U —
Up, defined by

n—1
Hpw = Zw(xi)¢i(x)a Vw € U,
i=1
and I} : U — V},, defined by
n—1
yw= Zw(wj)l/)j(x), Yw € U.
7=1

Using the theory of Sobolev’s interpolation, we have
lw — Tpw|m ChF™wlgp, m=0,1, k=12, 1<p< oo, (2.5)

<
|th|m,p < C|w|m,pa m=0,1, 2<p<oo,

where |- |, » and ||+||m,p stand for the semi-norm and norm of the Sobolev space W™ (I)
respectively, | - |, and || - ||, stand for the semi-norm and norm of the Sobolev space
H™(I) = W™2(I) respectively, and C is a positive constant independent of h.

Noting that for any u;, € Uy, we have, by (2.4),

b 1 " U; — Uj— 2 1
ks =1 et =30 =t 27)

=1

Define the discrete L2-norm
n 1
lunllon = > hi(ui_y +ui)]2, up € Up. (2.8)
i=1

Then we can easily prove the following lemmas (See [4], [7]).

Lemma 2.1 There exist positive constants C; and Co such that

CIHUh

lo,n < llunllo < Collup

|0,h, Yuy, € Up,. (2.9)

Lemma 2.2 For any u; € Uy, the norms |[[IIju| and |||upl|lo = (uh,H’,‘luh)% are
equivalent to the Lo norm ||up||o-

Lemma 2.3 For any uy, wy, € Uy, one has

a*(up, IMywn) = a* (wp, Mjup), (2.10)
(up, Mywp) = (wp, M up). (2.11)
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Lemma 2.4 The bilinear form a*(-,1I} -) is bounded over U, x Uy, that is, there exists

a constant M > 0 such that

la* (up, Dhwp)| < Mlugllil|wnlli,  Yup,wn € Up.

(2.12)

Lemma 2.5 The bilinear form a*(-,II}-) : Uy x Uy — R is positive definite, that is,

there exists a positive constant a such that, for A sufficiently small

a* (up, Oy up) > a||uh||%, Yuy, € Uy,.

We now present a very useful lemma with respect to the bilinear form af(-,

simplicity, we write
d(u — up, wp) = a(u — up, wp) + a* (v — up, Mpwn),  Yup, wp, € Up.
Lemma 2.6 %l Let u € W39(I), then, for uy,wy, € Uy,

|d(u — up, wp)| < Chlju —up,

Lplwhl1pr + hlulzqlwn|iqe],

with1<p,g<oo, L+ L =1L+ =1

_

We prove another useful lemma similar to Lemma 2.6.

Lemma 2.7 Let u € W29(I), then, for uy,w;, € Uy,
|d(w — up,wn)| < Chllu = unliplwnlip +[ul2,glwalige],
with1<p,g<oo, 3+ =1, s+ 7 =1

Proof. By making use of (2.3), we have, for uy, wy, € Uy

b
a(u —up,wp) = /p(u—uh)'w;ldw
a
= YU/ o-p ) w) vl
le Tj—1

T Wi — Wi_1
+/ pj_1(u— Uh)'dx%]
Tj—1 2 J
n

J
= Z/ (0 —pj1)(u—up) widz
Tj—1

n
— w]*l

W
+ ijf% [u(z;) —u(zj1) —uj + Ujfl]dlL']T

where u; = up(z;), w; = wp(x;).

