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ITERATIVE APPROXIMATIONS OF
FIXED POINTS FOR ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS IN BANACH SPACES

S. S. CHANG, J. Y. PARK AND Y. J. CHO

ABSTRACT. The purpose of this paper is to study the iterative ap-
proximations of fixed points for asymptotically pseudo-contractive
mappings and asymptotically nonexpansive mappings in Banach
spaces. The results presented in this paper extend and improve
the main results in Geobel-Kirk [4], Liu [5] and Schu [7].

1. Introduction and Preliminaries

Throughout this paper, we assume that F is a real Banach space, E*
is the topological dual space of E, (-,-) denotes the dual pair between
E and E* and J : E — 2F is the normalized duality mapping defined
by

J(@)={f € E" : (=, f) = ll=llIfll, ll=ll = lIfII}
forallz € E.

DEFINITION 1.1. Let D be a nonempty subset of E and T : D — D
be a mapping.

(1) T is said to be asymptotically nonexpansive if there exists a se-
quence {k,} in [1,00) with lim,_, o k, = 1 such that

1T = T™y]| < kullz — o
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forallz,ye Dandn=1,2,---.

(2) T is said to be uniformly L-Lipschitzian witk the constant L > 1
if

1Tz — T"y|| < Lljz -y

forallz,ye Dandn=1,2,.---.

(3) T is said to be asymptotically pseudo-contractive if there exists
a sequence {kp} in [1,00) with lim,_, k, = 1 and, for any z,y € D,
j(z —y) € J(x — y) such that

(T"z — Ty, 5(x — y)) < knllz — y||?
foralln=1,2,---.

REMARK 1.1. (1) If T is a nonexpansive mapping, then T is an
asymptotically nonexpansive mapping with a constant sequence {k,}
defined by kp, =1 foralln=1,2,.-..

(2) If T is an asymptotically nonexpansive mapping with a sequence
{kn} in [1,00) and lim,,_, o k,, = 1, then T is a uniformly L-Lipschitzian
mapping with the constant L = sup,,~; kn < 00.

(3) If T is an asymptotically nonexpansive mapping, then T is an
asymptotically pseudo-contractive mapping. But the converse is not
true in general.

This can be seen from the following example:

ExaMpPLE 1.1. ([6]) Let £ = R, D = [0,1] and the mapping T :
D — D is defined by
Tz =(1-2%)%
for all z € D. We can prove that T is not Lipschitzian and so it is not

asymptotically nonexpansive. Since T'oT = I and it is monotonically
decreasing, it follows that

|z —y|?, ifn is even,

z—yYTre—T"y) =
(z—y)( ) {(z—y)(Tm—Ty)S()Slw—y|2, if n is odd.

This implies that T is an asymptotically pseudo-contractive mapping
with the constant sequence {1}.
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DEFINITION 1.2, Let D be a nonempty convex subset of £, 7 : D —
D be a mapping, {a,} and {8,} be two sequences in [0, 1].
(1) The sequence {z,} defined by

T € D,
(1.1) Znt+1 = (1 — an)Zn + 0 T"Yn,
Yn = (1 - ﬂn)xn =+ ﬂnTnT:z
foralln=0,1,2,--- is called the modified Ishikawa iterative sequence.
(2) Taking 8, =0 for all n = 0,1,2,--- in (1.1), the sequence {z,}
defined by
29 € D,
(12) { ’ .
\ Tntl = (1 — an)zn + an T2y
foralln=0,1,2,--- is called the modified Mann iterative sequence.

The concept of an asymptotically nonexpansive mapping was intro-
duced by Goebel-Kirk [4] in 1972, which was closely related to the
theory of fixed points of mappings in Banach spaces. An early funda-
mental résult due to Browder [1] states that, if F is a uniformly convex
Banach space, D is a nonempty bounded closed convex subset of E and
T : D — D is an asymptotically nonexpansive mapping, then T has a
fixed point in D.

