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ON STRICT EXTENSIONS OF STRONG /-FRAMES

SEUNG ON LEE AND EUN A1 CHOI

ABSTRACT. In this paper, we introduce strict extensions on a §-
frame, and show that if L is a regular strong J-frame, then Tx L is a
regular d-frame.

1. Introduction

The study of topological properties from a lattice-theoretic view-
point was initiated by H. Wallman [14]. In particular, C. Ehresmann
[5] and J. Bénabou [2] took the decisive step of regarding local lattices
as generalized topological spaces in their own right. Such a local lat-
tice is called a frame, a term introduced by C. H. Dowker and studied
by D. Papert [4], J. R. Isbell [9], B. Banaschewski [1], P. T. Johnstone
[10], Jorge Picado [11], and J. Wick Pelletier [15].

We note that continuous lattices and frames are characterized by
certain distributive laws. We also note that a frame L is a complete
lattice but in the theory of frames, we use only finite meets. Consid-
ering countable meets, we will get more properties of frames.

In this paper, a partially ordered set is also called a poset. If < is
a partial order on L, the smallest (largest, resp.) element of L, if it
exists, is the element 0 (e, resp.) such that 0 < z (z < e, resp.) for
each x € L. Smallest (largest, resp.) elements are unique when they
exist, by antisymmetry. We call 0 (e, resp.) the bottom (top, resp.)
element of L. From now on, we denote a poset (L, <) simply as L.
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DEFINITION 1.1. A map f : S — T between two posets S and T is
called an isotone if for a < bin S, f(a) < f(b) in T

DerFINITION 1.2. Let S and T be posets and let f : S — T and
g : T — S be isotones. Then (f, g) is said to be an adjunction or
a Galois connection between S and T provided for any x € S and
yeT, f(z) <yiff z < g(y). In this case, f is said to be a left adjoint
of g and g a right adjoint of f, and we write f - g.

Let L be a poset. We say that L is a complete lattice if every subset
A of L has the least upper bound and the greatest lower bound.

Every left adjoint preserves joins and every right adjoint preserves
meets when they exist. Let S be a complete lattice and T a poset.
Then f: S — T is a map which preserves joins iff f is an isotone and
f has a right adjoint. Dually, if S is a complete lattice and T' is a
poset, then a map f : S — T has a left adjoint and f is an isotone iff

f preserves meets.

DEFINITION 1.3. ([6]) A complete lattice L is called a frame (or com-
plete Heyting algebra) if for any a € L and S C L,

aN(\V/S)=V{ans : s€S}.

DEFINITION 1.4. Let L be a frame. Then we say :

(1) For A, B C L, A refines B if for any a € A, there is b € B with
a < b, which is denoted by A < B.

(2) For a, b € L, a is well inside b if there is ¢ € L with aAc = 0 and
cV b=e. In case, we write a < b. Equivalently, a < b iff a* Vb = e,
where a* = \/{z € L : a Az = 0}, i.e., a* is the pseudo complement

of a.
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(3) For A C L, A is a cover of L if \/ A = e. The set of all covers
of L is denoted by Cov(L) and

CCov(L) ={ A : there is a countable cover B with B < A}.

(4) L is regular if for any a € L, a = \/{z € L : © < a}.
(5) For z, y € L, we define x — y = \/{z € L: Az <y}, so that
rAz<yiff z<z —y.

DEFINITION 1.5. ([3]) A frame L is called a é-frame if for any a € L
and countable subset K of L,

aV(ANK)=NaVEk:keK}.

DEFINITION 1.6. ([3]) A frame L is called a strong 0-frame if for any
countable family (Ag)gen of subsets of L,

ANNA) =V (A f(n),
keEN fekE[NAk n€eN

where f = (f(n))nEN-
Every strong J-frame is a d-frame.

DEFINITION 1.7. ([13]) Let L and M be frames (J-frames, resp.).
Then a map f : L — M is called a homomorphism (5-homomor-
phism, resp.) if f preserves a finite meets and arbitrary joins(countable

meets and arbitrary joins, resp.).

