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A PRODUCT FORMULA FOR LOCALIZATION
OPERATORS

JINGDE DU AND M. W. WONG

ABSTRACT. The product of two localization operators with symbols
F and G in some subspace of L?>(C") is shown to be a localization
operator with symbol in L?*(C") and a formula for the symbol of the
product in terms of F' and G is given.

1. Weyl Transforms and Localization Operators

Let 0 € L?*(R?). Then the Weyl transform W, associated to o is the
bounded linear operator from L?(R") into L?(R™) given by

Wot,9) = @) [ [ ol W(F,9)(a ot

for all functions f and g in L%(R"), where (, ) is the inner product in
L*(R™) and W({, g) is the Wigner transform of f and g given by

W(f.9)(w,€) = m) ™ [ erf (a+0)g (2= F)ap
for all z and £ in R™.

In order to give an account of a formula, in the paper [4] by Grossmann,
Loupias and Stein, for the product of two Weyl transforms with symbols
in L?(R?™), we need the notion of a twisted convolution. To this end,
we identify any point (g,p) in R?>® with the point z = ¢ + ip in C", and
define the symplectic form {, | on C* by

[z,w] = 2Im(z - W), 2z, weC",
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where
z = (Zlaz27“' ;Zn))
w = (’LUl,'U)Q," ) 1wn);

and
n
Z-W= E Zj’LUj.
Jj=1

Now, for any fixed real number A, we define the twisted convolution f*,g
of two measurable functions f and g on C" by

(Fx9)(2) = | f(z—w)gw)e?¥ldw, zeCm,
Cn

where dw is the Lebesgue measure on C", provided that the integral ex-
ists. The following theorem can be found in the paper [4] by Grossmann,
Loupias and Stein.

THEOREM 1.1. Let ¢ and T be functions in L*(C*). Then W, W, =
W,,, where

& = (21)(6 %, 7).

1
1

REMARK 1.2. It should be pointed out immediately that the Fourier
transform f of a function f in L?(C") is defined by

£(¢) = (2m)™ lim e f(z)dz, (eCm,

R Jioi<h
where the limit is understood to be the limit in L%(C") as R — oo.

Let ¢ be the function on R” defined by

n
p(z)=n"1e 7, zeR™

For z = ¢+ ip in C", we define the function ¢, on R™ by
w.(z) = eP%p(z —q), ze€R™

Then, as an abridged version of Theorem 15.4 in the book [5] by Wong,
we have the following theorem.
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THEOREM 1.3. Let F € L?(C"). Then there exists a unique bounded
linear operator L : L*(R™) — L?(R") such that (Lrf,g), for all f and
g in L*(R™), is given by

(Lef,0) = @)™ [ P00} (per)d

for all simple functions F' on C" for which the Lebesgue measure of the
set {z € C" : F(z) # 0} is finite.

For any F in L?(C"), we call the bounded linear operator Ly : L?(R") —
L*(R™) the localization operator associated to the symbol F. The sig-
nificance of localization operators in the study of signal analysis can be
found in the papers [1, 2] and Section 2.7 of the book [3] by Daubechies.

The connection between Weyl transforms and localization operators
is illuminated by the following theorem, i.e., Theorem 17.1 in the book
(5] by Wong.

THEOREM 1.4. Let A be the function on C" defined by
Az) =7 M zeCn
Then, for all F in L*(C"),
Lp = Wpua,

where F' % A is the convolution of F' and A given by

(F*A)(z) = / F(z —w)A(w)dw, z€C™

The aim of this paper is to study the product of two localization
operators with symbols in L?(C"). In Section 2, we show that the product
of two localization operators with symbols in L?(C") is, in general, not a
localization operator with symbol in L?(C"). In Section 3, we prove that
the product of two localization operators with symbols in some subspace
of L?(C™) is indeed a localization operator with symbol in L*(C"), and we
give a formula for the symbol of the product in terms of a new convolution
defined in Section 2.

79



Jingde Du and M. W. Wong

2. A Necessary Condition

For any fixed real number ), we define the A-convolution f ** g of two
measurable functions f and g on C* by

(FR o)) = | flz—wlgWe o, zecr,

provided that the integral exists. Then we have the following result.

THEOREM 2.1. Let Lp and Lg be localization operators with symbols
F and G, respectively, in L*(C™). If there exists a function H in L?(C")
such that

LpLg = Ly,
then H = (2r)™(F »2 G).
Proof. By Theorem 1.4,
(2.1) Wrain = WraaWeia -
Since
(2.2) Ao =enmet, cec,

it follows from Theorem 1.1, (2.1), (2.2), the definition of a twisied con-

volution and the fact that (F * A)* = (27)"FA for all F in L2(C") that
for all ¢ in C,

(2.3) = (271‘)“”/ E( _w)C‘;(w)e%{—IC—wI2—Iw|2+i[c,w]}dw.
Cc»

So, by (2.3),

(2.4)

A(C) = (2m) ™ / P = ) Ow)et kP-KmuP-blsitalt g, ¢ e Cn.
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Now, for all ¢ and w in C”,
€12 =16 — wl® = wf +i[¢, ]
(2.5) = [¢]P ~[¢* + 2Re(C - @) — [w]* ~ |w|* +i2Im(¢ - &)
= 2(¢ @) - 2w
Therefore, by (2.4) and (2.5), we get, for all ¢ in C",

Q) = @0 / F(¢ - w)G()e =Ry

= (2m)™(F % G)(0),
and the proof is complete. O

REMARK 2.2. In general, for F and G in L?(C"), it is not true that

F xt G € LX(C"). So, the product of two localization operators with
symbols in L%(C") need not be a localization operator with symbol in
L?(C™). This can best be seen from the following example.

