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STRONG AND WEAK CONVERGENCE OF THE
ISHIKAWA ITERATION METHOD FOR A CLASS OF
NONLINEAR EQUATIONS

M. O. OSILIKE

ABSTRACT. Let E be a real g-uniformly smooth Banach space which
admits a weakly sequentially continuous duality map, and K a non-
empty closed convex subset of E. Let T : K — K be a mapping
such that F(T) = {x € K : Tz = z} # @ and (I — T) satisfies the
accretive-type condition:
(- Tz, j(z ~z") 2 Nz~ TzlP?,

for all z € K, 2* € F(T) and for some A > 0. The weak and strong
convergence of the Ishikawa iteration method to a fixed point of T
are investigated. An application of our results to the approximation
of a solution of a certain linear operator equation is also given. Our
results extend several important known results from the Mann iter-
ation method to the Ishikawa iteration method. In particular, our

results resolve in the affirmative an open problem posed by Naimpally
and Singh (J. Math. Anal. Appl. 96 (1983), 437-446).

1. Introduction

Let H be a real Hilbert space. A mapping T : D(T) C H — H
is said to satisfy condition (A) in the terminology of Maruster [13] if
F(T)={z e D(T):Tx =z} # 0 and for all z € D(T) and z* € F(T),
there exists A > 0 such that

(1) (z - Ta,z — 2*) > A& — Tz|]2.
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The class of Mappings satisfying condition (A) has been studied by sev-
eral authors (see for example [1-4],[8],[13],[16]). Observe that if T satisfies
(1), then

2 |ITz-2'|P = llz—2"~(z-Tz)|"

l|z — 2*| — 2(x — Tz,z — 2*) + ||z — Tz|?

Iz = 2|+ (1 = 2X)l}z — Tl

Il

IA

Thus the class of mappings satisfying condition (A) includes the impor-
tant class of quasi-nonezpansive mappings (i.e., mappings T : D(T) C
H — H such that F(T) # 0 and ||[Tz—2*|| < ||c—2z*||, V2 € D(T),z* €
F(T)). If F(T) # 0, then the class of mappings satisfying condition (A)
also includes the class of mappings studied by Goébel et al [6] since these
mappings are shown to be quasi-nonexpansive in {17]. If the mappings
studied by Kannan [10] and Weng [21] have nonempty fixed-point sets,
tnen they are also contained in the class of mappings satisfying condition
(A).

In (8] Hicks and Kubicek studied independently the class of mappings
which they called Demicontractive. They called a mapping T : D(T") C
H — H demicontractive if F(T) # @ and for all z € D(T), z* € F(T)
there exists k € [0, 1) such that

(3) Tz —z*|? < |l — z*||* + k||z — Tz||*
Observe ‘*at if T satisfies (3), then

4) [Tz—=a|* = |lz—2'|° -2 -Tz,z - ")+ |l — Tl
< ||x—:1:*]|2+k:||:1:—Tx||2.

It follows from (4) that
1
(5) (¢~ Tz,2~2°) 2 201 - K)lla - Tl

so that T satisfies condition (A). In view of (2) eand (5), the class of
mappings satisfying condition (A) introduced by Maruster [13] in 1977
coincide with the class of demicontractive mappings introduced indepen-
dently in the same year by Hicks and Kubicek [§].

Let K be a nonempty closed convex subset of H and 7' : K — K a map-
ping satisfying condition (A). In [13] Maruster studied the convergence
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Strong and weak convergence of the Ishikawa iteration method

(to fixed points of T') of the Mann iteration method [12] generated from
an arbitrary zo € K by

(6) Ty = (1 — an)2n + @n T2y, n >0,

where {a,} is a suitable sequence in [0, 1]. He obtained weak and strong
convergence results under the basic assumption that (I —T') is demiclosed
at zero in K, where a mapping T is said to be demiclosed at a point p
if weak convergence of any sequence {z,} to a pcint z and the strong
convergence of {Tz,} to p implies that T+ = p. His results generalize a
known result of Dotson [5] which in turn is a generalization of a result of
Schaefer {19]. Some convergence results similar to the 1esults obtained
by Maruster were also obtained independently by Hicks and Kubicek [8].
In ([2],[3]) Chidume extended the definition of mappings satisfying con-
dition (A) to arbitrary real Banach spaces. Let F be a real Banach space,
and let Jy, (¢ > 1) denote the generalized duality mapping from E into
2F" given by

