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TOPOLOGICAL STABILITY
OF INVERSE SHADOWING SYSTEMS

KEONHEE LEE* AND JOONHEE LEE

ABSTRACT. The inverse shadowing property of a dynamical system
is an ”inverse” form of the shadowing property of the system. Re-
cently, Kloeden and Ombach proved that if an expansive system on a
compact manifold has the shadowing property then it has the inverse
shadowing property. In this paper, we study topological stability of
the inverse shadowing dynamical systems. In particular, we show
that if an expansive system on a compact manifold has the inverse
shadowing property then it is topologically stable, and so it has the
shadowing property.

Let X be a compact metric space with a metric d, and let f be a

homeomorphism (or dynamical system) mapping X onto itself.

DEFINITION 1. A §-pseudo orbit of f is a sequence of points & =
{z; € X :i € Z} such that

d(f (%), wis1) <6, i €Z

The notion of a pseudo orbit plays an important role in the general
qualitative of dyamical systems. It is used to define some types of
invariant sets such as the chain recurrent set or chain prolongation
sets([5]).
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DEFINITION 2. We say that a pseudo orbit { = {z; € X : i € Z} is
€ - shadowed by a point z € X if the inequality

d(f'(z),x;) <e, i€L

holds.

DEFINITION 3. A homeomorphism f is said to have the shadowing
property if given € > 0 there exists 6 > 0 such that any J -pseudo
orbit of f is e-shadowed by a point in X. If any such § -pseudo orbit
of f is e-shadowed by not more than one point x € X, than we say

that f has the shadowing uniqueness property (SUP)

Thus the existence of a shadowing point for a pseudo orbit £ means
that & is close to a real orbit of f. The theory of shadowing was
developed intensively in recent years and became a significant part
of the qualitative theory of dynamical systems containing a lot of
interesting and deep results([4],[5],[6]).

In this paper we consider the inverse shadowing property of a dy-
namical system which is an ”inverse” form of the shadowing property
of a dynamical system ([3]).

Let M be a smooth n-dimensional closed (i.e., compact and bound-
aryless) manifold, and d be a Riemannian metirc on M. We consider
the space Z(M) of homeomorphisms on M with the metric dy defined
by the formula

do(f.9) = max{d(f(2),g(x)),d(f(),97 (=) : € M}

DEFINITION 4. A homeomorphism f € Z(M) is expansive if there
exist a constant e > 0 such that d(f"(z), f"(y)) < e for alln € Z
implies that * = y. Such a number e > 0 is called an expansive

constant of f.
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For any homeomorphism g € Z(M), we define e(g) by

e(g) =sup{e > 0:d(¢9"(x),9"(y)) <efor all n € Z implies = = y}.

DEFINITION 5. A homeomorphism f € Z(M) is strongly expansive
if the map e : Z(M) — [0,00) given by g — e(g) is lower semicon-
tinuous in the C%topology at f; that is, for any 0 < € < e(f) there
exists 0 > 0 such that if do(f,g) < J then € is an expansive constant
of g.

DEFINITION 6. Let M% be the compact space (with the product
topology) of all two sided sequences £ = {z, : n € Z} with com-
ponents z, € M. For § > 0, we let ®;(5) C M” be the set of all
S-pseudo orbits of f. A mapping ¢ : M — ®;(§) C M? is said to be
a 6-method for f. Then each p(x) € ®¢(J) is a -pseudo orbit of f.

We say that ¢ is a continuous 6-method for f if ¢ is continuous.

For convenience, we denote ¢(x) by

{W(x)n}nez-

The set of all §-methods (resp. continuous d-methods) for f will
be denoted by To(f,d) (resp. To(f,9)), and we define To(f) and T.(f)
by

To(f) = |J To(£,0) and To(f) = | Ta(£,9),

6>0 6>0
respectively. Moreover, if g : M — M is a homeomorphism then g

induces a continuous method ¢, : M — M Z for f by defining
@g(x) = the orbit of ¢ through =z.

We can easily see that if do(f, g) < ¢ then ¢, is a continuous J-method
for f. Denote T, (f) by the set of all continuous methods for f which
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are induced by homeomorpisms on M. Then we have the following

inclusions :

Tu(f) < Te(f) € Tol(f)-

DEFINITION 7. A homeomorphism f : M — M is said to have the
inverse shadowing property (with respect to the class T, (f)) if for any
e > 0 there is 6 > 0 such that for any J-method ® in 7, (f) and any
point y € M there exists a point x € M for which

d(f"(y),®(z)n) <e, forall neZ,

If for any d-method ® in 7, (f) and any point y € M there is not more
than one point x € M for which

d(f"(y),®(z)n) <e, forall neZ,

then we say that f has the inverse shadowing uniqueness property(IS
UP)(with respect to the class T5(f)).

