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STABILITY FOR

INTEGRO{DELAY{DIFFERENTIAL EQUATIONS

Yoon-Hoe Goo* and Hyun Sook Ryu**

Abstract. We will investigate some properties of integro-delay- dif-

ferential equations,

x
0(t) =A(t)x(t� g1(t; xt)) +

Z
t

t0

B(t; s)x(s� g2(s; xs))ds; t0 � 0;

x(t0) =�;

1. Introduction

In this paper, we concentrate on a system of integro-delay-

di�erential equations,

x
0(t) =A(t)x(t� g1(t; xt))

+

Z t

t0

B(t; s)x(s� g2(s; xs))ds; t0 � 0;(1)

x(t0) =�:

where A(t) and B(t; s) are continuous n � n matrices on R
+ and

R
+
�R

+ ,R+ = [0;1) respectively, and gi : R
+
�C

q
n ! [0; q]; i = 1; 2;

is continuous and C
q
n = C([�q; 0];Rn); q > 0.

For a delay di�erential equations

(2) x
0(t) = A(t)x(t� r(t; xt); )
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Yoneyama [ 6 ] has been studied the stability property for (2) by

means of the variation of constant formula. It was given by

x(t) = �(t; t0)x(t0) +

Z t

t0

�(t; s)A(s)(x(s� r(s; xs)� x(s))ds;

where �(t; t0) = �(t)�(t0)
�1 is the fundamental matrix solution of

x
0(t) = A(t)x(t). Moreover, he obtained some examples[6].

Here we will investigate the exponential asymptotic stability and

h-stability for (1) by means of resolvent matrix solutions.

2. Preliminaries

We consider a system of functional di�erential equations

(3) x
0(t) = f(t; xt)

where f : R+
� C

q
n ! R

n is continuous, f(t; 0) = 0. We denote

xt 2 C
q
n, the function de�ned by xt(�) = x(t+ �) for � 2 [�q; 0]. Set

jj�jj = sup
�2[�q;0]

j�(�)j for � 2 C
q
n, where j � j is denotes arbitrary vector

norm in R
n . Let x = x(t0; �; f) be the unique solution of (3) with

initial function � such that xt0 = �.

The value of x(t0; �; f) at t is denoted by x(t) = x(t0; �; f)(t) and

x = 0 is called a zero solution.

Definition 2.1. The zero solution x = 0 of (3) is said to be

exponentially asymptotically stablefEASg if for any t � t0 � 0, there

exist positive constant c and M such that

jx(t)j �M jj�jje
�c(t�t0)

provided jj�jj < � for some � > 0.

Definition 2.2. The zero solution x = 0 of (3) is said to be

h-stablefhSg if there exist M � 0 , � > 0 and a positive bounded

continuous function h on R+ such that

jx(t)j �M jj�jjh(t)h(t0)
�1
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provided jj�jj < � for t � t0 � 0,

Consider the linear integro-di�erential system

(4) x
0(t) = A(t)x(t) +

Z t

t0

B(t; s)x(s)ds:

The resolvent matrix solution of (5), R(t; s), is given by

(5)
@

@s
R(t; s) + R(t; s)A(s) +

Z t

s

R(t; u)B(u; s)ds= 0;

with R(t; t) = I, the identity matrix for 0 � s � t <1 [ 4 ].

We can rewrite (1) in the form

(6) x
0(t) = A(t)x(t) +

Z t

t0

B(t; s)x(s)ds+G(t; xt)

where

G(t; xt) =A(t)(x(t� g1(t; xt))� x(t))(7)

+

Z t

t0

B(t; s)(x(s� g2(s; xs))� x(s))ds:

Then the unique solution of (1) is given by

(8) x(t) = R(t; t0)x(t0) +

Z t

t0

R(t; s)G(s; xs)ds; t � t0 � 0:

where R(t; s) satis�es (5) [ 4 ].

We suppose that the following condition:

(H1) there exists a constant " > 0 such that gi(t; �) � "jj�jj; i =

1; 2.

(H2) there exists a constant K such that

sup
t0�s�t

(jA(s)j+ e
�cs

Z t

s

e
c�
jB(�; s)jd�) � K:

(H3) there exists positive constant L such that

sup
t�gi(t;xt)��i�t

jx
0(�i)j � L; i = 1; 2:
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3. Main Results

Lemma 3.1. For any t0 � 0 and � 2 C
q
n, the solution x of (1) is

de�ned for all t � t0 and

(9) jx(t)j � jj�jje

R
t

t0
(jA(s)j+

R
t

s
jB(�;s)jd�)

ds:

Proof. By using Fubini's theorem, we obtain

x(t) = x(t0) +

Z t

t0

A(s)x(s� g1(s; xs))ds

+

Z t

t0

Z s

t0

B(s; �)x(� � g2(�; x�))d�ds

= �+

Z t

t0

A(s)x(s� g1(s; xs))ds

+

Z t

t0

Z t

s

B(�; s)d�x(s� g2(s� xs))ds:

Since jx(t� gi(t; xt))j � jjxtjj,

jx(t)j � jj�jj+

Z t

t0

(jA(s)j+

Z t

s

jB(�; s)jd�)jjxsjjds:

Then Gronwall's inequality implies inequality (9). �

Lemma 3.2. [2] The zero solution of (4) EAS if and only if there

exist constant c > 0 and M > 0 such that jR(t; t0)j �Me
�c(t�t0).