Jo(@) ={f € E" : (z, f) = ||a||" and ||f|| = [|=||*""},

where E* denotes the dual space of E and (.,.) denotes the generalized
duality pairing. In particulai, Js is called the normalized duality mapping
and it is usually denoted by J. It is well known (see for example [23])
that J(z) = ||z||972J(z) if z # 0, and that if E* is strictly convex then J,
is single-valued. In the sequel we shall denote single-valued generalized
duality mapping by j,.

A mapping T : D{T) C E — E is said to satisfy condition (A) (see
for example [2],[3],[16]) if F(T') # 0 and for all z € D(T), z* € F(T),
j(x — z*) € J(x — x*), there exists a constant A > 0 such that

(7) (z - Ta, j(z - 2°)) > Alle — Tal>

In Hilbert spaces j is the identity so that (7) reduces to (1). In [2]
Chidume extended the results of Maruster [13] to real Banach spaces
which are 2-uniformly smooth (see definition below) and which admit
weakly sequentially continuous duality map, and in [3] he further ex-
tended the results to real Banach spaces which admit weakly sequen-
tially continuous duality map and are (m + 1)-uniformly smooth, m a
positive integer. Let ¢ € (1, 00). In [16] the author extended the results
of Chidume ([2],[3]) to all real g-uniformly smooth Banach spaces which
admit weakly sequentially continuous duality map.
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It is not known, even in Hilbert spaces (see for example an open problem
posed by Naimpally and Singh ([14], p. 445) for the class of demicon-
tractive maps) whether these convergence results of the Mann iterates
for mappings satisfying condition (A) can be extended to the Ishikawa
iteration method [9] generated for rp € K, K nonempty subset of E,
T:K— Kby

Yn = (1 - ﬂn)xn +6:.T2,, n>0
Tny1 = (1 - an)xn + anTym n Z 0)
where {a,} and {3,} are suitable sequences in [0, 1].

It is our purpose in this paper to extend the results of Maruster [13],
Chidume ([2],(3]), the author [16] and the corresponding results of Hicks
and Kubicek [8] from the Mann iteration method to the Ishikawa iteration
method. Our {a,} and {8,} will be chosen in such a way that these
results will be special cases of our results. Moreover, our results resolve

in the affirmative an open problem posed by Naimpally and Singh ([14],
p. 445).

2. Preliminaries

Let E be a real Banach space. The modulus of smoothness of E is the
function

PE: [O’ OO) - [07 OO)
defined by

1
par) = sup { e+l + 1o =yl = 1+ ol < Lol < 7}

E is uniformly smooth if and only if lirr(l) %ﬁ = 0.

Let ¢ > 1. E is said to be g-uniformly smooth (or to have a modulus
of smoothness of power type ¢ > 1) if there exists a constant ¢ > 0 such
that pg(7) < cr?. Hilbert spaces, Ly(or £p) spaces, 1 < p < co and the
Sobolev spaces, W2 1 < p < oo are g-uniformly smooth. Hilbert spaces
are 2-uniformly smooth while

p — uniformly smooth if 1 < p < 2

-
Ly(or &) or Wi is { 2 — uniformly smooth if p > 2
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THEOREM HKX ([23], p. 1130). Let q > 1 and let E be a real Banach
space. Then the following are equivalent:

1. E is q-uniformly smooth.
2. There exists a constant c, > 0 such that for all z,y € E

(8) llz +yll” < {lzll + gy, (=) + collyll®.
3. There exists a constant d, such that for all z,y € E, and t € [0, 1]
@) NI =tz +tyll? 2 1 =)zl + thiyll? — we(t)dgllz - ylI7,
where w,(t) =t9(1 —t) + t(1 — t)4.

Furthermore, it is proved in [24] (see Remark 5, p. 208) that if E is
g-uniformly smooth (g > 1), then for all z,y € E there exists a constant
L, > 0 such that

(10) 1da(2) = @)l < Luflz — gl

In the sequel we shall also need the following result:

LEMMA TX. ([20], p. 303) Let {a,}>, and {b,}>, be sequences of
nonnegative real numbers such that Y . b, < 0o and

any1 L ap+by, n > 1

Then lim a,, exists.

