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ABSTRACT. In this paper, we will introduce the pan-dual generalized
fuzzy integral of a commutative isotonic semigroup-valued functions,
which is generalized of the (DG) fuzzy integral and investigate the

fundamental properties of this kind of fuzzy integral.

1. Introduction

In 1980, D. A. Ralescu and G. Adams generalized the concept of
fuzzy integral due to M. Sugeno[4]. For convenience, we will call it (S)
fuzzy integral. Following that D. A. Ralescu and G. Adams|1], and D.
A. Ralescu[2] have investigated the basic properties of (S) fuzzy inte-
gral. Wang Zhenyuen obtained a series of (S) fuzzy integral convergent
theorems in [5]. Meanwhile, Zhao Ruhuai introduced a new definition
of fuzzy integral, viz. (N) fuzzy integral in [8]. Wu Congxin, Wang
Shuli, and Ma Ming [6] introduced the (G) fuzzy integral using a gen-
eralized triangular norm which is a generalization of both (S) fuzzy in-
tegral and (N) fuzzy integral. In this paper, we introduce the pan-dual
generalized fuzzy integral of a commutative isotonic semigroup-valued
function, which is generalization of the (DG) fuzzy integral [3] , show
some equivalent conditions of (PDG) fuzzy integral and investigate the

fundamental properties of this kind of fuzzy integral.
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2. Perliminaries

DEFINITION 2.1. Let X be a nonempty set, A be a o-algebra of a
class of the subsets of X , the mapping p : A — [0, 00| is called a fuzzy
measure provided

(1) pu(0) = 0;

(2) if A C B, then u(A) < u(B);

(3)if Ay Cc Ay C---C A, C--,A, € A then p(UX A, =

limy, 00 (An);

(4) Ay D A, D -+ D A, D -, A, € A and there exists a
natural number ny such that p(A4,,) < oo, then u(NX,A4,) =
limy, 00 1£(Ay).

If u is a fuzzy measure, (X, A, p) is called a fuzzy measure space.

DEFINITION 2.2. Let (X, A, p) be a fuzzy measure space, f : X —
[0, 0] is said to be A-measurable function if N,(f) € A for all a €
(—o0,00), where N, (f) ={z: f(z) > a}.

DEFINITION 2.3. Let @& be a binary operation on R.. The pair
(R, ®) is called a commutative isotonic semigroup and & called pan-
additive on R, iff @ satisfies the following requirements:

(PAl) a®b=0& a;
(PA2) (a@b)Dc=0ad (b® c);
(PA3) @ < b, then a ® ¢ < b ¢ for any c;
(PA4) a ® 0 = a;
(PA5) if lim, a,, and lim, b, exit, then lim,(a, @ b,) exists, and
lim, (a, ® b,) = lim, a,, ® lim, b,.

DEFINITION 2.4. Let ® be a binary operation on R,. The triple
(Ry,®,®), where @ is a pan-addition on R, is called a commutative

isotonic semiring with respect to @ and ©, iff:
(PM1) a©b=00 a;
(PM2) (a®b)©c=a0 (bOc);
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(PM3) (a®b)©c=(a®c)® (bO c);

(PM4) if a < b, then (a ® ¢) < (b ©® ¢) for any c;

(PM5) a#0and b #0 <= a®b#0;

(PM6) there exists e € R, such that e ® a = a for any a € Ry;
(PM7) if lim, a,, and lim, b, exist and are finite, then lim,(a, ®

b,) = lim,, a,, ® lim,, b,,.

The operation ® is called a pan-multiplication on R, and the number
e is called the unit element of (R, ®,®).

Note 2.1 R, with the common addition and the common multipli-

cation of real numbers is a commutative isotonic semiring.
Note 2.2 R, with the logical addition and the logical multiplica-

tion of real numbers is a commutative isotonic semiring. If (X, A, p)

is a fuzzy measure space and (R+,®,®) is a commutative semiring,
(X, A, u, R, ®,®) is called a pan-space and if E C X,

_Je, ifzeFE
Xe = 0, otherwise

is called the pan-characteristic function of E, where e is the unit element
of (R-I-a D, ®) :

DEFINITION 2.5. Let (X, A, u, R;,®,®) be a pan-space. A function
on X given by s(z) = @}, [a;®xg, ()] is called a pan-simple measurable
function, where a; € Ry ,i=1,2,--- ,nand {E;:i=1,2,--- ,n}isa

measurable partition of X.

3. Definition and fundamental properties of (PDG) fuzzy in-
tegral

DEFINITION 3.1. Denote D = [0, 0c] X [0, oc], the mapping T': D —

[0, 00] is called a c-generalized triangular conorm provided
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(1) T00,z] = z,Vx € [0,00] and there exists an e € [0, 0o such that
Tz, e] = z,Vz € [0, 0],

and e is called the unit element of 1" ;

(2) Tlz,y] =Tly, x],V(z,y) € D;

(3) T[x1,y1] < T[xa,ys] whenever 21 < xo,y1 < yo;

(4) if {(zp,yn)} € D, (z,y) € D, and z, — =z, y, — vy, then
T(xn, yn) — Tz, y].

