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GROBNER-SHIRSHOV BASES
FOR REPRESENTATION THEORY

SEOK-JIN KANG AND KYU-HWAN LEE

ABSTRACT. In this paper, we develop the Grdbner-Shirshov basis
theory for the representations of associative algebras by introducing
the notion of Grébner-Shirshov pairs. Our result can be applied to
solve the reduction problem in representation theory and to con-
struct monomial bases of representations of associative algebras. As
an illustration, we give an explicit construction of Grébner-Shirshov
pairs and monomial bases for finite dimensional irreducible repre-
sentations of the simple Lie algebra sl;. Each of these monomial
bases is in 1-1 corraspondence with the set of semistandard Young
tableaux with a given shape.

1. Introduction

The Grébner basis thcory for commutative algebras was introduced
by Buchberger (7] and provides a solution to the reduction problem for
commutative algebras. More precisely, it gives an effective algorithm of
computing a set of generators for a given ideal of a commutative ring
which can be used to determine the reduced elements with respect to the
relations given by the ideal. In [1], Bergman generalized the Grobner
basis theory to associative algebras by proving the Diamond Lemma.

On the other hand, the parallel theory of Grébner bases was developed
for Lie algebras by Shirshov [12]. The key ingredient of the theory is the
so-called Composition Lemma which characterizes the leading terms of
elements in the given ideal. In [2], Bokut noticed that Shirshov’s method
works for associative algebras as well, and for this reason, Shirshov’s
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theory for Lie algebras and their universal enveloping algebras is called
the Grobner-Shirshov basis theory.

The Grobner-Shirshov bases for finite dimensional simple Lie alge-
bras were constructed explicitly in a series of papers by Bokut and Klein
[4, 5, 6]. In [3], Bokut, Kang, Lee and Malcolmson developed the the-
ory of Grobner-Shirshov bases for Lie superalgebras and their universal
enveloping algebras. They unified the Grébner-Shirshov basis theories
for Lie superalgebras and for associative algebras and gave an explicit
construction of Grébner-Shirshov bases for classical Lie superalgebras.

In this paper, we develop the Grobner-Shirshov basis theory for the
representations of associative algebras. More precisely, let A be a free
associative algebra and consider a pair (S,T) of subsets of A. Let J
be the two-sided ideal of A generated by S and let A = 4/J be the
algebra defined by S. Also let I be the left ideal of A generated by (the
image of ) T and set M = A/I. Then M becomes a left A-module and we
would like to solve the reduction problem for the A-module M. The main
problem lies in the fact that we should deal with two-sided ideals and left
ideals in a unified manner to produce a generalized version of Shirshov’s
Composition Lemma, for the representations of associative algebras. We
overcome this difficulty by introducing the notion of Grébner-Shirshov
pairs. It is a pair of subsets (S, T') of the free associative algebra A that
are closed under certain compositions and the set of (S, T')-reduced words
forms a monomial basis of the A-module M.

We also show how to apply our Grébner-Shirshov basis theory for
representations to solve the reduction problem and to construct mono-
mial bases of integrable highest weight modules over symmetrizable Kac-
Moody algebras. As an application, we give an explicit construction of
Grobner-Shirshov pairs and monomial bases for finite dimensional ir-
reducible representations of the simple Lie algebra sl3. Each of these
monomial bases is in 1-1 correspondence with the set of semistandard
Young tableaux with a given shape.

Our result is a very general one that can be applied to the represen-
tation theory of various interesting algebras such as finite dimensional
simple Lie (super)algebras, Kac-Moody (super)algebras, (affine) Hecke
algebras, and so on. The work on the representation theory of classi-
cal Lie algebras and Hecke algebras is in progress and will be published
elsewhere.
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2. Grobner-Shirshov pair

Let X = {x1, 25, -} be a set of alphabets indexed by positive inte-
gers. Define a linear ordering on X < by setting z; < z; if and only if
¢ < j. Let X* be the semigroup of associative words on X. We denote
the empty word by 1 and the length of a word u by I(u) with I(1) = 0.
We consider two linear orderings < and < on X* defined as follows:

(i) u < 1 for any nonempty word u; and inductively, v < v when-
ever u = T, v = ;0" and x; < x; or z; = x; and v’ < v' with
T, T; € X,
(i) v < v if I{u) < I(v) or I{u) = l(v) and u < v.
The ordering < (resp. <) is called the lezicographic ordering (resp.
length-lezicographic ordering).
Let Ay be the free associative algebra generated by X over C. Given
a nonzero element p € Ay we denote by 7 the maximal monomial ap-
pearing in p under the ordering <. Thus p = ap+)_ fiw; with o, 8; € C,
w; € X*, o # 0 and w; < P. The « is called the leading coefficient of p
and if o = 1, p is said to be monic.
Let p and q be monic elements of Ax with leading terms P and g. Let
S be a set of monic elements of Ax. We define the composition of p and
q as follows.