3. Main Results

For the rest of this paper, E will denote a real g-uniformly smooth
Banach space (¢ > 1), which admits a weakly sequentially continuous
duality map. X is the constant appearing in the definition of mappings
satisfying condition (A) and ¢;, d;, wy(t) and L, are the constants ap-
pearing in inequalities (8)-(10). We are now proving the following:

LEMMA 1. Let K be a nonempty convex subset of E andT : K — K
a map satisfying condition (A). Let {a,} and {3,} be real sequences
satisfying the conditions:
N0<ayB,<1,n>0
(i) 0<a<all<b<Z(1-4,), n>0
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(iif) Y opo g 8L < 00, where 7 := min{1, (g — 1)}.
Let {z,} be the sequence generated from an arbitrary xqo € K by

(12) Zn+1 = (1 — an)zn + anTyn, n > 0.

Tnen lim ||y, — Ty,|| = 0.

Proof. Let * € F(T). Then for all z € K it follows from condition
(A) that

lz = 2*|| 2 Mz — Tel| 2 Al[Tz — 2°|| = Al|lz — 27|,

so that

(13) iz~ ) < L2

lz —=z*|| = Lllz — 2%,

where L = QJ;—’Q Since ||z — z*|| > Al|z — Tz||, we have

Il

(14) (& =Tz, j(z —2)) llo — 2" ||"*(z — Tz, j(z — 2*))
|z — &*|[*?Allz — Tz||*

2
> X7 |z - Tz||

Using inequalities (8) and (14) we obtain

(18)  |lzps — 27|
= [|zn — 2" + an(Tyn — z0)||
<Hzw = 2| = qon{Tn — Ty, Jo(Tn — 7)) + cad||Tn — Tyall?
= [jzn — 2||? — gan (T — Yn, Jo(Tn — 7))
=qon (Y — TYn, Jo(2n — ")) + cgal||zn — Tynl|*
= ||zn — 2|7 = qanBu(zn — Tp, Jo(2n — 27))
=g (Yn — TYn, Jo(Tn — 7)) + coail||Tn — Tyl
< N — 2% — qanBp AT |2 — Ty |

—qtn(Yn — Tyqu(xn —z)) + anng:L'n — Tyal|?
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Using inequalities (9), and (14) we obtain

(16)  (Yn — T, Jo(zn — 2°))
= (yn - Tynajq(xn - CC*) - jq(yn - II?*)) + (yn - Tyqu(yn - -'L'*)>
2 )‘q_l”yn = Tya||* + {yn — Tyqu(mn -z') - jq(yn - z*))
= X1 = Ba)(@n = Tyn) + Ba(Tzr — Ty
+(Yn — TYn, Jo(Tn — x") — Jo(Yn — %))
> X1 = Bo)llza = Tonll? + A7 B, [Tz — Tynl”
=AW (Bn)dy| |25 — Tnl|?
+Un — Tyn, Jg(@n — 2°) — Jo(yn — 7))
Using (16) in (15) we obtain
A7) lzpe — ||
<lzn, — 27| - qanﬁn/\q‘lllxn —Tz,||*
g0 { XL = Bl — Tl + X8, T — T
X Wy (Ba)dyi|Zn = Tall + (Yo = TYn, Jo(Tn — )
~ja(vn = 3)) } + coalllzn — Tunl"
< |z — 2|7 = an[qA (1 = Bn) — coal ] l|zn — Tynll?
+AT oo (Bn)dy |20 — Tz |
~q0n(Yn — TYn; Jq(Tn — &) = Jo(yn — 7))
< lzn — 2|7 — an[gAH (1 = Bn) — cgal ) |lzn — Tyl
+q/\q_1anw¢1(ﬁn)d4”xn - Tanq
+qom|lyn — Tynll|ldg(zn — 2°) = jo(yn — 27)|]
< lzn = 2|7 — an[gA7 (1 = Ba) — o |z — Tyl
-l—q/\q'laan(ﬂn)dqﬂxn ~ Tx,||®
+q0|[yn ~ Tyl LB |20 — Ta||*”" (using (10)).