(2.13)

-). For

(2.14)

(2.15)

(2.16)
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On the other hand, by (2.4), (2.3) and noting wy = w, = 0, we have,

a*(u—up, Mywp) = ija*(u—uh,l/)j)

n—1
= Z[pjfé(u_uh);‘,%_p]+1(u_uh)]+l]w]
j—1
n
= Zp] L (u— up) jo1Wi pj_%(u—uh);;%wj,l

= ij_%(u - Uh);_%(wj — wj-1)

- Zp]——hu( ]——)_u]+u] 1]T
j=1

Substitute the above relations into (2.14) and express (2.14) by the following

2
d(u — up,wp) = Bi(u—up, wp),
Jj=1
where
By(s— wn,wn) = z / (0 - p;-1) (0w — ) o,
1'
w; — w;i_1
Bs(u —up,wp) = ij_% () = u(ejo1) = hye! (1) ===
— j
Thus
|E1(u — up, wy)| < Chlu —up|1plwp|ip-

Applying Taylor’s formula with integral type remainder

Zj

9(z;) — glwj) = d(ﬁ_m-+/ §"(@)(¢; — o)de

T,
j—

¥i-t "
—/ ¢ (2)(wj_1 — o)da,
X

j—

[

[V

we have

b
|Ea(u — up, wp)| < C’h/ |u"w),|dz < Chlulaglwp)1,q-
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Hence the conclusion (2.16) is a consequence of combination of estimates for £; and
E5. This completes the proof.

In order to derive maximum norm error estimates, we need to define the Green
functions associated with the bilinear form a(-,-) (See [9]). Let G» € Uy, and G € H} (I)
be the discrete Green function and pre-Green function respectively, 0,G’; the directional
derivative of G along some direction with respect to z. Then G and 0,G" are the
finite element approximations to G and 9,G?, respectively. From [9], we know that

1G5 ll21 + 10:G2{l1 < C. (2.17)
Lemma 2.8 The discrete Green’s function G possess the following property.
1G4 l1.00 < C. (2.18)

Proof. By using of inverse property, (2.5) and noting that W2 (I) — w>°(I), we
obtain

e G2 oo + G = TGl + TG — G
CIG:lh 0+ OHH 4G — G2y
ClIG 00 + ™3 (MG — G2l + 16 — G2l

CllG% a1 + Ch3 |G la.

|1,oo

|1,oo

(2.19)

VAN VAN VANRVAN

Let 6" € U}, be the discrete Delta function defined by
(,075?) :U(Z), V’UEUh,
Then the above defination and the inverse property imply that

102115 = (o%,02) = |0k (2)]

zr7z

_1
< lé2lhee < Ch72[l0k]o,

So also from [9], we have
1
IG%]l2 < Cll82]lo < Ch™2,

which together with (2.17) and (2.19) completes the proof.

3 Two-boundary Value problem

In this section, we consider the problem (1.1).
The first order generalized difference scheme for problem (1.1) is to find u, € Uy,
such that
a*(uh,vh) = (f,vh), Yo € V. (3.1)
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Using the defination of the operator II; in section 2, we can obtain that the gener-
alized difference scheme (3.1) is equivalent to finding uy, € Uy, such that

a* (up, Mywy) = (f, Mjwy), VYwy € Up. (3.2)

Combining the results of Lax-Milgram’s Lemma, Lemmas 2.4 and 2.5, we have the
solvability theorem.

Theorem 3.1 The first order generalized difference scheme (3.1) has exactly one so-
lution for h sufficiently small.

In this section, we denote u € H}(I) the weak solution of problem (1.1) and uy, € Uy,
the solution of (3.1).
In view of the generalized Galerkin variational principle (See [7]), we have

a’*(uavh) = (favh,)a VUh € Vh-

So that, by (3.1),
a* (u — up,vp) =0, Yoy, € V. (3.3)

Now, we show the error estimate of u — uy, in WHP(I) (2 < p < o0).

