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Structure factory= fIiES E&3F electron density
E o FHEEI #O2 electron density:= phaseE
1473} structure factors 4w {EEE glonz
structure factor®} electron densitys A2 Fourier
transforme|t}.

1. Fourier Series

Single crystal2] electron density:= unit cell®] a,
b, clill HHSE HETolr] BEEE HIAREeH.

Fourier's theoremel] <€]3PH continuous, single-
valued, periodic functionl l[/(X/Ll)—‘: @} A o)

sine 7} cosine® & o] Fo]7] thg 72 series® 3 F
2.
v()—() 2y [C(h)coszn@ +S(h)sin27r]£(}
(l - a a
1)

o] F#ERAAM hE integere|th. Coefficient C(h)
and S(hye TRA L2 Ak

C(h) = jo w(%()coszn}%dx

(proof)

@

jov( )cosZﬂ—dX j—[C(h)cosznh—
+ S(h)sinZE}%] COSZﬂ}%dX
j [C(h)coszn@—cosan

+ S(h)sinzn}% cosZn}%]dX

AR cosA cosB = 1/2 [cos(A + B) + cos(A — B)]
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sinA cosB = 1/2[sin(A + B) + sin(A — B)]

of] &J&}e] sined} cosineo] 4of 9= 2 zero?} H
™ cosinedl Y= EE hx k' QuE zeroo] X
h=h'¥ # G5 Chyt =t
2a hxy
= ZJ()C(h)(cosZn;) ax
2 1 hX
= L—Z_[OC(h)i(l + cos47r7jdX = C(h)
Coefficient S(h)= Fhrzto] delzlHt.
sy = [ w()_()smzn@dx 3)
0 a a

(proof)

JW( )sm?,ﬂ—dX J. [C(h)cos27rﬁ—

+ S(h)sin2 n]%(] sin2 nﬁng

h'’X

= %J.H[C(h)COSZﬂ}—ZKSIHZE—
avo

+ S(h)sin2 n]—lj—( sin2 n}l—a)—(] dx

Ao 3oy zeroo|™ =H

RAA3F2- cosine?} sine®]

B
A3 sinA sinB = 1/2[cos(A — B) — cos(A + B)]

o &5k A= n'd W zerool™ h=h'Y 9
2a %'4%
c—leS(h)(smzfr7 dx

Qa1 hX
aJOS(h)i(l—cos4n7)dX = S(h)
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wekA function w(X/ay} GBAE, Ch)S} Shye=
hell Aste] AAR 4= glet.

18 ] 0

Euler's theorem cosg = &1 ¢ , Sinf = ;ie
E o83l (DX yXlaplA 28 BpFEsl oLz
o] =1},

W()Z() - 51& gmc(h){[eXp(zm}%‘)
+ exp{—Zm%X)] _ iS(h)I:CXp(2m'}%()
"CXP(~2 m‘%xﬂ }

- 2ia Z {expzm%[ah)—iswﬂ

exp(—Zm’%)[C(h) +iS(h)] }
ZL 2 {G(—h)exp(2m'h7x)

+ G(h)exp(—2m'%x)}

Hq71M G(=h)y = Ch) - iS(h), Gh) = Ch) + iS(h)°]
I he] e - eellH o o]ER A5 FIHS 7
< Z& 7 ER O37ge] He

V(X) Z G(h) exp( thX)

(4Y2]-2 exponential function®Z }eRA one dimen-
sional Fourier seriese|o}. (2) & (33 o] A4
G(hye vhate] Fal<ivh.

G = [ WCS exp2m'}%(dX

(proof)
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1 e h Ny
EJ.OG(h) exp(—Zm;’W exp(2m7 ax

j G(h) exp{2mw}a’X

R

e TR

—G(h) exp{Zm(” h)X}/{Zﬂi(h’; h)}

0

Oif h#£h'or G(h)if h=Ah" (6)

BRE 3RTEHCE 29 X, ¥ Z= AR EFem
B MR Sgepd wgzte] AAld

XYZ 1 &

abc) ~ abe ‘;MG(hkl)
exp(- 2ﬂ1)(}-ll(+k?y+ l?z) @

IEZF ZZRICHY Fourier series®] coefficient G(akly=
(543} 7re] Hgo] Ht.