Using (13) we obtain
(18) lzn = Taa||* < (14 L)||zn — "%,
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and

(19) llyn — Tuall (1+ L)[lyn — =*|

<
< (4D = B)llen — 2|} + Bal| Tz — 2]
< (14 L)z — 2.
Observe that
(20) we(Br) = BE(1 = Ba) + Bu(1 — Bn)? < 2B,
Using (18)-(20) and condition (i) in (17) we obtain
(21) flener —a*||?

< llan = 211" = an @071 = B) = cqad ][22 — Tnll®

+ (2007, (1 + LY'Ba + a1 + L) LBl — 27|

= [1+ oull|zn — 2"||? - an_[qz\q‘l(l — Bn) — an%'l} [z — Tynll",
where 0, = 2g\7'd,(14+L)B,+q(1+ L)¥* 'L, 391, Condition (ii) implies
that

gAN (1 = B,) — o™t > [gAT (1 = B,) — ¢b] > 0, Y n > 0.
Hence (21) reduces to
(22) |21 = 2*[17 < [1 + o4]ll2n — 2*]|%, V0 > 0.

If follows from condition (iii) that > .- on, < co and hence (22) implies
that {||z, — z*||} is bounded. Let ||z, — z*|| < M, ¥V n > 0, then it
follows from (21) that

(23)

s =217 < llen = 2|1 = an [ QAT (1 = o) = b 20 = Tl + Mo

Since lim[gA?™!(1 — B,) — ¢zb] = gA9™! — ¢,b > 0, there exists a positive
integer Np such that gA""1(1 — 3,) — c,b > 3[gA7! —¢,b] > 0, YV > Np.
Hence it follows from (23) that

e

X —ebll|en—Tynl[* < llza—a" ||~ [|2ns1~2"|[*+M 0m, Y > N,
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so that
a‘lTll n n
T[q)\q"l“cqb]Zij—Tyqu < lew, =2 1P+ M* Y o
J=No J=No
o0
< ||xN0—:zc*Hq+Manj<oo.

7=0
Hence Y 020 ||z — Tynl|? < 0o, and this implies lim ||z, — Ty,|| = 0.
Since
|zn — Tz,)| < (14 L)||zn —z*|| < M(1+ L), Vn >0 and

0 < lyn=Tnll < [lyn—2nll+||zn—Tynl| < Ba(1+L)M +||2n—Tyn|| — 0
as n — 0o,
we have lim ||y, — T'yn|| = 0, completing the proof of Lemma 1. d

THEOREM 1. Let K be a nonempty closed convex subset of E and
let T : K — K be a mapping satisfying condition (A) such that: (x) if
any sequence {z,} converges weakly to z and {(I — T)(z,)} converges
strongly to 0, then (I — T)(z) = 0 (i.e., (I — T) is demiclosed at zero).
Let {o,} and {8,} be as in Lemma 1. Then the sequence {z,} generated
from an arbitrary zo € K by (11) and (12) converges weakly to a fixed
point of T'.

Proof. 1t follows from Lemma 1 that {z,} is bounded. Hence it has a
weakly convergent subsequence {z,,}. Suppose {z,;} converges weakly
to some p. Then since {z,,} is in K and K is weakly closed, we have that
p € K. Since ||z, —z*|| < M, ¥Yn >0, z* € F(T), then ||Tz, — z*|| <
L||z, — z*|| £ ML, ¥ n > 0 so that {Tz,} is bounded. Let f be an
arbitrary element of £*. Then

f(ynj) = (1 - ﬂn])f(xn]) +ﬂn,f(T$n])

and

0<|f(yn,) = FO < (1= Bu)lf(@n;) — f(P)] + Buy| F(Tzn;) — f ()]
< |f(@n) = f(D)] + Bo, I f I Tn; — pl| = 0

as j — oo.
Hence {yn;} converges weakly to p, and from Lemma 1 {(I —T')(yn;)}
converges strongly to 0. It now follows from condition (*) that (I —
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T)(p) = 0, i.e., p is a fixed point of T. Suppose {z,} does not converge
weakly to p. Then {z,} has at least one other cluster point ¢ # p.
Suppose {Tm, } converges weakly to ¢. Then as for p, Tq = q. From (23)
we have