Theorem 3.2 If u € W2P(I) (2 < p < oo) and h sufficiently small, then the following
error estimate holds:

lu—unllip < Chllullzp, 2 <p < . (3.4)

Proof. We first introduce an auxiliary problem. Denote ¢, to be the derivative of
¢ and let ® € H{(I) be the solution of

a(v,®) = —(v,¢z), Vv e H(I), (3.5)

and there is a priori estimate

p
1@l < Cliglloy, »'= P (3.6)

Let @ and @ denote the standard finite element solutions of the problem (3.5) and
(1.1) respectively. Then we havel?!

a(vp,® — D) = 0, Yo, € Uy, (3.7)
a(u —a,vp) = 0, Yoy, € Uy,
lu—illg < CRlulag, s=0,1, 2<q< oo
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By virtue of Green formula, (3.5), (3.7), (3.8), (3.3), Lemma 2.7, (3.9) and (3.6),
we obtain that

((u_uh)xa¢) —(’U/—Uh,(ﬁx)
a’(u —Uh,(l)) B B
a(u —up, ® — ) + a(u — up, P)

a(u — a,®) + d(u — up, P)

< COlllu—allipll®flp + Al — unlip + |ul2p)[Pl1y]

< Ch(llu = upllp + llull2p) 12 p

< Ch(llu —unllip + llull2p)l¢llop -
Thus

U — Up)ag, @
I un)eloy = sup LU ID oy ey,

ety () |1lloy
Therefore

lu —upllip < Ch(llu —upllip + llull2p), (3.10)
where we have used the equivalence of the norms || - ||;, and |- |;,. Let h sufficiently

small, such that Ch < %, then the theorem follows at once from (3.10).

Theorem 3.3 If v € W?>(I) and h sufficiently small, then we have the following
error estimate:
s = unllt0 < Chlfulzoc. (3.11)

Proof. The definition of 9,G", (3.8), (3.3), Lemma 2.7, (3.9), and (2.17) imply that
a(t — up, 9,GP)

CL(U — Up, aZG},ZZ)
d(u — up, GzG’;)

az(a - uh)(z)

- 3.12
< Chllu— uplion + Jul00)| 0 G 10 (3:12)
< Ch(|lu = Gl1,00 + & — up|1,00 + |©]2,00)
< O(h?*||ullz,00 + hli — up1,00)-
Hence
% — upll1.00 < C(hli — upli 0o + B2{u]l2.00)- (3.13)

By letting h sufficiently small in the above inequality and using the triangle inequality
lw = unll1,00 < llu = Bll1,00 + (1@ = unll1,00,

we complete the proof also from (3.9).
Combining Theorems 3.2 and 3.3, we immediately derive the following.
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Theorem 3.4 If u € W2P(I) (2 < p < o0) and h sufficiently small, then we have the
following error estimate:

lu—unllip < Chllullzp, 2 <p< oo (3.14)

We then demonstrate the estimates of u —uy, in Ly(I) (2 < p < 00). From [4] and
[5], we know that
lu—unllo < Ch?|lulls,,
lu = wnlloe < Ch?ulls.

The result is not perfect. We will modify the proof of the case of p = co to reduce
the demand of the smoothness of the function u. Then the case of 2 < p < o0 is the
straight result of the case of p = co.

Theorem 3.5 If u € W>!(I) and h sufficiently small, the following error estimate
holds:
lu — unllo,co < CR?|lulls,1- (3.15)

Proof. Noting that the definition of G, (3.12), Lemma 2.6, (3.14), (2.18) and
Sobolev imbedding inequality, we deduce that

(4 — up)(2)

a(tu — uh,G’g)

d(u — up, GP)

Ch(lu—uph + hlul3.1)|G%1 0
0h2(|u|2 + |uf3.1)

Ch?|lull3.1,

ANVANRVAN|

which together with (3.9), Sobolev imbedding inequality and triangle inequality com-
pletes the proof.
An application of the above theorem and the inequality

lu—upllop < Cllu —uplloge,  2<p < oo.
immediately yields the following result.