In numerical calculation, an inverse form of the shadowing concept
is interesting and many results are obtained. Recently, Corless and
Pilyugin proved that every diffeomorphism f € Z(M) with the strong
tranversality condition does not have the inverse shadowing property
with respect to the class To(f,0)([1]). Kloeden and Ombach proved
that every Anosov diffeomorphism has the inverse shadowing prop-
erty with respect to the class 7.(f,0)([2]). Lee and Choi proved that
every Morse-Smale diffeomorphism on M has the inverse shadowing
property with respect to the class 75, (f,d) but it does not have the
inverse shadowing property with respect to the class 7.(f,0)([3]).

Throughout the paper, “the inverse shadowing property” implies

“the inverse shadowing property with respect to the class T,(f,9)”.
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DEFINITION 8. We say that a homeomorphism f € Z(M) is topo-
logically stable if given € > 0 there exists a neighborhood W of f in
Z (M) such that for any homeomorphism g € W there is a continuous
mapping h of M onto M having the following properties :

(1) d(z,h(z)) <e for x € M,
(2) foh=hoy,

THEOREM 9. Any homeomorphism f : M — M with the ISUP is
topologically stable.

Proof. We can easily check that if f has the ISUP then it is expan-
sive. Let e > 0 be an expansive constant of f and € > 0 a constant
with e < {5. Since f has the ISUP, we can choose § > 0 such that for
any g € Z(M) with do(f,g9) < § and any = € M there exists a unique
point y = y(g,z) in M satisfying

d(f"(x),9"(y)) <e

for allm € Z. Let g : M — M be a homeomorphism with dy(f,g) < 4,
and let x € M. Then there exists a unique point h(z) whose g-orbit
e traces {f™(z) : n € Z}. This defines an injective map h : M — M
with ho f = goh and dg(h,14) < €. In fact, for any z € M we have

d(f"(f(2)).9"(h(f(2)))) <e and d(f""*(z),g" " (h(=))) <e

for all n € Z. By the uniqueness, we get hf(z) = gh(x).
Now we show that the map A is continuous. First we claim that
the map ¢ is expansive on the set h(M) with an expansive constant

<. To show this, we suppose

d(g*(h(z)), 9" (h(y))) <
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for x,y € M and all k € Z. Then we have

d(f* (@), fE(y)) < d(f*(x), " (h(x))) + d(g"(h(z)), g"(h(y)))
+d(gH(h(y). i) < e+ S +e<e

for all £ € Z. Since f is expansive we get x = y, and so we have
h(z) = h(y).
Next we show that for any A > 0 there exists n > 1 such that

d(g*(x),g%(y)) < = forall |k| <n implies d(z,y) <A,

wl ®

where x,y € h(M). Note that h(M) need not be compact, and hence
we cannot adapt the result([7], Lemma 2) directly.
Suppose the above result does not hold. Then we can choose A > 0

such that for each n > 1 there exists two points z,,, y,, in M satisfying

d(g"(h(wn)), 9" (h(yn))) < 5 and  d(h(zn)), h(yn)) > A

Wl

for all |k| < mn. Since M is compact, there exist subsequences {z,, },

{Yn,} of {z,,} and {y,}, respectively, such that
{zp,} =z and {y,,} —v.
Choose a subsequence {n;, } of {n;} such that
h(xnij) — z and h(ynij) —w, as j — oc.
Then for any given k > 0 we have

d(f*(2), 9%(2)) < d(f* (@), [ (2n,))) + d(f*(@n,,), 9" (h(zn,
+d(g"(h(zn,))), 9" (2)) < e

J

)

J
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for sufficiently large j. This means that h(x) = z, and so we have
h(@n,;) = h(z). Similarly we get h(yn, ) — h(y). Consequently we

obtain

d(gk(h(ﬂf))vgk(h(y)))ég and d(h(z), h(y)) = A

for all k € Z. This contradicts the fact that g in expansive on h(M)
with an expansive constant £.

To show that h is continuous, we let A > 0 be arbitrary, and let
n > 1 be such that

d(g*(h(2)), g"(h(y))) < 7 forall [k]<n

Wl o

implies
d(h(z),h(y)) < A

Choose n > 0 such that
da,y) <7y implies  d(f*(x), f*(y)) < ¢
for all |k| < n. Then we have

d(g* (h(x)), 9" (h(y))) < d(g"(h(x)), F*(x)) + d(f*(x), f*(y))

+d(f5(y), g"(h(y))) < e+ % te< g

for all |k| < n.