Note 3.1 From (1) and (3), T[x, 00] = oo for any x € [0, oc].
Note 3.2 Take Ti[z,y] = maz[z,y], Tolz,y] = v +y , T3[z,y] =
x @y, and

Tiw.y] = 00, max{z,y} = oo
Y= r+y+k(zy)?, max{z,y} <oo(k>0,p>0),

then 77, T,, T3, and T} are c-generalized triangular conorms.

DEFINITION 3.2. Let (X, A, u, R, ®,®) be a pan-space, and let T
be a c-generalized triangular conorm, and f be a nonnegative mea-
surable function, A € A. (PDGQG) fuzzy integral of f on A is defined
by

(PDG) [ fdiu=inf (o)

where s = @7 [ © xa,], @i # (0 # J), a; >0, A4, € A(i =
1a27"'an)a AzmAjzw(Z#j)a U?:lAi:Xa AzC:X_AZ and XA;

denotes the characteristic function of A4;, and

n

Qals) = /\ Tlo, p(AN A7)

=1
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THEOREM 3.3. For (PDQG) fuzzy integrals we have the following

equivalent forms:

(PDG) [ fau= inf Tlo p(A 0 N ()
= nf Tla, #(40 Na(f))]

= inf T[sup f(x), u(A N E°)).

E€A  “4ecE
where NX(f) ={z: f(z) > a}.

Proof. The above four expressions are denoted by (1),(2),(3),and(4)
in proper order. Then we infer (1)<(4): For any E € A, it is clear that

(Sggf(w‘)) ® xXE+000® xge > f

from Definition 3.2, we know
(PDG) | fdu < Tlsup f(a), (A" EY)
A Tre

hence

(PDG) [ fau < juf, Tisup f(a). (A 1 ).

el
(4)<(3): By {z: f(z) < a} € A for any a > 0, and

sup  f(z) <«
sefo:f(z)<a)

we have

Tla, (AN No(f)] 2 T sup — f(x), p(AN Na(f))]

ze{z:f(z)<a}

> inf T[sup f(x), u(A N E°)]

T EeA zcE
Since « is arbitrary, we have

inf 7o, (A0 No(F)] = jnf, Tlsup (2). p(A 1 E).

zelk
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(3)<(2): N,(f) C N:(f) and the monotonicity of fuzzy measure p
and c-generalized triangular conorm 7" follows (3)<(2).

(2)<(1): Suppose s = D, [; © x4,] is an arbitrary simple function
such that s > f, then

n

Qa(s) = /\ Tlas, p(AN A9)] = Tlagg, n(A N AF)]

i=1
by A;, C {z: f(2) < @i, } and hence A7 D Ny, (f), it follows that

Qa(s) = Tlovg, p(AN AL)] = Tlevig, n(AN Nog, ()]
Further, we show that

T[aioa :U’(A n Naio (f))] > igf(;T[aa :U’(A n Nz;k(f))]

In fact, if T'[,, 1(A N Na, (f))] = oo, then the inequality is trivial. If
Tevig, (AN Na, (f))] < oo, then for any e > 0, by Definition 3.1, there

exists a natural number ng such that
Tlavig, b(A N Noy ()] + & > Tlaig + 1/no, (AN Noy, (f))]

= Tlaig +1/n0, ilAN NG, 11 /no (f))]
> inf Tlo p(ANN(F))

since ¢ is arbitrary, this implies that

Tlog, (A 1 Ny (£))] = inf Tlar (AN N
From this, by Definition 3.2, it is known that (2)<(1). From the pre-
ceding proof we infer (1)=(2)=(3)=(4). O

In the following we give the simple properties of (PDG) fuzzy inte-

grals.

THEOREM 3.4. For (PDQG) fuzzy integrals, we have
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(2) if A, C Ay, (PDG) [, fdu < (PDG) [, fdu

(3) if u(A) =0, then (PDG) [, fdu = 0;

(4) (PDG) [, fdu= (PDG) [ f - xadp;

(5) (PDG) [y(fi A fo)du < (PDG) [, fidpu A (PDG) [, fodp;

(6) (PDG) [, cdp = cAp(A) for any A € A and constant ¢ € [0, 00].

Proof. The proofs of (1)-(5) are deduced directly from Theorem 3.1.
We will prove (6).
(6) For any a > 0, we have

X, a<c
o= {3 o<

Hence from Theorem 3.1 it is known that

(PDG)/Acdu: / T[Oz,u(AﬂNa(C))]/\/T[Od,M(AﬂNa(C))]

0<a<c a>c

= inf T[a, u(A)] A (ilgch[oz, 0] = u(A) Ae

0<a<c
I

THEOREM 3.5. Let f, g be nonnegative measurable functions. Then
(PDQG) [ fdu = (PDG) [ gdp whenever f = g a.e., if and only if pu is
null-additive.