llens1 = pl|* < |z — Pl + Moy, Yn >0,
and

Hxn—H - qu < Hxn - QHq + Moy, Vn > 0.
Thus it follows from Lemma TX that both lim ||z, — p|| and lim ||z,, — q||
exist. Since E admits a weakly sequentially continuous duality map, it
follows from Theorem 1 of [7] that if a sequence {z,} converges weakly
in F to g, then

liminf ||z, — z|| > liminf ||z, — zy]|, V = # x0.
Hence
lim ||z, —p[| = lminf ||z, —p|| < liminf |(z,, — ¢
n J J
= liminf me; - q” < hmlnf me, - p“
= lim|lz, —pl|,
a contradiction. Thus {z,} converges weakly to p € F(T), completing
the proof of Theorem 1. O

REMARK 1. Let E,K,T,{0,},{6.} and {z,} be as in Theorem 1.
Suppose {z,} has a subsequence {z,, } which converges strongly to some
point p, and T is continuous at p. Then

0 < Alyn, =2l £ = Bu)l|zn; — Dl + Bo; | T2n; — pl]
< Hzn/ _p” +/6njHTxnj _pH — 0 as j— oo,

so that y,, — pasj — oo. since T is continuous at p, then Ty, —
T'p as j — oo. Hence lim ||y,; — Tyy,|| = |lp—Tp|| = 0, so that p € F(T).
; .

From (23) we obtain
”mn-H __p“q < Hxn —qu + My, n 2 0.
It follows from Lemma TX that lim ||z, — p|| exists, and since lim ||z, —
! :

p|| = 0, we have lim||z, — p|| = 0. Thus we can conclude that if T is
continuous, then either {z,} converges strongly to a fixed point of T" or
{z,} has no subsequence which converges strongly.
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REMARK 2. If weset 6, = 0, V n > 0 in Corollary 1, we obtain
Theorem 1 of the author [16]. Furthermore since spaces satisfying condi-
tion (U, ¢, m + 1, m) are (m + 1)-uniformly smooth and satisfy (8) with
Cg = g, if weset g =(m+1), ¢, =50 and §, =0, V¥n > 0 in
Corollary 1 we obtain Theorem 1 of Chidume [3]. Hilbert spaces are 2-
uniformly smooth and satisfy inequality (8) with ¢, = 1. If we set ¢ = 2,

=1land G, =0, Vn > 0 in Corollary 1 we obtain Theorem 1 of

Maruster [13]. Furthermore, if we set g=2,¢,=1and §,=0,Vn >0
in Theorem 1, we obtain Theorem 2 of Hicks and Kubicek [8]. Theorem
1 resolves in the affirmative an open problem posed by Naimpally and
Singh [14] on whether the convergence theorem of Hicks and Kubicek [8]
for the Mann iteration method for demicontractive maps can be extended
to the Ishikawa iteration method.
From the point of view of applications it is interesting to obtain additional
conditions such that the sequence {z,} converges strongly to a fixed point
of T. We consider the condition considered by Maruster [13], Chidume
(121,[3]) and the author [16] and apply it to the approximation of solutions
of certain operator equations.

THEOREM 2. Let E, T, and K be as in Theorem 1 and let {a,},
{B.} be as in Lemma 1. If in addition there is h € K, h # 0 such that
(x — Tz,j(h)) < 0 for all x € K. Then for a suitable zy € K, the
sequence {z,} generated from xy by (11) and (12) converges strongly to
a fixed point of T'.

Proof. By Theorem 1, {z,} converges weakly to some z* € F(T).
Choose zg such that (aco, i(h)) > {(z*,j(h)). Thus (zo — z*,j(h)) > 0.
Observe that
(24)  (Tp1 — 2", 5(R))

= (zn — 2%, j(h)) — an{zn — Tyn, j(h))

= (0 — 2", () — anl@n — Yn, 5(R)) — an(yn — Ty, 5(h))

= (zn — 2", j(h)) — @nBn(zn — T2y, 5(R)) — ctn(Yn — Tyn, 5(R))

> (x, —z*,j(h)) > ... > {zg — 2", j(h)) > 0.
Since {z,} converges weakly to z*, we have lim(z, — z*,j(h)) = 0, so
that given any e > 0 there exists a positive intgger N such that