DEFINITION 1.8. A frame homomorphism f : L — M is said to be

(1) openif for z, y € L, f(z = y) = f(z) = f(y).
(2) denseif f(x) =0 implies x = 0.
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DEFINITION 1.9. ([8]) Let L be a quasi ordered set and F' C L. Then
we say that F is a filter (0-filter, resp.) on L if F satisfies the following

(1) F does not contain 0.

(2) F=1F={zx€L:a<xforsomeacF}.

(3) For any finite (countable, resp.) subset K of F', there is a € F'
t

such that for all x € K, a < .

PROPOSITION 1.10. Let L be a strong d-frame. Then Cov(L) and
CCov(L) are -filters.

Proof. 1t is trivial by Proposition 2.7 in [3]. O

For a set X of filters on a frame L, let P(X) denote the power
set lattice of X and L x P(X) the product frame of L and P(X).
Then {(z, Y ) € LxP(X): forany F € >, x € F'} is a subframe of
L xP(X), which is denoted by Sx L. And the restriction s : SxL — L
of the first projection Pry : L x P(X) — L is an onto, dense and open
homomorphism.

Forany z € L,let . = {F € X : z € F'}. Then the right adjoint
s, of s is given by s.(x) = (z, Y_,) for any z € L. Since s, preserves
meets, s,(L) is closed under finite meets ; and hence the subframe
TxL of SxL generated by s.(L) is given by TxL = { \V{(z, >,) :
x € A} : A C L}. Clearly the restriction ¢ : Tx L — L of s is an onto

dense homomorphism ([7]).

2. Strict Extensions of a §-Frame

DEFINITION 2.1. Let L be a d-frame and M C L. Then M is said
to be a sub-0-frame of L if M is closed under countable meets and

arbitrary joins in L.

If M is a sub-d-frame of a d-frame L, then M is also a J-frame.
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Let L and M be o-frames. For any subset {(z4, yo) : @ € A} of
L x M and {(x;, y;) : i € N} € Count(L x M), we define
V (@a;, Ya) =(V Za: V ya) and A (@i, vi) = (A zi, A vi)-

a€A a€Al a€A 1€EN 1€EN 1EN

Then L x M is also a d-frame.

Let L be a d-frame and X a set of d-filters in L. We will denote the
power set lattice by P(X) in which the meet and the join are given by
V A= U A; and A\ A; = () A; for any set I, respectively. Then

el el el i€l
P(X) is a d-frame and hence L x P(X) is a d-frame. Let

SxL={(zx, Y))e LxP(X): forany F € ), z € F}.

Using this notation, the dense onto J-homomorphism s : SxL — L
given by (z, > ) — x is called the simple extension of L with respect
to X ([12]).

LEMMA 2.2. Let L be a d-frame, X a set of d-filters on L, and s :
SxL — L a simple extension of L with respect to X. Then for any
countable subset {z; :7 € N} of L,

Z/\ T :iQNZIi :

i€N
Proof. Since F' is a dé-filter on L,

FeX n, = NzieF
ieN 1€EN
< g; € Fforall:i e N

—Fe)  forallieN

—=Fec()X, -
ieN "
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THEOREM 2.3. Let L be a strong d-frame, X a set of d-filters on
L, and s : SxL — L a simple extension of L. with respect to X. Let
B ={(z, >_,):x € L}. Then we have :

(1) B = s.(L).

(2) B is closed under countable meets.

(3) The set TxL = { \/{(z, >_,):x€ A} : AC L} is a sub-0-
frame of Sx L, which is generated by B.

(4) If t: TxL — L is defined by t(\/{(z, > ,) : ® € A}) =
V{z : z € A} for any \/{(z, >°,) 1 € A} € TxL, then t is

a dense onto §-homomorphism.

Proof. (1) By the definition of s, : L — Sx L, it is trivial.
(2) For any countable subset {(z;, »_, ):i € N} of B, by Lemma
2.2

I

A @iy 22) = (A zis [122,,)= (/\ Tis 2\ a) €

2€N 2€N 2€N i€EN

(3) Since Tx L is a subframe of Sx L, it is enough to show that for

any countable subset {(y;, A;) : i € N} of TxL, A (vi, A;) € Tx L.
1€EN

Take any countable subset {(y;, A;): 4 € N} of Tx L. Then there is

a subset A; of L such that (y;, A;) = \ (z, >_,) for each i € N.