EXAMPLE 2.3. Let W be the subset of R x R defined by’
(2.6) W={(g,p) e RxR:0<¢q,p<1}

We identify points w and ¢ in C with points (g,p) and (z,€) in R x R
respectively. Let F' € L%(C) be defined by

(2.7) F(g,p) = e x(p), ¢, pER,

where x is the characteristic function on [—1,1], and let G € L*(C) be
defined by

(2.8)

A exll weWw,
G —_ ? ¥
“ {0, w g W.

e~k dly (€ = p)et@mtr)gzileére) dp

i
O\
2
2

0

1 1
- ( / e‘%'x‘q'e%“*%i"ﬁdq> ( / X(é—p)e%”g‘%i’“dp>
0 0
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forall(inC. Butforz >1and 0< € <1, we get from (2.9)

1
a0 - (| eleeltt+20gg ) ( iy
0

4e7i% 2 1,
= = (11420 _ -2 _

1+2g(e4 l)g( d 1)
_ 4ei <e4+ lie _ e—fz) _2C_ ( Jeo—tiz _ 1)
and hence F' 2 G ¢ L*(C).

From the proof of Theorem 2.1, we get the following corollary.

COROLLARY 2.4. Let F and G be functions in L*(C") such that F x?
G € L?(C"). Then there exists a function H in L?*(C") such that H =
(27)~"(F *2 G) and

N~

(ﬁ’*

LpLe = Ly.

In view of Remark 2.2 and Example 2.3, it is a natural problem to
seek some subspace of L2(C") such that the product of two localization
operators with symbols in the subspace is indeed a localization operator

with symbol in L?(C").

3. A Product Formula

For any nonnegative real number ¢, we denote by S, the set of all
measurable functions F' on C" such that

B < e FIf(Ql e,
for some function f in L2(C™). It is clear that S, is a subspace of L(C")
for all ¢ > 0. it is also clear that if ¢ < d, then S; C S..

We can now give a formula for the product of two localization operators
with symbols in S,, where ¢ > liéfé.

THEOREM 3.1. Let F and G be functions in Sc, where ¢ > lﬁg@. Then

LpLs = Ly, where H € ﬂ Sd; d=c— i - 8c+1 >0, and
O<d<c

B

H = (2n)™F %2 §)
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Proof. Let f and g be functions in L?(C") such that

(3.1) 1) < e FI£(0)
and
(3.2) 1G(Q)] < e=Flg(¢)]

for all ¢ in C*. Then, by (3.1), (3.2) and the definition of the 3-
convolution, we get, for all ¢ in C*,

/\

’13>
va-

(3.3) = G(w) e2¢@ 1Pl gy,

FC w)||G(w)| eIl g=31F gy,

IA
\\

e | £(¢ ~ w)| e |g(w)] ed ISP +F) g=2loF gy,
< e—(c—z)ld2 / 1£(C = w)l[g(w)| €XReCE) g=erbieP gy,
Cn

But, for any positive number ¢, we have
2cRe((-w) < 2¢C- @] < 2c|(]|w]

(3.4 - 2yEi

< e(ekP + Zlut)
€
for all ¢ and w in C™. So, by (3.3) and (3.4), we have, for all ¢ in C",

(3.5) {(F " )(()I < e—<c———ce)|CI2/ I£(¢ - w)llg(w)] e Qe+ §- Ol g,

Since ¢ > 1+8__\/g, it follows from (3.5) that for any positive number ¢ such
that

(3.6)

¢ <ex1 1
2c+ % 4c’
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there exists a positive constant d. such that

B 1P Q< [ 7 -wlg@)le s, (e

where

1
(3.8) Ce=c— —ce

Since, for any ¢ satisfying (3.6), the function |gle~%M" is in LY(Cn), it
follows from Young’s inequality that the function h. on C" defined by

69 0= [ 1wl s, (ecn
is in L2(C"). Thus, by (3.7) and (3.9),

(3.10) (B G)(Q) < e The(Q), (e,

for any ¢ satisfying (3.6). Now, by Plancherel’s theorem, let H € L2(C")
be such that

(3.11) H=02n)™Fxx Q).

Then, by (3.10) and (3.11), H € S, and hence, by (3.6) and (3.8),

H e () 8s That LpLg = Ly is then of course a consequence of (3.11)
O<d<d
and Corollary 2.4. a
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