{z, — z*,j(h))| < €, Vn > N;.
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Furthermore, Y 0, < oo implies that there exists a positive integer
N, such that

Ontj < 577 Yn> N2.
q
. M

Let N = max{N;, No}. Then (zy — z*,j(h)) > 0 and hence there exists
€g > 0 such that

(wy — 2%, j(h)) 2 eollzn — 27||°.
We prove that

p-1
(Znep — 27, §(R)) 2 eol|znap — T"||7 — e M? ZUNHa V integers p > 1.
=0

For p = 1 we have

(xn — 2", (h))

(zye1— 2%, 5(h) =
> elley — 37|
2

ol 21 — o°[|7 — Moy (using (23))

so that the result holds for p = 1. Assume now that

po—1
(@nim — 2, 3(1) 2 collansm — o[ — M® Y o
=0
for some integer pp > 1. Then
<xN+(P0+1) - x*’](h)> Z <‘TN+po - $*,](h)>
po—1
> eol|tnip — || — MT D an;
3=0
-1 -
> ellznimr) — 2| — eoMIoNip — € Z ON+j
=0
m
= eollonigin = T = oMY ows.
=0
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Hence
1 > (1+€)
lewep = "I < = [(@nsp = 2, 5(1) + @MT Y owyy] < et
€o =0 ]

Y intergers p > 1.

€0
lim ||z, — z*|| = 0, completing the proof of Theorem 2. a

-q
Hence ||znp — 2*|| < (m) €, for all integers p > 1. This implies

REMARK 3. It follows as in Remark 2 that Theorem 2 is a general-
ization and extension of Theorem 2 of ([2],[3],[13],[16]).

Application to Linear Equations. As an application of Theorem
2 we obtain the following convergence theorem for the iterative approxi-
mation of solutions of certain linear operator equation in F.

THEOREM 3. Let A : E — E be a continuous linear map and let
f € A(E). Suppose zero is an eigenvalue of A and that the following
condition is satisfied:

(24) (Ay, 5(y)) > N4y,

for ally € E and for some A > 0. Let {a,} and {0,} be as in Lemma 1.
Then the sequence {z,} generated from a suitable zo € E by

Yn = (1 - ;Bn)xn + /Bn(f +z, — Axn); n>90
Tpt1 = (1 - an)xn + an(f + Yn — Ayn)v n=>0
converges strongly to a solution of the equation Ax = f.

Proof. Apply Theorem 2 with K = F, and T : E — F defined by
Tz = f+x — Az. Since f € A(E), there exists p € F such that Ap = f.
Clearly p € F(T), so that F(T) # 0. Furthermore, z — Tx = Az — f =
Az — Ap = A(z — p). If we set y =z — p in (24) we obtain

(z = Tz, j(z - p)) > Az - Tz||".
Suppose {z,} is any sequence which converges weakly to z*, and {z, —
Tz,} = {Az, — f} converges strongly to zero, then

142" ~ f|* = lim(Az, — f,j(Az" = f)) = 0,
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(since A is weakly continuous). Thus Az* — f = (I — T)(z*) = 0, which
establishes that (I — T') is demiclosed at zero. Let A* denote the adjoint
of A. Then zero is an eigenvalue of A* (since zero is an eigenvalue of A).
Thus there exists j(h) € E*, j(h) # 0 such that A*(j(h)) = 0. Observe
that for all z € E we have

(z—T=z,j(h)) = (Az—f,j(h)) = (A(—p),j(h)) = (z—p, A"(§(h))) = 0.

An application of Theorem 2 now completes the proof of Theorem 3. [J

REMARK 4. J. B. Diaz and F. T. Metcalf [4] proved that in Hilbert
spaces H, if A : H — H is compact, semipositive (i.e., (Az,z) >0, Vz €
H) and selfadjoint, then (24) is satisfied with A = /\il, where A; is the
largest eigenvalue of A. For other applications of our result, the reader
may consult [13].

REMARK 5. The fact that our choices of {a,} and {8,} allow

us to obtain all the results expected when lim ||z, — Tz,|| = 0 from
lim ||y, — T'yn|| = 0 is of independent interest. Suitable choices of our
real sequences {a,} and {8,} are
1
— o FE|etn - 1 ]"Tl _ 1
an g [4% (1 m) y D pymvery SR = 0

where 7 = min{1, (¢ — 1)}.

