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A NEW CLASS OF INTEGRALS INVOLVING
HYPERGEOMETRIC FUNCTION

ARJUN K. RATHIE, JUNESANG CHOI AND VISHAKHA NAGAR

ABSTRACT. The aim of this research is to provide twenty five inte-
grals involving hypergeometric function in the form of a single in-
tegral. Fifty two interesting integrals follow as special cases of our
main findings. These results are obtained with the help of gener-
alized Watson’s theorem on the sum of a 3F, recently obtained by
Lavoie, Grondin and Rathie. The integrals given in this paper are
simple, interesting and easily established, and they may be useful.

1. Introduction

We start with an interesting integral due to MacRobert [2, p. 450]
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provided Re(a) > 0, Re(8) > 0 and the constants ¢ and d are such that
none of the expressions 1+c¢, 1+d and 1+cz+d(1—x), where 0 <z <1,
are zero.

In 1992, Lavoie, Grondin and Rathie [1] have obtained the following
generalization of the well known classical Watson’s theorem on the sum
of a 3F%, viz.
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1,0, 1, 2. Also [z] is the greatest integer less than or

for 2, 3 = -2, —1,
equal to z. The tables of the coeflicients A; ;, B; ; and C; ; are given as

in [1].
In the same paper [1], the following fifty special cases of (1.2) are

given.
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where 4, j = =2, =1, 0, 1, 2 and as usual, (1), = T'(A +n)/T(A) (A #
0, -1, =2, ...), and the tables of the coefficients D; ; and E; ; are given
as in [1].
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2. Main Results

The integrals to be evaluated are, for ¢, j = -2, —1, 0, 1, 2,
(2.1)
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provided Re(2e—a—b) > —1—i—2j fori, j = -2, —1,0, 1, 2; Re(e) > 0
for 7 =0, 1, 2; and Re(e) > —j for j = -2, —1.

The coefficients 4; ;, and B; ; and C; ; can be obtained from the tables
of A; j, and B; ; and C; ; by simply changing c to e. The constants ¢ and
d are such that none of the expressions 1+¢, 1+d and 1+ cz+d(1—z),
where 0 < x < 1, are zero. Also [z] is the greatest integer less than or
equal to .

3. Proof of Integrals

In order to evaluate (2.1), let us consider a more general integral
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involving hypergeometric function, viz.
1
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provided Re(u) > 0, Re(o) > 0, Re(A+0—a—b) > 0 and the constants c
and d are such that none of the expressions 1+c¢, 14+d and 1+cz+d(1—z),

where 0 < z < 1, are zero.

PROOF OF (3.1). Express the hypergeometric function as a series,
change the order of integration and summation, which is easily seen to
be justified due to the uniform convergence of the series in the interval
(0, 1), evaluate the integral with the help of a known result due to Mac-
Robert (1.1) and sum the series. We finally arrive at the right-hand side
of (3.1). O

Now we are ready to evaluate (2.1). In (3.1), if we take u = e, 0 = e+J
and A = $(a+b+1+1) (5,5 = -2, -1, 0, 1, 2), then we obtain the
following form
(3.2
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The series on the right-hand side of (3.2) can be summed with the
help of (1.2) and we arrive at (2.1).

4. Special Cases of (2.1)

1. Let b = —2n and replace a by a + 2n or let b = —2n — 1 and
replace a by a + 2n + 1, where n is a nonnegative integer. In each case
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one of the two terms on the right-hand side of (2.1) will vanish and fifty
interesting integrals are produced. They can be simply represented as,
fori,j=-2,-1,0,1, 2,

(4.1)
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where the coefficients D; ; and E; ; can be obtained from the tables of
D; ; and E; ; by simply changing ¢ to e.

2. If the Gegenbauer polynomials [3, p. 279] are considered in the
form

(4.3) Ci(l—2z) =

2 1
( Z')n o F1(—n, n+ 2q; 5 + a; )

then the case i = 0, j = —1 of (4.1) and (4.2) gives the following inter-
esting results.
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provided Re(e) > 1, Re(2e — 2a) > 1, and
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These are two typical illustrations.

3. In (2.1),if wetaket =1, j=1and ¢ = -1, j = —1, we get two
integrals obtained earlier by Sharma and Rathie [4].

4. In (2.1), if we take 1 = 0, j =1 and ¢ = 0, j = —1, we get two
integrals obtained earlier by Rathie [5].
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