DEFINITION 2.1. (a) If there exist ¢ and b in X* such that pa = bg =
w with [(p) > [(b), then the composition of intersection is defined
to be (p, ¢)w = pa — bg.

(b) If there exist @ and b in X* such that apb = § = w, then the
composition of inclusion is defined to be (p, q), = apb — q.

(c) A composition (p, q), is called right-justified if = ag = w for
some a € X*. :
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EXAMPLE 2.2. Let X = {z1, 29, 23,24}
(a) If p = 2423 + 297473 and ¢ = T2z3 — x4, then we have two possible
compositions of intersection:

(P, Dzsxdes = (@475 + Tox4T3) 13 — 14(2223 — 24)
= x2x4x§ + 3:2,

_ 2 2
(p, Q)z4zgm3 = (T473 + D2T423)TaT3 — T4 (T35 — T4)
= ToT4T3T2T3 + TqToTy.

(b) If p=25— 1 and q = 42973 — 122, then we have a composition
of inclusion:

(p, Q)z4x2z3 = ~T4($2 - 1)333 - ($4$2$3 - x1$2) = —Z4T3 + T1Z2.

(c) If p = 21222124 + 2923 and q = .74 + 24, then we have a right-
justified composition:

(P @) orzaz120 = T1T2T1T4 + ToT3 — T1Z9(Z1T4 + T4) = ToZ3 — T1T2T4.

Let (S, T) be a pair of subsets of Ax. We define a congruence relation
on Ay as follows.

DEFINITION 2.3. Let p,qg € Ax and w € X*. We say that p and
g are congruent to each other with respect to the pair (S,T) and w,
denoted by p = g mod (S, T;w), if p— g = > avia;s:b; + Y Bjcst;, where
o, B; € C, a;,bi,¢c; € X*, 8 € S, t; € T with ¢;55b; < w and ¢t; < w
for each ¢ and ;.

REMARK. If T = ), we simply write p = ¢ mod (S;w). In this case,
the congruence relation is defined by the two-sided ideal of Ay generated
by S as we can see in the discussion below.

EXAMPLE 2.4. Let S = {2122 + 21} and T = {z374 — 1,}.

(a) If p = 222379, ¢ = @232 + 227923 + 2223, w = z373, then p = ¢
mod (S; w).

(b) If p = Zox324 — 7179, ¢ = Tio13 + 233 + ToT| — T1To, W = Tz,
then p = ¢ mod(S, T; w).

Let (S,T) be a pair of subsets of Ax. If J is the two-sided ideal in
Ax generated by S, then we say that the algebra A = Ax/J is defined
by S. Let I be the left ideal generated by (the image of) T in A. Then
we say that the left A-module M = A/I is defined by the pair (S, T).
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The image of p € Ay in A and M under the canonical quotient maps
will also be denoted by p as long as there is no peril of confusion.

A set S of monic elements of Ay is said to be closed under the compo-
sition if for any p, ¢ € S and w € X* such that (p, q),, is defined, we have
(P, 9)w = 0 mod (S;w). In this case, we say that S is a Grébner-Shirshov
basis for the algebra A = Ax/J defined by S. A set T of monic elements
of Ax is said to be closed under the right-justified composition with re-
spect to S if for any p,q € T and w € X* such that a right-justified
(P, @)w is defined, we have (p, ¢),, = 0 mod(S, T; w).

DEFINITION 2.5. (a) A pair (S, T) of subsets of monic elements of Ax
is called a Grobner-Shirshov pair if S is closed under the composition,
T is closed under the right-justified composition with respect to S, and
for any p € S, ¢ € T and w € X* such that (p,q), is defined, we
have (p,q)» = 0 mod (S,T;w). In this case, we say that (S,T) is a
Grobner-Shirshov pair for the A-module M = A/I defined by (S, T).