Corollary 3.1 Under the hypotheses of Theorem 3.5, we have the following error
estimate:
lu—unllop < CH2ullsy, 2 <p < oo (3.16)

We now turn to the superconvergence estimate of & — uy, in WHP(I) (2 < p < o0).
Theorem 3.6 If u € W3?(I) (2 < p < 00) and h sufficiently small, then we have

i — unllip < CRJullsp, 2 <p < oo (3.17)



L, AND W'? ERROR ESTIMATES o1

Proof. We first consider the case of 2 < p < oo.
By Lemma 2.6, Theorem 3.2, and a similar analysis to that in Theorem 3.2, we
obtain that

((a_uh)xa¢) = _(ﬂ’_uha(ﬁx)
= CL({L _uha(?)
= a(ﬂ _uha(?)

d(u - ’U,h,q))

Ch(lu —uplip + hlulzp)|P]1p
Ch*([[ullzp + [ulsp) 1@]l1p-
accordingly, (3.17) is derived from the above inequality and (3.6), for 2 < p < oo.

As far as the case of p = 0o is concerned, it suffices to see the proof of Theorem 3.3
and the difference is that we use Lemma 2.6 instead of Lemma 2.7.

INIA I

4 One-Dimensional Parabolic Problem

In this section, we consider the problem (1.2) on the base of the results derived in
section 3.

Define the semi-discrete generalized difference scheme for problem (1.2): Find uy(t) :
[0,T] — Up, such that

(a) (upg,vn)+a*(up,op) = (f,on), Yorb € Vg, 0<t<T, (4.1)
(a) up(0) = uop, '

where uy; = %, ug,, € Uy is taken the generalized elliptic projection Rjug of ug
defined in (4.2) below.
It can been proved that (4.1) has a unique solution for any f € Lo(I) (See [4], [7]).
For later use, we introduce the generalized elliptic projection operator R} : H 2(Hn
H}(I) — Uy, defined by

a*(Rpw,vy) = a*(w,vp), Yup, € V. (4.2)

It is easily seen that, from Lemmas 2.4 and 2.5, R;w is uniquely determined by
(4.2) for any given w € HY(I) N H}(I).
Applying Theorems 3.4 and 3.6, we have the following error estimates.

Lemma 4.1 Let R} be defined by (4.2), then

(@) lw— Rywlli,p Chlwllzp, 2 <p < o0;

> (4.3)
() Jw-Rwloy, < Chwls, 2<p< oo :

Throughout this section, we denote u € H}(I) the weak solution of problem (1.2),
up, € Uy, the solution of problem (4.1) and write

u—up = (u— Ryu) + (Ryu — up) =n+¢.
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Let @ be the finite element solution of problem (1.2), that is, & € Uy, satisfyl®!

{ (ﬂt,’l)h) + a(ﬂ,vh) = (favh)a V’Uh € Uha
w(0) =y,

where 4; = %, ug € Uy, is taken the elliptic projection Rjug of ug defined as follows:
Find Rju € Uy such that

a(u — Rpu,vy) =0, Yoy, € Uy, (4.4)

First, we give the superconvergence estimate of ¢ in WP (I) (2 < p < o0). In order
to get that we need to deduce the error estimate of & in Lo(7).

Lemma 4.2 If u;(0) € W3(I), uy € Lo(0,t;w*!(I)), then we have the following error
estimate:

t 1
l€cllo < CR*{llue(0)ls,1 + (/0 lueel[3 1 d)2 . (4.5)

proof. Mutiplying (1.2) by v, and integrating by parts, we have
(ut,vn) + a*(u,vn) = (f,vn),  Vop € Vi (4.6)
Substracting (4.6) from (4.1) and applying (4.2), we obtain

(&t vn) +a” (& 0n) = —(m, vn),  Von € Vi (4.7)

Taking ¢ = 0 in (4.7) and noting that u;(0) = Rjuj; implies £(0) = 0, then taking
vp(0) =TI} &(0), we have, also by Lemma 2.2 and e-inequality, that

1160115 —(1:(0), T}, £:(0))
Clln:(0)[lo ITT;€:(0) o
Cline(O)IF + 311 )11,

where ||| - ||| is defined in Lemma 2.2. Then by (4.3b)