Gehid) = [ ][ {352

exp[Zm(}% 2o ZZ) dXdvdzZ ®)

Functions (7)= w(g@ﬂr ®R G(hkiy= M2
Fourier transforme]e} ). kel Grkd)o] BE h,
. ol sted e y TIEpE A, ks
W(fl’: 7} & SERIQ) 0, 0, O_Evrlﬂ a, b, 7HA¢]
B o2 Grkiel AlAFRS}. (7%E Fourier

synthesise]g} 3, (8):%-2 function V’()—(X <19
. . - abc
Fourier analysisg} gh,

u/(gga—‘;— electron densityel] sledsl= EErelH)

G(hkly} crystallographyollA] oJ® function?} 2+
A ofEA},

2. Electron density

[RFRES] E75mE EFEE o=k 31k Single
crystal®] latticedl] A electron density p(X/aye A
#:8 Ve B2 periodic functiond] (42 w(X/a)e}
2ok $84 et ot BIEEENE A7)
™ XAl o) vl 2R B axel M ETFEE oty
o YT Y 5 QT dXRSY BT
pXlaydxelet. 234 unit cellNY] X/aoll Y= BE
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FTFE pX/ay?] Fkel structure factor W]€] scat-
tering factore} 22 7l o]oJA] structure factor F(h)y
t27be] SR FondhY

Fhy = [ p(%()exp(Zﬂi}%jdX. ©)

YXla)?} p(Xlaye 7r2- Zlolmz, A4S A ©9rl

slsha heo) G,
Cela WX
F(h) = L;,h,zz_ﬂmexp(—zw)

exp(zmh—f)dX. (10)
od71A he summationel|ZF A E L AR = F
#eue Hsle] 2ml s} g

F(hy = Z G|, exp[ZmM}lX.

h =—00
AEsP 631 Zo] kel b= integere] BE. k=
h'd W Fe] H3 h=h' Y W BRI} et

Fh) = G(h.

ulebA Gh)e= crystallographyell A structure factor
FhE VEMEZ A 4)2 vh8-<] o] one dimen-
sional electron densityS WJehfl= one dimensional
Fourier series®] ™}

ol X) 2 F(h)exp( Zm—j

]—w

A|5H5E] fractional coordinate X/a=x, Y/b=y, Z/

=75 AP —#3] electron density function
% three dimensional Fourier series®. TFa7te] A
ot

<=

p(xyz) = i F(hkl) expl-27mi(hx + ky + 12)]

(1D

oJ7]4] VA= unit cell volumeo|=}. p(xyz)2] x, y, 7=
crystallographic axis52] fractions WFePl™ struc-
ture factor F(hkDPl Sl x, y, z&
coordinatee] o},

atomic
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(11)3= electron density”} complex functiond-&

BENEFY structure factor?]S- W) Yste] vhe7zko] &
Alg 4= )}

plwa) = 3 3, IF(kD)| expliohkd)

hiel = oo

exp[-2mi(hx + ky + [z)]

1714
Y sin(hx; + ky; + Ix;)

Jikl = —o0

2 cos(hx; + ky; + Ix,)

hkl = —co
Q) Ak glomz, 94 chege] Azl

a(hkl) = arctan = -0kl

pay2) = 3 (F (kD] explio(hiD)]

exp[-2mi(hx + ky + [z)] + ’F(lfm)'
explio(hkD)exp[—2mi(hx + ky +12)1}

= %/i |[F(hkD)|expi[ (hkl)

hkt=0
“27(hx + ky + 12)] + |[F(hkD)|
expila(hkD)-27m(hx + ky + Iz)]

Friedel's lawel €3} [F(hkD) = |F(hkD) ©] =2

p(hkl) = %/ S {F (k)| [cos{-27(hx + ky + I2)

hkli=0
+ a(hkl)} + isin{=27(hx + ky + Iz)
+ a(hkl)} + cos{2n(hx+ ky + Iz)
+ a(hkD)} + isin{27(hx + ky + Iz)
+ k) }]

Sine ¥ FEo] T cosined even functiono] =2
electron density™= TH3->2 FA|Hch

| =
=2 Y IR

Rkl = —eo

cos[2m(hx + ky + Iz) — o hkl)]

plxyz)
(12)

Electron density p(ryz)- structure factor F(hkE
od] fEEEREE 912 structure factor F(hklye
electron density p(xyz)E %= AAFES Slo] Fhki)
2} p(ayzy= A 22| Fourier transforme|e}. (12)7%¢l
clectron density p(xyz)E FHH3IH= 7S Fourier
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synthesis2F8PH structure factor F(hkly& 78R
S Fourier analysisg}&H.