On the other hand, the concept of an asymptotically pseudo-contrac-
tive mapping was introduced by Schu [7] in 1991.

The iterative approximation problems for asymptotically nonexpan-
sive mappings and asymptotically pseudo-contractive mappings were
studied extensively by Goebel-Kirk [4], Liu [5] and Schu [7] in Hilbert
spaces and uniformly convex Banach spaces, respectively. The purpose
of this paper is, by using a new iterative technique, to study the iterative
approximative problem of fixed points for asymptotically nonexpansive
mappings and asymptotically pseudo-contractive mappings in the set-
ting of Banach spaces. The results represented in this paper extend
and improve the main results in [4]-[5], [7] and the proof methods given
in this paper is quite different from the methods given in [4]-{5], [7].

We first recall the following results for our main results:
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LemMA 1.1 ([2], [3]). Let E be a real Banach space. Then, for any
T,y FE,
=+l < ll2I* +2(y, j(z +y))
for all j(x +y) € J(z+y), where J : E — 2E" s the normalized duality
mapping.
LEMMA 1.2 ([8]). Let {a,} and {b,} be two nonnegative real se-
quences. If there exists a positive integer ng such that

Qn41 < (1 - tn)an + bn

for all n > ng, where 0 < t, <1, Y2 ' t, = o0 and b, = o(t,). Then
lim,, o, a, = 0.

2. Main Results

In this section, we give some iterative approximation theorems of
fixed points for asymptotically pseudo-contraction mappings and asym-
ptotically nonexpansive mappings. Let F/(T') denote the set of all fixed
points of T'.

THEOREM 2.1. Let D be a nonempty closed convex subset of E,
T : D — D be a uniformly L-Lipschitzian asymptotically pseudo-
contractive mapping with a real sequence {k,} in [1,00) such that
lim, ,0 kn = 1 and the constant L > 1. Let {a,} and {B,} be two
sequences in [0, 1] satisfying the following conditions:

(i) ap — 0, Bn — 0 (n— 00),

(11) Z;.lo:O Qpn = 00.

Let {z,} be the modified Ishikawa iterative sequence defined by (1.1).
If F(T) # 0, T(D) is bounded and, for any given q € F(T), there exists
a strictly increasing function ¢ : [0,00) — [0,00) and ¢(0) = 0 such
that

(21) (T"znt1— ¢,5(@n+1 — @) < knllznys — gl — ¢(l|zn+1 — ql)
for alln =0,1,2,---, where j(€pn+1 — q) € J(Tny1 — q) is such that
(T"Zp41 — T4, j(@nt1 — @) < knllTns1 — q||?

for alln =0,1,2,---, then the sequence {z,,} converges strongly to the
fixed point q of T'.
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Proof. It follows from Lemma 1.1 and (1.1) that

[k
=11 — an)(@n — @) + n(T"yn — )°
(22) < (1-an)lzn = qll* + 20 (T Y — 4, §(Znt1 — 9))
< (1= am)?|[zn — ql® + 200 (T"yn — T"Zn41, §(Tnt1 = )
+ 20 (T"Tnt1 — ¢, § (Tnt1 — 9))-

Now, we consider the third term on the right side of (2.2). By (2.1),
we have

20 (T Tn 1 — 4, §(Tns1 — @)

(2.3) < 20m[knllZnst — g% — S(|zns1 — all)]

Next, we consider the second term on the right side of (2.2). Since
T is uniformly L-Lipschitzian, we have '

20Ln <Tny'n - ann—i—l’j(m'n-i—l - Q)>

(2.4)
< 2anL|yn ~ mn+1“”xn+1 —q|.