(b) A word u € X* is said to be (S, T)-reduced if u # a3b and u # ct
forany s € S, t € T and a,b,c € X*. Otherwise, the word u is said to
be (S,T)-reducible. If T = (), we will simply say that u is S-reduced
or S-reducible.

3. Composition Lemma

The main ingredient of the Grobner-Shirshov theory for Lie alge-
bras and their universal enveloping algebras is the Composition Lemma
proved by Shirshov [12]. It asserts that if S is a Grobner-Shirshov ba-
sis for the algebra A = Ax/J defined by S and p is trivial in A, then
the word p is S-reducible. In this section, we prove the following gen-
eralization of Shirshov’s Composition Lemma to the representations of
associative algebras.

THEOREM 3.1. Let (S,T) be a pair of subsets of monic elements in
Ax, let A = Ax/J be the associative algebra defined by S, and let
M = A/I be the left A-module defined by (S,T). Suppose that (S, T) is
a Grobner-Shirshov pair for the A-module M and that p € Ay is trivial
in M. Then the word p is (S, T)-reducible.

Proof. Since p is trivial in M, we can write

p= Z 0 8:b; + Z Bjcit;,
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where oz, 3; € C, a;,b;,¢; € X*, s, € S, and t; € T. Choose the max-
imal word w in the length-lexicographic ordering < among the words
{a;5ib;, ¢;t;} in the expression of p. If p = w, then we are done. Suppose
this is not the case. Then p <« w and without loss of generality, we may
assume that one of the following three cases holds:

(I) w = a137b; = ag83by, (1) w = c1#; = ooy, (III) w = a1S1b1 = city.

Case I. w = a;57b1 = a9352b, : we will show that asseby = ay51b1
mod(S;w). There are three possibilities:
(i) If the subwords 37 and 32 have empty intersection in a,371b;, then

we may assume that a;s1b; = as1b3zc and axs0by = a31bssc, where
a,b,c € X*. Thus
az89by — ay81b) = —a(s) — 31)bsac + as1b(se — 53¢,

which implies azs9by = a1815, mod (S; w).
(ii) If 57 = ujus, S3 = uoug for some us # 1, then az = ayuq, by = usbs,
and
ApS9by — 15101 = a1u1852b2 — a151u3by

= —ay(s1u3 — U152)b2 = a1(s1, 32)u1u2u3b2-
Since (81, $2)uusus K Uruous and S is closed under the composition, we

obtain asssby = a1510 mod (S; w).

(ii1) If 37 = uiSqus, then a; = aju;, by = ugby, and

agS2by — a15101 = a1u189uxby — ars1hy
= a;(u1S2ug — $1)by = a1(s2, 51)57b2-

Since (s1,s2)5; < 3z and S is closed under the composition, we get
a282bs = ay81b; mod (S; w).

Case I1. w = ¢1t; = ¢ty : we will show that cots = ¢ity mod (0, T; w).
We may assume that &, = ut;, u € X*. Thus

Coty — 1ty = cota — ut1) = co(tats )z

Since (t2,t)5; < t2 and T is closed under the right-justified composition
with respect to S, cots = 1t mod (S, T;w).

Case IIl. w = a;51b; = c1t1: we will show that

a1510 = a1ty mod (S, T;w).

There are three possibilities:

(i) If the subword 57 and #; have empty intersection in w, then as we
have seen in Case I (i), we have a;81b; = ¢1t; mod (S, T; w).
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(i) If 57 = sb, t; = bb; for some b # 1, then
a151b1 - Cltl = a1(31b1 — Stl) = a.l(sl,tl)w,

and we get a;,5101 = ¢it; mod (S, T; w).
(iii) If £, = s351b1, then

a131b1 - cltl = 61(881b1 - tl) = (1 (81, tl)w;

which implies a151b; = ¢1t; mod (S, T;w).
Therefore, p can be written as p = > ajajs;b; + - Bjcjt;, where
aisibl < w for all i and cgg <« w for all j. Choose the maximal word

171
w; in the ordering < among {a;s}b}, ¢;t;}. If p = wy, then we are done.
If this is not the case, repeat the above process. Since X is indexed by
the set of positive integers, this process must terminate in finite steps,

which completes the proof. O

THEOREM 3.2. Let (S,T) be a pair of subsets of monic elements in
Ax, let A = Ax/J be the associative algebra defined by S, and let
M = A/I be the left A-module defined by (S,T). Suppose that (S,T)
is a Grobner-Shirshov pair for the A-module M. Then the set of (S, T)-
reduced words forms a linear basis of M.