This means that d(h(z), h(y)) < A. If ¢ is sufficiently small then
d(h,14) < € implies that h maps M onto M. This means that f is
topologically stable. O

In[5], we can see that if a homeomorphism f : M — M has the
SUP, then f is expansive. In the process of proof of the above theorem,

we showed that a homeomorphism f : M — M is strongly expansive
if it has the ISUP.
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COLOLLARY 10. Any homeomorphism f : M — M is strongly
expansive if it has the ISUP.

THEOREM 11. If f : M — M is an expansive homeomorphism

with the inverse shadowing property then it is topologically stable.

Proof. Let f: M — M be an expansive homeomorphism with the
inverse shadowing property. Let e > 0 be an expansive constant of f
and € > 0 a constant with ¢ < 57. Then there exists 6 > 0 such that
if do(f,g) < 6 then for any € M there is a y € M satisfying

d(f*(z),9"(y)) < e

for all k € Z. Choose g € Z(M) with do(f,g) < 6. Put M/f =
{O(f,x) : x € M}. Let «: M/f — M be a choice function, and let
a(O(f,z)) =z for any € M. For each T € M, we let

e(x)={y e M :d(f*x),9"(y)) <e for all ke Z}.

Let 8 : {e(z) : ©+ € M} — M be another choice function, and let
B(e(z)) = y for x € M. Define a map h: M — M by

h(fH (@) = 9" (@)

for x € M and all £ € Z. Then h is a well-defined injective map
satisfying
d()(h,ld)<€ and hof:goh.

In fact, for any zg € M, we let a(O(f, o)) = Zo. Then there exists
n € Z with f™(Zg) = zo. Let B(e(Zo)) = 7Jo. Then we have

d(f*(@0), 9" (90)) < €
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for all £ € Z. Hence we get

d(h(f*(z0)), f*(@0)) = d(g" (50), [*(@0)) <&

for all k € Z. This means that d(h, 14) < e. Moreover we obtain

hf(zo) = hf(f"(x0)) = h(f"*(x0))
= ¢"*(90) = 9(9" (%))
= g(hf"(z0)) = gh(zo).

To show that h is injective, we suppose that h(x) = h(zg) for
x,x9 € M. Since ho f = g o h, we have

d(f*(x), f*(x0)) < d(f*(x), hf*(2)) + d(hf*(zo), f*(z0))

<et+e<e,

for all k£ € Z. This means that z = x,.

Now we show that the map h is continuous. First we can easily

check that g is expansive on h(M) with an expansive constant §.

Suppose that we can choose A > 0 such that for any n > 1 there exist
two points z,,y, € M satisfying

d(g* (h(wn)), 9" (h(zn))) < = and  d(h(zn), h(yn)) = A

S

for all |k| < n. Since M is compact, there exist subsequences {z,, },

{yn,} of {z,,} and {y,}, respectively, such that
{zn;} =2 and {yn,} = v.
Choose a subsequence {n;, } of {n;} such that

h(:z:mj) — z and h(ymj) —w, as j — oo.
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Then we have

d(g*(2), g"(w)) <

And for any given £ > 0 we have

d(f*(x), 9(2)) < d(f*(@), fH(@n,,)) + d(f* (@n,,), 9 (h(zn,,)))
+d(g"(h(zn,))), 9(2)) < e,

J

forall k€ Z, and d(z,w) > A.

(o>l ey

for sufficiently large j. Similarly we get

d(fk(y), gk(w)) < d(fk(y)a fk(ynij )) + d(fk(ynlj ), gk(h(ynij )))
+d(g* (h(yn,), 9" (w)) < e

Therefore we have

d(g* (h(2)).g"(h(y)))
< d(g* (h(@)), f¥(2)), +d(f* (@), g*(2)),
d(g"(2), g" (w)) + d(g" (w), F*(y)), +d(f* (). g" (h(y)))

= <_
€+e +6+6+6_3,

for all £ € Z. Consequently we obtain

d(g*(h(2)). g"(h(y))) <

for all k£ € Z. This contradicts the fact that g is expansive on h(M)

|/\+

E

and d(h(z),h(y)) >0

Wl o

with an expansive constant £

The fact that the map h is continuous can be proved by the same
techniques as in the proof of theorem 9, and so f is topologically
stable. O

COROLLARY 12. If f: M — M is an expansive homeomorphism
with the inverse shadowing property then it has the shadowing prop-
erty.
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