Theorem 3.3. Under the hypotheses H1; H2; H3, if the zero so-

lution of (4) is EAS, then the zero solution of (1) EAS whenever

c > MLK" .

Proof. From (8) we have

jx(t)j �jR(t; t0)jjj�jj+

Z t

t0

jR(t; s)jjF (s; xs)jds

�M jj�jje
�c(t�t0) +M

Z t

t0

e
�c(t�s)

jA(s)jjx(s� g1(s; xs))� x(s)jds

+M

Z t

t0

e
�c(t�s)

Z s

t0

jB(s; �)jjx(� � g2(�; x�))� x(�)jd�ds:
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Since x(t� gi(t; xt))� x(t) =
R t�gi(t;xt)
t

x
0(s)ds,

jx(t)j �M jj�jje
�c(t�t0) + LM

Z t

t0

e
�c(t�s)

jA(s)jg1(x; xs)ds

+ LM

Z t

t0

e
�c(t�s)

Z s

t0

jB(s; �)jg2(�; x�)d�ds:

By changing the order of integration,

jx(t)j �M jj�jje
�c(t�t0) + LM

Z t

t0

e
�c(t�s)

jA(s)j"jjxsjjds

+ LM

Z t

t0

e
�ct

Z t

s

e
c�
jB(�; s)jd�"jjxsjjds:

Then

e
ct
jjxtjj �M jj�jje

ct0

+ML"

Z t

t0

(jA(s)j+ e
�cs

Z t

s

e
c�
jB(�; s)jd�)jjxsjje

cs
ds:

Therefore, from Gronwall's inequality, we obtain

jjxtjj �M jj�jje
�(c�MLK")(t�t0)

The proof of the theorem is completed. �

Corollary 3.4. Under the hypotheses in Theorem 3.3, if c >

"MLK then the zero solution of (1)tends to zero exponentially as

t!1. Also, if c = "MLK , then the zero solution of (1) is uniformly

stable.

Denote ~h(t) = h(t) for t � 0 and ~h(t) = h(0) for t < 0. We impose

another hypothesis:

�(t; s) = sup
t0�s�t

jj
~hsjjfjA(s)jh(s)

�1

+

Z t

s

h(�)�1
jB(�; s)jd�g;

Z 1

t0

�(t; s)ds <1:(H4)
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Lemma 3.5. [1] The zero solution of (4) h-stable if and only if

there exist constant M > 0; � > 0 and a positive bounded continuous

function h de�ned on R+ such that

jR(t; t0)j �Mh(t)h(t0)
�1

for t � t0 � 0 and jj�jj � �.

Theorem 3.6. Under the hypotheses H1; H3; H4, if the zero solu-

tion of (4) is h-stable, then the zero solution of (1) h-stable

Proof. By the same method as Theorem 3.3, we have

jx(t)j �M jx(t0)jh(t)h(t0)
�1

+ML"h(t)f

Z t

t0

h(s)�1
jA(s)jjjxsjjds

+

Z t

t0

Z t

s

h(�)�1
jB(�; s)jd� jjxsjjdsg:

Set jz(t)j = h(t)�1
jx(t)j. Then

jz(t)j �M jz(t0)j+ML"f

Z t

t0

jA(s)jh(s)�1
jj~hsjjjjzsjjds

+

Z t

t0

Z t

s

h(�)�1
jB(�; s)jd� jj~hsjjjjzsjjgds

�M jz(t0)j+ML"

Z t

t0

jj~hsjjfjA(s)jh(s)
�1

�

Z t

s

h(�)�1
jB(�; s)jd�gjjzsjjds:

Theofore

jjztjj �M jjzt0 jj+ML"

Z t

t0

�(t; s)jjzsjjds:

By Gronwall's inequality we obtain

jjztjj � jjzt0 jjM1;
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where M1 = Me
ML"

R
1

t0
�(t;s)ds

for all t � t0. Therefore

jx(t)j =h(t)jz(t)j

�h(t)jjztjj

�M1h(t)jjzt0 jj

�M1h(t)jjxt0 jjjj
~ht0 jj

=M2M1jj�jjh(t)h(t0)
�1
;

where M2 = h(t0)jj~ht0 jj for t � t0 � 0.The proof is complete. �

References

1. S.K. Choi and H.S. Ryu, h-stability in di�erential system, Bull. Inst. Math.

Acad. Sinica 21 (1993), 245-262.

2. J.K. Hale, Theory of Functional Di�erential Equations, Springer-Verlag, New

York, 1977.

3. J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Di�erential

Equations, Springer-Verlag, New-York, 1993.

4. V. Hu, V. Lakshimikantham and R. Rama Mohan Rao, Nonlinear variation of

parameters formula for integro-di�erential equations of Volterra type, J. Math.

Anal. Appl. 129 (1988), 223-230.

5. M. Pinto, Asymptotic solutions for second order delay di�erential equations,

Nonlinear Analysis 28 (1997), 1729-1740.

6. Toshiaki Yoneyama, Uniform asymptotic stability for n-dimensional delay-

di�erential equations, Funkcialaj Ekvacioj 34 (1991), 495-504.

*

Department of Mathematics

Hanseo University

Seosan, Chungnam 356-820, Korea

**

Department of Mathematics

Chungnam National University

Taejon 305-764, Korea