Proof. Suppose > o;u; = 0 in M, where o; € C and wu; are distinct
(S, T)-reduced words. Then, by Theorem 3.1, 3 oyu; is (S, T')-reducible.
Since each u; is (S, T)-reduced, we must have ¢; = 0 for all 7. Thus the
set of (S, T')-reduced words is linearly independent.

Now we will show that any word u € Ax can be written as

Uy = Z o;u; + Z,Bjajsjbj + Z YeCrlr,

where u; is an (S, T')-reduced word, o4, 3;, V¢ € C, a;,bj,¢cx € X*,s5; € S,
tr €T, a;5;b; Ku and ¢ty L u for all 4, 7, k. If wis (S, T)-reduced, then
there is nothing to prove. If u = a5b with s € S, then u — asb =) n;v;,
v; K u. fu=ctwithteT, then u—ct = nlw;, w; € u. We now
apply the induction to complete the proof. O

COROLLARY 3.3. Let (S,T) be a pair of subsets of monic elements
in Ax, let A = Ax/J be the associative algebra defined by S, and
let M = A/I be the left A-module defined by (S,T). If M is finite
dimensional and the number of (S,T)-reduced words is equal to the
dimension of M, then (S,T) is a Grobner-Shirshov pair for the A-module
M.
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Proof. In the proof of the above theorem, we showed that the A-
module M is linearly spanned by the set of (S, T)-reduced words. Since
the number of (S, T)-reduced words is equal to the dimension of M, it
forms a linear basis of M. Suppose (S, T) is not a Grébner-Shirshov pair
of M. Then there is a nontrivial composition among the elements in S
and T, which can be written as a linear combination of (.S, T')-reduced
words. Since any composition should vanish in M, we get a nontrivial
linear dependence relation among (S, T')-reduced words in M, which is
a contradiction. a

REMARK. The above statement can be generalized to the graded A-
modules with finite dimensional homogeneous subspaces by a straight-
forward modification of our argument.

Let (S, T) be a pair of subsets of monic elements in Ax, let A = Ax/J
be the associative algebra defined by S, and let M = A/I be the left
A-module defined by (S,7). We will show that how one can complete
the pair (S, T) to get a Grobner-Shirshov pair for the A-module M.

For any subset R of Ay, we define
R = {p/a|a € C is the leading coefficient of p € R}.
Let S© = S. For i > 0, set

St = {(f, 9)w#0 mod (5V; w)| f,g € SO},
§G+1) — g §(i)'

Then, clearly, the set S = ;5 S® is closed under the composition.
Note that the algebra A is defined also by S.

Let T® = T. For i > 0, set
T = {(f, 9)u0 mod (S, TD; w)| f, g € T, (f, g)., is right-justified},
T(i+1) — T('L) U j\v(z)

Then the set T° = | 5, T is closed under the right-justified composi-
tion with respect to S.
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We now consider the compositions between S and T¢. Let X© = T,
For i > 0, set

X = {(f,9)u0 mod (8, XV; )| f € S, € XV},
X0 = (x® U)?(i))c-

Let 7 = U, X®. Then the A-module M is defined also by the pair
(S,T) and (8, T) is a Grébner-Shirshov pair of M.
We summarize the above discussion in the following theorem.

THEOREM 3.4. Let (S,T) be a pair of subsets of monic elements in
Ax, let A = Ax/J be the associative algebra defined by S, and let
M = A/I be the left A-module defined by (S,T). Then the pair (S,T)
can be completed to a Grobner-Shirshov pair (S,T) for the A-module
M.

4. Kac-Moody algebras

In this section, we show how to apply our Grobner-Shirshov basis
theory for representations to solve the reduction problem for integrable
highest weight modules over symmetrizable Kac-Moody algebras.