On the other hand, we have

lyn — Tntall
= [[(1 = an)(@n — yn) + an(T"yn — yn)l
< (1= an)BulT"2n — 2ull + anl| T"Yn — g + ¢ — yal
< (1 —an)BnlT"2n — ¢+ g — zn| + an(l + L)|jyn — 4l
< (1 —an)fn(1+ L)|zn — 4l
+an(1+ L)1 = Br)(@n — @) + Ba(T"zn — )
< (1= an)Ba(l+ L)lzn — gl + an(l + L)L||lzn — q||
= dn|zn — g,

(2.5)

where d,, = (1 — o)Bn(1+ L) + an(l1 + L)L and d, — 0 as n — o0
since an, On — 0 as n — oo. Thus, substituting (2.3)~(2.5) into (2.2)
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and simplifying, we have

|Zn+1 — Q||2
(2.6) < (11— an)?llzn — qlI* + 200 Ldn|[2n — gl Tn+1 — gl
+ 2ankn“xn+1 - <I“2 - 2an¢(“$n+1 - <1H)

Since 2||Zn — q||[|Zne1 — ql] < [|Tn — ]| + ||Zn+1 — gl|?, it follows from
(2.6) that

1—on)?+a,Ld
_ 2 < ( n n n _ 2
o fomsr = gl < T pom T g g
' 200,
( &([1Zs1 — gl)-

" 1-2amk, — anLd,

Since a, — 0, 8, — 0 and k, — 1 as n — oo, there exists a positive
integer ng such that 1 —~ 2a,k, — a,Ld, > 0 for all n > ny. Hence,
without loss of generality, we can assume that

1—-2ank, —a,Ld, >0

for all n > 0. Besides, if there exists a nonnegative integer m such that
Tm = q, then we have

Ym = (1 = Bm)Tm + BT " zm = q.

By induction, we can prove that Zm; = ym+i = ¢ for all 2 > 0 and so
T, — q as n — oo. The conclusion of Theorem 2.1 is proved. Hence,
without loss of generality, we can assume that z,, # q for alln > 0. Let

o = igg Sl —al)
n>0 ||pt1 —ql|

1. If o > 0. Taking v € (0, min{1, 0}), it follows from (2.7) that

lzn — ql®

1-0a,)?+ a,Ld,
e — < L0

2apky — anLd,
_ 2a,y
1 - 2a,k, — o,

_ 2
e —al?,
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which implies that

(1—on)? +anLd,

2
— 2ankn — anLdy, + 200,y lzn - qll*

28)  llown - al® < 5

Since a, — 0, d,, — 0 and k, — 1 as n — o0, there exists a positive
integer n; such that, for all n > ny,

(1—an)? + anLd, — (i — :yz—an)(l - 20,kp, — anLdy, + 20, L)

3
=an[2(kn — 1) + an + 2Ldy — anknL — %anLdn + apy? — 57]
<0.
This implies that
_ 2
(1—an)®+anld, <(1- :y_an)
1 - 2a,k, — a,Ld, + 20,7y 2
for all n > n;. Therefore, (2.8) can be written as follows:
2 2 2
1zns1 = qll* < (1 = gan)|za — gl
for all n > ny. Taking an = ||z — q||?, bp = 0, tn, = Fan, it follows

from Lemma 1.2 that a, — 0, i.e., z,, — g as n — 0.

2. If o = 0. By the strictly increasing property of ¢ and the definition
of o, there exists a subsequence {zn,+1} of {z,} such that ||zn;+1 —
gl = 0 as j — oo. In fact, since § = 0, there exists a subsequence
{#n, 41} of {z,} such that

Olzn 1 —al)

€, +1 — qll?

as n; — oo. Letting M = sup{||y|| : y € T(D)}. For any € > 0, there
exists a positive integer n;, such that

Bllzn,e1 —al) _ 70
lons1—al? = M
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for nj > nj,, and 50 ¢(||zn,+1 — qll) < ¢7(e), e, {Zn;41 — gl < € for
n; > nj,. Since € is arbitrary, we have

[€n;+1 — gl =0 asn; —co.