3. ¥ 742l space group=2 electron density
equations”

(a) Space group No. 1, P1

Space group P19l general equivalent position®]
x, v, 238 7B 22 structure factor

FOkD) = frexp2mi(ha + ky; + 1z)
j=1
ZXE| Ewald sphere2] 87FA] Miller index &5
9] structure factor ZE2 THEZo] % ol2r)

F(hkl) % F(hkl) % F(hkl) % F(hkl) = F(hki)
% F(hkl) % F(hkl) = F(hki)

w}2bA] electron density equation Tt Zo] ¥t}

p(xy2) = ‘1/ S {F(hkD)| cos(2m(hx + ky + 2)
— o hkD)) + |F(hkD)| cos(2a(~hx + ky + [2)
—a(hkl)) + |[F(hkD)|cos(2a(hx—ky + Iz)
—a(hkD) + |F(hkD)|cos(2m(hx + ky—Iz)
—ol(hkD)) + |F(hkD)| cos 2 i(~hx—ky—Iz)
—o((hkl)) + |[F(hkD)| cos (2 (hx—ky—Iz)
—a(hkD)) + |F(hkl)|cos(2m(—hx + ky—Iz)
—o(BkD)) + |F(hkD)| cos (2 ne(~hx—ky + Iz)
—a(hkl))]

P19 general positione] & 7§3Fe| =2 phase:

_ fsin2n(hx + ky + Iz) = o
o hkl)=arc tanfcos2ﬂ:(hx Thy+ o) o] Ewald

sphere2] 871x) o+ Miller indexell TH&le] = 7k
o] X% tl2 w2 o2A7} g

ohkly = — o(hkd), o(hkl) = — ohkd),
ohkl) = — alhkl), ohkl) = — ohki)

9 Friedel's lawel] 2]3le] ©15-2 intensity re-
lationo] AJ# gk},

\F(hkD) = |\F(hkD) == |F(hkD) == |F(hkD| % |F(RkD)

o]Z W45 cosine even function®] =& vH&

14837
2] electron density equations =t

playe) = 23 [F(AKD] cos(2n(hx + ky +12)

—o(hkD)) + |F(hkD)| cos(2m(—hx + ky + Iz)
— (kD)) + |F(hkD)| cos(2m(hx—ky + [2)
—a(hkD)) + |F(hkD)|cos(2m(hx + ky—Iz)
—oi(hkl))]

(b) Space group Pl
Centric space group P12] equivalent positionsi=

+x, +y, =77} 8lo] structure factor:

F(hid) =Y fioos2m(hx, + ky, + 12,)
j=1
o]} phasex ahkl) = arc tan 0=0 or 7= YA
X +x, +y, +75 U phase: structure factord]]
X
w2t Ewald sphereA] 87F<] Miller index %
F+2] structure factor ZrS Thake] &4 Sloh.

F(hil) = F(hkl) % F(hkD) % F(hkl) = F(hkl)

SIFAIE (11)2)el] BAdahd 2] electron density
equation2 &=},

plxyz) = ‘Z/h I;::O[F(hkl) cos(2(hx + ky + 12))
+ F(hkD)cos(2m(~hx + ky + Iz))
+ F(hkl)cos(2m(hx—ky + Iz))
+ F(hkDcos Ra(hx + ky—1z))]

(c) Space group No. 3, P2(non-centric)
Monoclinic systemol] A= ©-52] intensity re-
lation®] g1z

\F(hkD)| = [F(hkD)| = |F(hkI)| = |F(hkI)
[F(hkD) = |F(hkD)| = \E(hkD)| = |F(hk)