Let 2 = {1,2,...,n} be a finite index set and let A = (a;;); jen be
a symmetrizable generalized Cartan Matrix of lank [. Fix a realization
(h,II,IIY) of A in the sense of [8]. Extend the set ITV to obtain a basis

H= {h’l"" ,hnahn—)—la"' ’h2n—l}

for h. Let E = {e;}ico, F = {fi}ica, and X = E UH U F. We define a
linear ordering on X by setting

€; ~ hj > fr foralli,j,keq,
6,‘>6]‘, hi>-h,j, fi>-fj 1f’L>]
Then we have the lexicographic ordering and the length-lexicographic

ordering on X* as in Section 2. We denote the left adjoint action of a
Lie algebra by ad and the right adjoint action by ad.
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The Kac-Moody algebra g = g(A) associated with A is defined to be
the Lie algebra with generators X and the following defining relations:
W [hhi] (6> 3),
leifs] = dishi,  leshs] + ilhy)es,  [hafs]+ o5(ha) fs,
S (ade)' ™%e; (i >7),
1 —
D @)y 6>9)
S_: (adfi)' 7 f; (> 7)),
fiad ;)7 (i > 4).

Let $ = S, UW US_. We denote by g, (resp. h and g_) the
subalgebra of g generated by F (resp. H and F). If we consider the
set of relations S as a subset of Ax with [z,y] = 2y — yz, we can
easily see that the universal enveloping algebra U = U(g) of g is the
algebra defined by S in Ax. We denote by U, (resp. Us and U_) the

C-subalgebra of U with 1 generated by e;’s (resp. h;’s and f;’s).
Let

P ={)e b |\() € Z,icQ},
P, ={) € P|A(h;) > 0,i € Q}.

The set P is called the weight lattice and an element A € P, is called a
dominant integral weight. Let

TVer = {ei, hi — )\(h,)I'L € Q},
and for A € Py, set
Ty = {ff""icQ} and T =Ty, UT.

Let V(A) be the irreducible highest weight g-module with highest
weight A € P,. Then any highest weight g-module with highest weight
X € P, and highest weight vector vy is isomorphic to V() if and only if
7 (h:)+1y, = 0 for all i € Q ([8]). Using the language of Grébner-Shirshov
basis theory, this fact can be rephrased as follows:

PROPOSITION 4.1. The irreducible highest weight g-module V' ()\) with
highest weight A € P, is isomorphic to the U(g)-module defined by the
pair (S, T). Moreover, due to the triangular decomposition of U(g), V (A)
can be regarded as the U_-module defined by the pair (S_,T)) in Af.



Grobner-Shirshov bases for representation theory 65

As we have seen in Theorem 3.4, the pair (S_,T)) can be completed
to a Grobner-Shirshov pair (S, 7) of the integrable highest weight U{(g)-
module V()). Consider first the set S_ of Serre relations. To obtain
a Grobner-Shirshov basis S for the algebra U_, one can take a direct
approach of computing all the possible non-trivial compositions in S_ as
was described in Theorem 3.4. An alternative approach is to compute
the Lie compositions and use the main results of [3]: a Grobner-Shirshov
basis for the Lie algebra g is also a Grébner-Shirshov basis for its uni-
versal enveloping algebra Ul(g).

For the finite dimensional simple Lie algebras, the Grobner-Shirshov
bases were completely determined in [4, 5, 6]. For the affine Kac-Moody
algebras, the Grobner-Shirshov bases were constructed only for the sim-
plest case — for the affine Kac-Moody algebra of type AP [11].

Now assume that we have a Grébner-Shirshov basis S for U(g). Note
that the set T) is already closed under the right-justified composition
with respect to . Therefore, to construct a Grobner-Shirshov pair
(8, 7) for the integrable highest weight U(g)-module V' ()), we have only
to carry out the last step of the algorithm given in Theorem 3.4, and
this process works for any symmetrizable Kac-Moody algebras. How-
ever, when the character of V() is known, it would be more practical
to compute sufficiently many relations in V(A) and make use of Corol-
lary 3.3. This is the approach we take in the next section to construct
Grobner-Shirshov pairs for the simple Lie algebra sls.

5. Irreducible modules of si3

In this section, we will give an explicit construction of Grobner-
Shirshov pairs and monomial bases for finite dimensional irreducible
representations of the simple Lie algebra sl;. We will also show that
each of these bases is in 1-1 correspondence with the set of semistandard
Young tableaux of a given shape.

Recall that the simple Lie algebra sl is a Kac-Moody algebra asso-

ciated with the Cartan matrix <_21 9 ) Hence the algebra U_ is the

associative algebra defined by the set S_ = {[f2[f2/1]], [f2f1]f1]} of the
Serre relations in Ap, where F' = {f, fo}. It can be easily verified that
S_ is already closed under the composition (see, for example, [4]). Thus
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the algebra U_ has a monomial basis consisting of S_-reduced words
f{l(fgfl)bff in F* (a, b, C Z O)
LEMMA 5.1. The relations

foff =k RA - fif: (K2>2)
hold in U_. In other words, they belong to the two-sided ideal generated
by S_ in Ap.