Proof. Sufficiency: Suppose that p is null-additive and f = g a.e.
Put B = {z: f(z) £ 9(x)} Then pu(B) = 0 and u(Na(g)) = u(Na(g) U
B). So we have pu(N,(f)) < u(Na(g) U B) = u(Na(g)) for any a > 0.
The converse inequality holds as well, we have (N, (f)) = u(Na(g)).
By Theorem 3.3, we have (PDG) [ fdu = (PDG) fgdu

Necessity: For any A € A, B € A with u(B)
then by the monotonicity of p, we have u(AU B) = (A) Now

||
E
I
3
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we assume that p(A) < oo. Define

e, € AUB e, ze€A
= ’ d = ’
/(@) {0, r¢ AUB’ and g(z) {0, x¢ A

where e is the unit of 7. Then f = g a.e. So by the hypothesis,

(PDG) / fdu = inf Tlor u(No( )]

— inf T[a, 1(Na(g))]

a>0
= (PDG) / gdp
Therefore Tle, u(AUB)] = Te, u(A)]. It follows that u(ANB) = u(A).

Hence p is null-additive. O

COROLLARY 3.6. If p is null-additive, then

(PDG)/Afduz (PDG)/Agdu

whenever f = g a.e. on A.

Proof. If f = g a.e. on A, then fys = gxa, a.e. From Theorem 3.5
and Theorem 3.4 (4), we get the conclusion. O

COROLLARY 3.7. If p is null-additive, then

PDG) [ fau= DG | fd
AUB A

whenever A € A, B € A with u(B) = 0.

Proof. Since fxaup = fxa a.e. by Theorem 3.5 and Theorem 3.4
(4), we get the conclusion. O

THEOREM 3.8. Let (X, A, ) be a fuzzy measure space and f be a
nonnegative measurable function. Then A € A,

(PDG) /A fdu > (PDG) /0 " ga(a)dm
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where m is the Lebesgue measure and ga(a) = p(A N No(f)).

Proof. If t > «, then ga(t) < ga(«). Therefore we have {z : g4(z) >
ga(a)} C [0,a] for any o € R*. Hence m(Ng,(a)(94)) < a for any
a € RT. Tt follows that

(PDG) [ fau= inf Tlo p(A 0 No()]
= inf Tla, ga(a)]

= inf T[m(Na(ga)), ga(a)]

a>0
> (PDG)/ gadm
0
Hence we have (PDG) [, fdu > (PDG) [;° gadm. O

4. Integral equations

In this section, we always suppose that p(X) = oo and T[0,2] = =
for all z € [0, co.

THEOREM 4.1. For § € [0,00), the almost everywhere finite nonneg-
ative measurable function f satisfies the equation (PDG) [, fdu = 8
if and only if T]c, u(A N No(f))] > B for all & > 0 and there exists
ap € [0,00) such that T[ag, p(AN Nuo(f))] = 5.

Proof. Let (PDG) [, fdu = 3. By Theorem 3.3, (PDG) [, fdu =
info>o T'ov, (A N No(f))]. We have Tfor, u(A N No(f))] > S for all
a > 0. In addition, by the equation, there exists a sequence {z,}
such that lim,,_,o T[x,, 1(Ng, (f))] = B. Take a subsequence of {z,}
monotonely convergent to zo € [0, 00]. Without confusion, we also de-
note it as {z,}. If z, 1 oo, then u(AN N, (f)) | 0. By the hypothesis
limy, o0 T+, 00] = 00, we infer that § = limy, o0 T'[25, u(ANN,, (f))] =
oo. This contradicts # € (0,00). If 2, converges to z, € [0, 00) mono-

tonely, by Theorem 3.3 and properties of c-generalized triangle norm,
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we infer that

ﬁ = lim T[:L‘n, M(A N N:z:n(f))]

n—oo

= T[LL‘(), M(A N Nmo (f))]
> inf Tla, p(A 0 Na(f))]
=0

Hence we have T'[xq, n(A N Ny (f))] = -
Conversely, by the hypothesis

Tlo, p(ANNo(f))] = B

for all & > 0, we have

(PDG) [ fdu> 5.
A
In addition,

B = Tlow, (AN Noo (f))]

> inf Tla, n(AN N (f))]

= (PDG) /A fdu

Hence we have 3 = (PDG) [, fdp.

O

THEOREM 4.2. Let k(x) be a nonnegative measurable function and

B € [0,00). Then there exists a nonnegative measurable function f
such that (PDG) [(kV f)dp = (3 if and only if there exists a non-
negative measurable function h with k(z) < h(x), x € X such that
Tla, u(Ny(h))] > 6 for all & > 0 and T[ag, p(Ney(h))] = B for some

O!0>0.

Proof. Let (PDG) [(kV f)dp = (3 and h(z) = (kV f)(z).

Then

k(z) < h(z) for all z € X, and [h(xz)du = 3. By Theorem 4.1,
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Tev, ;1(Ny(h))] > B for all & > 0 and T[ayg, t(Nyy(h))] = 3 for some
oo > 0. Conversely, if h(x) fulfills the condition, then (PDG) [(hV
k)dp = (PDG) [ hdpu. By Theorem 4.1, (PDG) [(kV f)dp=p4. O
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