Since a, — 0, kn, — 1 and d,, — 0 as n — oo, for any given € € (0,1),
there exists a positive integer n;, such that, for all n > n;,

”xnjo-i-l - q“ <¢,
1 Ld 1
(2.9) ay < Z¢(€)’ n < ZQS(C),

1
kn <14+ =(e).
4
Next, we prove that

(2.10) [€nso+i —all <€

for all i > 1. Indeed, for 7 = 1, the conclusion follows from (2.9). For
i=2 if

(2.11) |ong, 12 — all > €,
then, by the strictly increasing property of ¢, we have

G|z, +2 — all) > é(e).-
Letting

1
" 1—2ank, — a,Ld,’

b
Then the first term on the right side of (2.7) can be written as follows:

(1-o0,)?+a,Ld,
1-2a,k, — a,Ld,
= ”mn - Q|l2 + hnan(an —2+42Ld, + 2kn)”mn - 61“2-

| #n — glf?
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It follows from (2.7) and (2.9), we have

€0, +2 — all®
< zngy+1 — ql® + Rrjo+10m,0+1{(0n  +1 — 2 + 2Ldn, 11
+ 2k +1) | 0 +1 — glI* — 26(€)]

< €+ b 110m, 11 [(bgf) -2+ ¢§) + 2(1 + ;llas(e))ez - 2¢(e)]
< € 4 By 110y 51| 28(6) — 20(6)]

<é,
which. contradicts (2.11) and so we have
”xnjo-f-2 - f1||2 <e

By induction, we can prove that (2.10) is true. By the arbitrariness of
€ € (0,1), we have z, — ¢ as n — o0o. This completes the proof. O

From Theorem 2.1, we can obtain the following result:

THEOREM 2.2. Let D be a nonempty closed convex subset of E
and T : D — D be an asymptotically nonexpansive mapping with
a sequence {k,} in [1,00) such that im,, . k, = 1. Let {a,} and
{Brn} be two sequences in [0, 1] satisfying the conditions (i) and (ii) in
Theorem 2.1. Let {z,} be the modified Ishikawa iterative sequence
defined by (1.1). If F(T) # 0 and, for any given q € F(T'), there exists
a strictly increasing function ¢ : [0,00) — [0,00) and ¢(0) = 0 such
that the condition (2.1) in Theorem 2.1 is satisfied. Then the sequence
{zn} converges strongly to the fixed point q of T

Proof. Since T is an asymptotically nonexpansive mapping with a
sequence {k,} in [1,00) and lim, ook, = 1, T is a uniformly L-
Lipschitzian asymptotically pseudo-contractive mapping with the se-
quence {k,} in {1, 00), lim,_, o, k, = 1 and the constant L = sup,,~ kn.-
Therefore, the conclusion can be obtained from Theorem 2.1 immedi-
ately. O

117



S. S. Chang, J. Y. Park and Y. J. Cho

THEOREM 2.3. Let D be a nonempty closed convex subset of E
and T : D — D be a uniformly L-Lipschitzian asymptotically pseudo-
contractive mapping with a sequence {k,} in [1,00) such that

lim %, = 1.

n—oo

Let {an} be a sequence in [0, 1] satisfying the following conditions:

(i) an — 0 as n — oo,

(if) 3nlo otn = 00.

Let {z,,} be the modified Mann iterative sequence defined by (1.2). If
F(T) # 0 and, for any given q € F(T), there exists a strictly increasing
function ¢ : [0,00) — [0, 00) and ¢(0) = 0 such that the condition (2.1)
in Theorem 2.1 is satisfied. Then the sequence {z,} converges strongly
to the fixed point q of T'.

Proof. Taking 3, = 0 for all n = 0,1,2,--- in Theorem 2.1, the
conclusion can be obtained immediately. |

REMARK 2.1. Theorems 2.1, 2.2 and 2.3 extend and improve the
main results in Goebel-Kirk [4], Liu [5] and Schu [7]. Moreover, the
methods of proof given in this paper are more simple and quite different
from the proof methods given in [4]-[6].
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