Proof. If k = 2, then it is just [[f2f1] f1] = 0, which is given by S_. As-
sume that the relation holds for some fixed k. Since [fof1]f1 = fi[f2f1),

we obtain
LfFT =k R f A+ FE R
= (k+ 1) fffofi] + f1 f2
as desired. 0

Let A = mA; + nA, be a dominant integral weight for sl3, where A;
are the fundamental weights (¢ = 1,2), and let V()) be the irreducible
highest weight module over sl with highest weight A. Then, as a U_-
module, V(1) is defined by the pair (S_,T)), where Ty = {fi"*?, fa*1}.
From now on, we will say that a relation R = 0 holds in V (\) whenever
R is contained in the left ideal of U_ generated by T).

LEMMA 5.2. The following relations hold in V(A):
(2) =0 (c20),

(b) fiMelf2filfs + mrorl

Proof. If ¢ = 0, then it is just f{**! belonging to 7. Assume that
we have the first relation for some fixed ¢. Multiplying f» from the left,
Lemma 5.1 yields

f2f17n+c+1f20 — (m +c4+ l)flm+c[f2fl]f2c 4 f{n+c+1 2c+1’

which gives the second relation for ¢. Now, multiplying [f2f1] to the left
of the first relation and using the second relation obtained in the above,
we get

1

[fzfl]f1m+6+lf26 = 1m+c+1[f2f1]fgc = —m

Thus we get the first relation for ¢ + 1. By multiplying f» from the
left again, Lemma 5.1 yields the second relation for ¢ + 1. Hence by
induction. we obtain the desired relations. O

frrerifitt=0 (c20).

m+c+2 petl
VAR o
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LEMMA 5.3. The relations
b

(m b+C+1) m—b+c+r+1 b—r petr __
;( —b+c+r+1)<)f1 TETRALT T =0

holdinV(A) forc>0and0<b<m+c+1.

Proof. Fix an arbitrary ¢ > 0. If b = 0, then the above relation is just
firetl fe — 0, which is the first relation in Lemma 5.2. Assume that
the relation holds for some fixed b. Multiplying by f2 from the left and

using fo[fof1] = [fafilfo, we get

( (Tbi_:i':i)l) ( >f fim b+c+l+r[ff]b T r+c

b+ (b
E:+Z+C:T; ( ) m-+c— b+r[ff]b r+1fr+c

Mo

r=0

b

r=

%
+ZO( (m—b+c+1)! < >f1m bretrl[ g, g 1b=r preetl

m—b+c+r+1)!

= (m=b+c+ 1) fafi] T f5 + (an iji;l) frke+d ghiest
+ Z Ti - j’_':i":i)l) (b -:: 1) frmbretr] g, £ oL petr
Dividing out by the leading coefficient, we get
Hzl (m—b+c)! (b + 1) m— b+c+r[f fi ]b r+1fr+c _
—(m—btc+r)\
which is the desired relation for b + 1. O

LEMMA 5.4. The relations

m+1
[f2f1 m-Hf2 + Z c — r (m + ].)flr[f2f1}m——r+1f2c+r =0

r

hold in V(X) for ¢ > 0.

Proof. If ¢ = 0, it is the same as the case of b = m+1, ¢ = 0 in Lemma
5.3. Assume that the relation holds for some fixed c. Multiplying by fa,
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we have
sy m+1

[f2f ]m+1 c+1 Z ( )f2f1 [f fl]m 1+1fc+r
— m1 c+1 m+1 m+1 r—1 m—r+2 pctr
= [f2hi] +Zm< - ) 1 [fofi] f3

m+1

+ Z e fr)! (m + l)fl [fafu] ™t fotr+l
_ c+m+2[f2f ]m+1fc+l ’ +;‘:+ ol 11n+1 c+m+2

+ Z Amfl [f?fl]m r+1fc+r+1

where A = (1) (r+1) + (™) (¢ +r +1). Dividing out by the leading
coefficient, we get the desired relation for ¢ + 1. a

THEOREM 5.5. The pair (S, 7,) is a Grobner-Shirshov pair for the
irreducible highest weight module V ()) over the simple Lie algebra sls,
where S = S_ and T, consists of the following elements:

(@) f3*,

m~+1
W G LY e
(1 <e<n),
b —b b
Z —b +1’jji)1) <r) F SRl 7Y i) i Ao

r=0
0<b<m, 0<c<n).
Hence the set of the monomials of the form

fEf2h)fs 0<c<n, 0<b<m,0<a<m=-b+c)
forms a linear basis of V().