IAINA I

11€(0)[lo < Cllm(0)llo < Ch?|fur (0)][3,1- (4.8)

Differentiate (4.7) with respect to ¢ and take v, = II}&; to get

(o, TR&e) 4 a™ (&, TREs) = — (e, TR E4). (4.9)

Lemmas 2.3, 2.5 and 2.2 now imply that

54 TE) + ClGl < (Gu ) + o (6 T (4.10)

C(lImeellg + [11€1115)-

IAIN
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Integrating (4.10) with respect to ¢, we have

t t t
eI + /0 l&l2dr < CUlE O3 + /0 meell2dir + /0 e Zdr).

By Gronwall Lemma, (4.8) and (4.3b), we have
2 2 K 2
a2 < cUlaO)R + / Imeeli2dr)

t
< O (O3, + / lugel1dr).

(4.11) and Lemma 2.2 imply (4.5).

93

(4.11)

Theorem 4.1 If u;(0), uy € WH(I), u € W3P(I) and h sufficiently small, then the

following superconvergence estimate of ¢ in WP (I) (2 < p < 00) holds:

Iell1p < CR{Ilullsp + ue(0)

t
1
o+ ( / luladr)}), 2 <p < oo
0

Proof. (i) Let us first consider the case of 2 < p < co.
Using Green formula, (3.5), (3.7), (4.2) and (4.7), we write

(5:133 ¢) = _(ga ¢$) = a(£’ @) = a’(£7 th))
a(Rju — u, Rp®) + a(u — up, RpP)
= a(Rju—u, Rp,®) — a*(Rju — u, 11} R, ®)

+a(u — Up, Rh(I)) - a*(u — Up, HZRh(I)) + a*(f, HZRh(I))
= d(Rju—u,Rp®) + d(u — up, Rp,®) — (n + &, I} R, ®)
= LI +Ey+ Es.

Applying Lemma 2.6 and (4.3a), we get

E; < Ch(|Rju—ulip + hlulsp) | Ra®|1
< Ch?|lulls p| @)1,

and
By < Oh(ju—unliy+ hlulsy)| Ra®liy
< Chllu—Riulp + €11y + hluls)|®]1
< Chlely + B fulls )1 B]l1 -
Also we know, from (4.3b),that
t
e < lmeO)fo + / Iniellodr
t
< O {lus(0)])a, + / el 1dr}
0
t
1
< OB {]lus(0)as + ( / el 1)),

(4.12)

(4.13)
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which together with (4.5) and Sobolev imbedding inequality implies that

Bz < (Inello + [1€llo) [T, Ra®]lo

t

CHH{(fur O + ([
0

Combining the estimates of F; — E3, we obtain also by (3.6) and (4.13) that

€y < ¢ sp G0
¢6Lp’(1) ||¢||U,p’

1
|§,1d7') 2H| ||,

IN

IN

C{nl¢

t
1
|1p + h2[||u |31+ (/0 el |3, d) =]}

|3.p + [|u(0)

By letting h sufficiently small such that Ch < %, we can complete the proof of the case
of 2 < p < 0.
(ii) Let us next consider the case of p = co. By virtue of the definition of §,G?, we
have
9:4(2) = (€, 0. GY),
consequently, upon replacing R,® by BzG';, p by oo, p’ by 1 in part (i), likewise, we
obtain the conclusion.

Arguing as in the proof of Lemma 4.2, we find that if we use (4.3a) instead of (4.3b)
in (4.8) and (4.11), we can get the following lemma.