5 7119] general positions x, y, z; =%, ¥, —z= WY
3 o2 phase equation®] @[]

f[sinZW(hx +ky +1z) ]
+ sin2n(—hx + ky—{z)

hkl) = t
o(hkl) = arc tan cos2n(hx + ky + [z) }

+ cos2n{—hx + ky—Iz)
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oiikl) = ol hkl) = — ohkl) = — o(hkl)
oiikl) = odhkl) = — o(hkl) = — okl

space group P12 electron density2]oll A}7| intensity
0 phase W5 e SHele] olAlet.

p(xyz) = %i {|F(RklD)| cos2n(hx + ky)

hkl=0
cos[27ky — a(hkD)] + |F(hkD)|
cos27(—hx + lz)cos[2ky — au(hkl)]

(d) Space group No. 10, P2/m(centric)

Centric space group?] structure factoroll = sine3d
o] $1o1Z ] phaseZ £33} structure factoroll o
SAA 7} 9

F(hkl) = F(hkl) = F(hkl) % F(hkly, F(hkl) = F(hkl)

space grou; P19] electron density Alol} $1HAE
P p

dahd oee e

pxyz) = %/ S [F(hkl) cos(2n(hx + ky + 12))

+ F(hkDcos(2m(~hx + ky + I2))
+ F(hkDcos(2m(hx—ky + 12))
+ F(hklycos(2n(hx + ky—1z))]

p(xyz) = é S [F(hkI) cos(2n(hX + 1Z)

h k=0
+ F(hkl)cos(2m(—hx + Iz))]cos2 wky

(d) Space group No. 14, P21/c(centric)

o] space group= centrico| 22 structure factors
real par#e]t}. Four general equivalent coordinates
£ W

A(hkl) = cos2m(hx + ky + Iz) + cos2m(— hx — ky — [z)

+ cosZn(—hx +ky—lz+ ]%l)

2

=cos2a(hx + ky + Iz) + cos2a(— hx —ky — Iz)

+ cos2a(—hx + ky — lz)cos27;(l_<_2+_l)

+ cosZn(hx—ky +1lz+ ]iﬂ)

Structure Factor®} Electron Densityfif2] Btk
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+ cos2m(hx — ky + [z)cos2 n(kTH)
= 2{cos2n(hx + ky + Iz)

+ cos27r(hx —ky+Iz+ k—;—l)}

A3\ cosA + cosB = 20052 ;BCOSA ;B o 2]3}eq

= 4cos2 n(hx + iz + EZ—Z)COSZ n(k - ]%l)

Structure factor A(kDONA k+ K- evens} odd= &
2P k+1=2n : A(hkl) = d4cos2m(hx + Iz)cos 27ky
o] thgo] A¥H3H.

F(hkl) = F(hkl) = F(hki) = F(hkI)
F(hkl) = F(hkl) = F(hkl) = F(hkl)

k+1=2n+1 : A(hkl)=— 4dsin27a(hx + lz)sin27mky®]
v the] At

F(hkl) = F(hkl) = — F(hkl) = — F(hkl)

F(hkl) = F(hkl) = — F(hkl) = — F(hki)
o] A2 d3lahd T2 electron density equation
< det

k+1=2n:

p(xyz) = %{ S {F(hkDcos (2m(hx + 1)

hkl=0

+ F(hkl)cos2m(—hx + Iz)cos2mky }

k+l=2n+1":

-3 {F(hkD)[sin (27 (hx + I2)

hkl=0

+ F(hkDsin2 m(—hx + Iz)sin2 wky }

(e) Space group No. 47, Pmmm(centric)
Orthorhombic systemell 3= ©H2]  structure
factor FA7} i}

F(hkl) = F(hkl) = F(hkl) = F(hkl) = F(RKL),

space group P12] electron density A}ell w3ishd

FAE de
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ply) = 2 S F(hkl)[cos2m(hx + ky + I2)

hk, =0
+ cos2m(—hx + ky +1z)
+ cos2a(hx —ky + [z)
+ cos2n(hx + ky—Iz)

- ‘§/ S F(hkl)cos27hx cos2mky cos2lz
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