REMARK 6. Recently, some authors have studied the so called Mann

and Ishikawa iteration methods with errors (see for example [11},[22]).
In a recent paper, Xu [22] introduced the following:
(a) Ishikawa Iteration Method with Errors. Let K be a convex
subset of a Banach space and T : K — K a given mapping. Let {u,}
and {v,} be bounded sequences in K and {a,}, {b,}, {c.},{a,}, {¥,} and
{c,} be real sequences in [0, 1} such that a, + b, + ¢, = a, + b, + ¢, = 1.
The sequence {z,} is generated from an arbitrary z; € K by

(25) Yn = QnTp + b, Tz, + crtg, n 2> 0

(26) Tpit = @nTn + Ty, + cvn, 1> 0.
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The Mann Iteration Method With Errors. For K, T and zg
as in (a) the Mann iteration method with errors {z,} given by

Tns1 = QT + U Tyn + vy, n >0

is a special case of the Ishikawa iteration method with errors for which
a, =1, b, = ¢, = 0. In [22] Xu showed that his Mann and Ishikawa iter-
ation methods with errors are better than the earlier Mann and Ishikawa
iteration methods introduced by Liu [11].

Observe that if we set 8, = b, + c,, a, = ¥, + ¢}, then (25) and (26)
become

(27) Un = (1 - /Bn)$n =+ ﬂnTxn + Cn(un - TCEn), n > 0

(28) Tnt1 = (1 — ap)zn + anTyn + c(vn — Tyn), n > 0.

Once Convergence results have been proved for the original Mann and
Ishikawa iteration methods, the extension of the results to these itera-
tion methods with errors is usually straightforward when the necessary
conditions have been imposed on the error terms.

For the above iteration methods with errors we have the following results
whose proof are omitted because they follow by straightforward modifi-
cations of the proofs of the corresponding results for the original Mann
and Ishikawa iteration methods.

LEMMA 2. Let K be a nonempty convex subset of E. LetT : K — K
be a mapping satisfying condition (A) and let {a,}, {b.}, {cn}, {d,}, {b}.}
and {c,} be sequences in [0, 1] with a, + b, + ¢, = al, + b, + ¢, = 1 such
that
) 0<as<(b+c) <b<2[l—(b+c)], n>0
(1) S0 o(bp +cn)™ < 00, Y2 ¢l < 00, where T = min{1, (¢ — 1)}.

Let {u,} and {v,} be bounded sequences in K and let {x,} be the
sequence generated from an arbitrary xy € K by (25) and (26). Then
lim ||y, — Tya|| = 0.

THEOREM 3. Let K be a nonempty closed convex subset of E.
Let T : K — K be a mapping satisfying conditions (A) and (). Let
{an}, {bn}, {cn}: {0}, {.}, {c.}, {un}, {vn} be as in Lemma 2. Then the
sequence {z,} generated from an arbitrary zo € K by (25) and (26)
converges weakly to a fixed point of T'.
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THEOREM 4. Let E, K and T be as in Theorem 3 and let {a,}, {b.},
{en}, {ar}, {0.}, {c,}, {un},{vn} be as in Lemma 2. If in addition there
ish € K, h # 0 such that (x — Tx,j(h)) <0 for all z € K. Then for a
suitable Ty € K, the sequence {x,} generated from z, by (25) and (26)
converges weakly to a fixed point of T

THEOREM 5. Let A : E — E be a continuous linear map and let
f € A(F). Suppose zero is an eigenvalue of A and that the following
condition is satisfied:

(24) (Ay,j(y)) > MAy|l?,

for all y € E and for some A > 0. Let {a,},{bn},{cn}, {al}, {.}, {c.},
{un},{vn} be as in Lemma 2. Then tne sequence {z,} generated from a
suitable o € E by

Yn = QnTyn + bn(f +z, — Axn) + Cplp, M > 0

Tpi1 = a’n:vn + b'/n(f +Yn — Ayn) =+ Cfnvm n=>0
converges strongly to a solution of the equation Az = f.
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