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NOTE ON THREE OF RAMANUJAN’S THEOREMS

INHYOK PARK AND TAE YOUNG SEO

ABSTRACT. The object of this note is to introduce three Ramanu-
jan’s formulae of similar nature among his many curious ones and to
prove them by making use of the theory of generalized hypergeometric
series.

1. Introduction and Preliminaries

The intention of this note is to prove the following curious formulae
of Ramanujan which were recorded in [3, p. 495]:

z—1)\2 (z—1)(z—2))° _{T(z+1))?
(1.2) 1—3<$+1) +5{———($+1)(w+2)} — = TR

(1.3)

z—1)\° (z-1)(z—-2))° _{D(z+1)P*r@3z - 1)
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by considering special cases of known transformation formulas involving
generalized hypergeometric series.

The generalized hypergeometric series with p numerator and ¢q de-
nominator parameters is defined by
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where (1)), denotes the Pochhammer symbol (or the shifted factorial,
since (1), = n!) defined by, for any complex number A,
AMA+1)...(A+n-1), ifneN:={1,2,3,...},

(15) N = { 1 ifn=0

which, in virtue of the fundamental relation for the Gamma function I :
(1.6) F(A+1)=A()\) and T(1)=1,
is written in the following equivalent form:

(A +n)

(17) (=553

(A#0, =1, =2, ...).

A useful well-known asymptotic formula for Gamma function is also
provided:

(1.8) %‘:—ig—izza-ﬁ [1+o<i—)] (2 = o0; |argz| < m).

By making use of the Pochhammer symbol and the following elemen-
tary identities

o _ (32
(=D =2 (@=n)=(~1)"(~z+ 1) and 2n+1= 0",

the three formulae concerned are expressed in terms of generalized hy-
pergeometric series as follows:

3 _ - 2
(1.1) 4F3[1’ 2 z+1, —z+1 ll] T

5, ¢+1, z+1 T -1
1, 3, —z+1, —z+1 {C(z+ 1))
1.2/ F3 |7 % ’ —l =y
(1.2 4 3[ Lz+l, 241 ‘ ] L'(2z)
(1.3")
7 1, 3, —z+1, —z+1, —z+1 1l = {T(z +1)}°r(3z — 1)
574 %, z+1, z+1, z+1 B {T'(2x)}3 .
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2. Proof of (1.1), (1.2"), and (1.3')
We start with a transformation formula due to Whipple [4, p. 253]

(2.1)
F[ a, 1+ %a, b, ¢, d, e, —m }
e la,1+a-b, 1+a—c 1+a—d, 1+a—e 1+a+m
_(I+a)m(l+a—d-e)m
T (l+ta-dm(l+a—e)m

l+a-b—¢c d, e, —m
A 1o G

l1+a—-b, 1+a—¢, d+e—a-—

which transforms a terminating well-poised 7Fg into a Saalschiitzian 4 F3,
and conversely transforms any terminating Saalschiitzian 4F3 into a well-
poised 7F%.

Taking the limit as m — oo in (2.1) with the aid of (1.8), we obtain
the formula
(2.2)

a, 1+%a, b cd e

F ’ 2% Y ’ _
65[ %a, l14a-b, 14a—¢, 1+a—-d, 1+a—e ’ 1]
_F(1+a—d)I‘(1+a—e)F l+a—-b-c, d, e
“TAl+all+a-d—e>?| 1l+a-b, 1+a-c

which expresses a well-poised ¢Fs with argument —1 in terms of 3F
with argument 1 and vice versa.

If we make ¢ — oo in (2.2) with the aid of (1.8) and use Gauss’s
summation theorem [2]:

SR IR

and, in the resulting equation, replace d and e by ¢ and d respectively,
14+ 1
5F4[ 1 a, 14+3a, b, ¢, d

we derive the formula
1
50, 1+a—-b, 1+a-—g, l+a—-d ]

Tl+a-dll+a—cl(l+a-dIl(l+a-b—c—d)
" Tl+4+al(l+a-b—-cll+a—b—adT(1+a—c—d)’

(2.4)
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which, for d = 3a, yields Dixon’s theorem [1]:
a, b, ¢

3F2[ l1+a-b, 1+a—-c 1}

_T(1+3a)T1+a-bl(1+a—l (1+3a—-b—c)

T T(l+al(1+3a-b)T(1+ia—c)T(1+a-b—c)

Then making d — oo in (2.4) with the help of (1.8), we obtain the
_I(i+a-dI'(1+a~c)

formula
_ 1]
Fl+al(l+a—-b-c)

Now setting a =1, b =c=d = —z + 1 in (2.6) and (2.4) yields the
desired formulas (1.2’) and (1.3).
To prove (1.1'), recall the formulas [5, pp. 261-262)

a, b, ¢, d
4F3[ l4+4a—-b, 1+a—-c¢, 1+a—d ‘1]

(2.5)

a, 1+2a, b, ¢
F ) gty Yy
43[ %a, l1+a—-b, 1+a—c

(2.6)

Ml+a—-bl(l+a—-cT'l+a—-d)I'(14+a—-b—c—d)
2.7y =
Fl+all+a-b—cT(l+a—-c—d)I'(1+a—b—d)
16, ¢ d
2 Y )
X4F3[ 1+%a, -;——i—%a, b+c+d—a il]’
b, ¢, d
3F2[ k, b+c+d—k+1 Il]
(2.8)

_ T(E)T(k—b— )Tk —b—d)T(k — c— d)
(

T Tk-bI(k—cl(k—-dIT(k—b—c—d)
respectively, we obtain
(2.9)
1 ]
5 z+1, z+1
I(1/2){T(z + 1)}’T (2z - 3) " [é, —r+1, —z+1 ‘ 1}

If we replace a, b, ¢, and d by 1, %, —z+1and —z +1 in (2.7)
3 _ _
Fs [1, 5 —xz+1, —z+1
1112 1, 2 -2z
F(2a:){1"(:c—§)} » 2
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which, for k =1,b=1/2, and c= —z+ 1 = d in (2.8), and using (1.6),
leads immediately to (1.1).

Finally, settinga=1and b=c=d=e = —z+ 1 in (2.2), we obtain
a formula of similar nature as those considered here

-3 (20) e { e
(2.10) =6F5[1’ 3, —z+1, —z+1 —z+1 —z+1 ‘ _1}

%, z+1, z+1, z+1, z+1
{T(z+1)}? 2z, —z+1, —z+1
= —— 3k 1f,

I'(2z) z+1, z+1

the 3F5 of which does not seem easy to be expressed as. a closed form.
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