Lemma 4.3 If u;(0) € W2P(I), uy € Lo(0,t;W?P(I)), then the following error esti-
mate holds:

t
1
1€ello < Ch{l[ur(0)ll2,p + (/0 g3 pd7) 2}, 2 <p < oo. (4.14)

As to the error estimate of u — uj, in W1P(I), we obtain it by the similar way to
getting Theorem 4.1. In the proof of Theorem 4.1, we use Lemma 2.7 instead of Lemma
2.6 and (4.14) instead of (4.5) for the error estimates of £y — E3 to derive

1€

lLp < Ch{{lut(0)[l2p + [l

t
1
g+ ( / lualB,dr)t}, 2<p<oco,  (4.15)
0

which together with (4.3a), by using triangle inequality leads to the following theorem.
Theorem 4.2 If u;(0), u € W?P(I), uy € L3(0,t;w?P(I)) and h sufficiently small,

then we have the following error estimate, for 2 < p < oo

t
1
[l = upll1p < Ch{{lur(0)[l2p + llull2p + (/0 luee 13 ,pd7) 3. (4.16)
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Now we turn to the error estimates of u — up, in L,(I) (2 < p < o0). We only
demonstrate the case of p = 0o and the case of 2 < p < 00 is a immediate result.

Theorem 4.3 If u;(0), u € W3'(I), uy € Ly(0,t;w!(I)) and h sufficiently small,
then the following error estimate holds:

t
1
lu = upllo,co < Ch?{|lue(0)ll3,1 + llulls,s + (/0 luee 3 1d7)2 } (4.17)

Proof. In view of the definition of G? and (4.13), we obtain that

£(z) = a(&Gh
= d(Rju—u,G") +d(u —up, G — (m + &, 11;,GP)

= Q1+ Q2+ Qs.

Lemma 2.6, (4.3a), (2.18) and Sobolev imbedding inequality imply that

3,1)|G"1,00

Q1 C’h(|R;‘lu—u|1 +h|u

<
< Ch?|lulls,z,

and that, also from (4.16)

Q2 < Ch(lu—up| + hluls1)|G"1
t
< CR*{||ur(0))l2 + flullz + (/ luse|3dr)® + |uls.i}
0
t
< CR*{J|ue(0))131 + llullsy + (/ Hutt||§,1d7)%}-
0

Taking into account (4.3b), (4.5) and Sobolev imbedding inequality, we find that

(1mello + l1€ello) | G2 100

¢ 1
Ch?{]|ur(0) 15,1 + (/0 luee3 1d7)2 }-

@3

IN

IN

The inequality (4.17) follows by combining the error estimates of @)1 — @3, (4.3b)
and triangle inequality.

Corollary 4.1 Under the hypotheses of Theorem 4.3, we have the following error
estimate, for 2 < p < oo

t
lop < Ch*{lur(0)ls,1 + Ilulls1 + (/0 sl dr) 7} (4.18)

[
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Finally, we deduce the superconvergence estimates of @ —uy, and Rju—a in WP(I)
(2 <p< o).
From [3], we know that

t
- 1
i — Ryullup < CHY( / lul3, dr)b,  2<p<oo. (4.19)
0

Theorem 4.4 The following superconvergence estimate holds, for 2 < p < oo

G —unlipy < CR*{[[u(0)ll3p + llue(0)ll3,1

t
([ )t + / Juall3dr) 3. (4.20)
0
Proof. Using (3.5) and (4.4), we have
(('&/—’U,h)x,(ﬁ) = _(a_uha¢x)

a(ﬂ — Up, (I)) = a(ﬂ — Uh, Rh(I))

a(t — Rpu, Rp®) + a(u — up, Ry ®)
Cllt — Ryul|1p|| Ra®|[1,pr

+d(u — up, Rp®) + a*(u — up, Ry ®).

IA

Therefore, similar to Theorem 4.1, the proof is easily complete also by (4.19).
Theorems 4.1 and 4.4 together with

[1Bhu =t p < [I€llp + 2 —unllp,

yield the following
Corollary 4.2 The following superconvergence estimate holds, for 2 < p < oo
IRhu —ally, < Ch*{|[u(0)ll3p + lue(0)lls,1

t 1 1
o / luel2 ,dr)s + / lueel? 1dr) ¥} (4.21)
0
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