Thus we have

A i Ai)= ACV (2 32,))

1€N i€EN z€A;
=ACV =z U 2,)
ieN z€A; T€A;
= ,é\N(V Aiy Do4,)

=(ANVA), N 24)

1€N 1€EN
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Since L is a strong J-frame,

ANVA)= "V (A FQ@).
1€N feilgNAi 1€N

On the other hand,

N4 =N0U >,)

€N 1€EN z€A;

= U (N X6
FeT] A; i€N
1€N

= U Xasa)
el A; i/E\Nf()
i€EN

Collecting these, we have

A, M)=( V. (AF@), U QA )

ieN feT] A; i€N feTl Ai  ien
1€EN 1EN
= V(A S@), XA r@) € Tx L
feTll A €N i€EN

i€N

Thus Tx L is a sub-d-frame of Sx L.

(4) Since s is a dense onto dJ-homomorphism and 7x L is a sub-d-

frame of Sx L, it is immediate. O

The following definition is derived from Theorem 2.3.

DEFINITION 2.4. The dense onto J-homomorphism ¢ : Tx L — L is

called a strict extension of L with respect to X.

It is easily shown that a strict extension ¢ in the above definition has
a right adjoint ¢,, where ¢, : L — Tx L is given by t.(z) = (z, >_,).
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REMARK 2.5. Let L be a strong J-frame, X a set of d-filters on L
and s : SxL — L the simple extension of L with respect to X.
Then for the strict extension t : Tx L — L with ¢t 4 t, and = € L,

('7;’ Zm)* = ($*7 Zm*)

We recall that for (a, A), (b, B) € L x P(X), (a, A) < (b, B)
if there is (¢, C) € L x P(X) with (a, A) A (¢, C) = (0, 0) and
(¢, C)V (b, B) = (e, X). Equivalently, (a, A) < (b, B) iff (a, A)*V
(b, B) = (e, X), where (a, A)* is the pseudo complement of (a, A).
In fact,

(a, A)* = (a*, A°).

THEOREM 2.6. Let L be a strong d-frame and X = {F : F is a
d-filter on L and a < b implies a* € F or b € F'}. Then we have :

(1) a < b implies (a, >_,) < (b, >_,) in Tx L.
(2) If L is a regular, then Tx L is a regular d-frame.

Proof. (1) Let a < b. Then by Remark 2.5, (a, > . )*V (b, >_;) =
(@*Vvb, > ..U>) Toshow that X =5 .J>_,, take any F € X.
Then a* € Forb € F ; hence F € ) ,. or FF € ) ,. Hence F €

Yo UDy Thus X =5 . UD> . Therefore, (a, > ,) < (b, >})-
(2) Take any (a, >_,) € TxL = [B]. Since L is regular, a = \/{z €

L:z <a}. Then ) , =U{D, 2 <a}. Hence by (1),

(@, 220) = (V{z e L:xw<a}, U{D, 1w <a})
= Vi(z, 22,) :z < aj
< Vi, 22,) (=, 22,) < (e X2,)}
< (a, 224)-

Thus Tx L is regular. O
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THEOREM 2.7. Let L be a strong é-frame and X = {F : F is a

d-filter on L and a < b implies a* € F orb € F}. Then a < b in L iff
Za < Zb jH TxL

Proof. Let a < b. Since > />y C > .«yp, We will show that

Yowrvs C 2 V2 fF e .y C X, thena* € Forbe F.

Thus F € Za* VZb Hence X = Ze = Za*vb = Za* vzb =
S V>, s and hence Y < >°,. The other hands, Y, < >, implies

X

a*

10.
11.

12.

13.

14.

*
=> . V2 =>4 V> C> .y and hence > .., = X. Then
Vb=e. Thus a < b. O
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