Proof. By Lemma 5.1 — Lemma 5.4, we see that the above relations
hold in V(A). Note that the set of (S, 7;)-reduced words is given by:

ff2f1)'fs (0<c<n, 0<b<m, 0<a<m-—b+c).
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Hence the number of (S, 7,)-reduced words is

n m 1
;g(m—b+c+1)=§(m+1)(n+1)(m+n+2).

This is exactly the dimension of V'(A). Hence by Corollary 3.3, the pair
(8, 7T,) is a Grébner-Shirshov pair for V(). O

Let A = mA; + nA; be a dominant integral weight for sl; and let
Y* = {(1,7),(2,5))]1 <i < m+mn,1 < j < n} be the Young frame of
shape A\. We define a semistandard Young tableau of shape A to be a
function 7 of Y? into the set {1,2,3} such that

7(k,i) < 7(k,i+1) for k =1,2,
7(1,5) <7(2,7) forallj=1,--- n.

As usual, we can present a semistandard Young tableau by an array of
colored boxes. For example, the following are semistandard tableaux of
shape 2A;, 3A, and 2A; + A,, respectively.

12]2 1[1]1]
AHE 3

We would like to identify the monomial basis consisting of (S, 7j)-
reduced words with the set of semistandard Young tableaux of shape A.
Consider the empty word as the semistandard Young tableau 7* of shape
A defined by 7*(1,4) = 1 and 72(2,5) = 2 for all 4, j. To each (8, 75)-
reduced word fE(fof1)?fSwith0 < c<n, 0<b<m, 0<a<m-b+c,
we associate the semistandard Young tableau 7 as follows. Start with
the tableau 7* and change its entries by the following rule:

(i) Let the word f, change the box to the box |3} let the word
f2f1 change to and let f; change to

(ii) Let the words fz, fofi and f; in f&(fof1)f$ act successively on
7 changing the boxes in 7* from the right.

For example, the word f2(fsf1)?fs occurring in V(3A; + 3A3) corre-
1/1]2]2]3]3]

2[2]3 ‘

More explicitly, to each (S, 7)-reduced word f&(fof1)fs with 0 <
c<n 0<b<m 0<a<m-—>b+c, we associate the semistandard

sponds to the semistandard Young tableau
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Young tableau 7 defined by:

7(1,1) =

T(2aj) =

Then it is now easy to verify that the above correspondence defines a
bijection between the set of (S, 7y)-reduced words and the set of semis-
tandard Young tableaux of shape A.

PROPOSITION 5.6. The monomial basis of V(\) given by (S,T,)-
reduced words is in 1-1 correspondence with the set of semistandard
Young tableaux of shape \.

Furthermore, we can define a colored oriented graph structure on the
monomial basis of V() consisting of (S, 7,)-reduced words (and hence
on the set of semistandard Young tableaux of shape A): for each i =1, 2,

we define w — w' if and only if w' = f;w. This graph is usually different

Seok-Jin Kang and Kyu-Hwan Lee

LW N W N =

ifl<i<m+n-1-0,
ifm+n-a-b+1<i<m+n-yb,
fm+n-b6+1<i<m+n,
ifl<j<n-g
ifn—c+1<j5<n

from the crystal graph developed by Kashiwara ([9], [10]).
Our discussion will be illustrated in the following example.

EXAMPLE 5.7. Let A = 2A; + Ay. In the following, we list all the
(8, T)-reduced words and the corresponding semistandard Young tableaux

of shape A.

1 fife
1[1]1] [1 1 1]1]2]
2l B [ 3

fofi f fi f2fa
1f1[3] [1 1 2] 2]
2 3] 2]
fifofife (f2f1)? f2 (fof1) S
1)2]3] |1 2 3]3]
3 2 3
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The colored oriented graph for V'()) is given in the following figure.

1[1]1]
= 2
1/ \
i[2]
12 L3
P /
22 i3] [
eV

11 =
22| [1]2]3] 1] 1]3]
3 2] 3]

1]

|

—

ot

7] IBENBEE

[ e ro

no
—

23] 73]
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