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ABSTRACT

We introduce r-fuzzy &-cluster (G-cluster) points and r-fuzzy &-closure (8-closure) sets in smooth fuzzy
lopological spaces in a view of the definition of AP Sostak [13]. We study some properties of them.

1. Introduction and preliminaries

AP Sostak [13] introduced the smooth fuzzy
topology as an extension of Chang's fuzzy topology
[3]. It has been developed in many directions [5,7-
9,12]. S. Ganguly and S. Saha [6] introduced the
concepts of fuzzy dcluster points and fuzzy @-cluster
points in fuzzy topological spaces in a view of [3].

In this paper, we define r-fuzzy S-<cluster (8-cluster)
points and r-fuzzy §-closure (6-closure) sets in smooth
fuzzy topological spaces in a view of the definition of
A.P. Sostak [13]. We study some properties of them.
Every family of r-fuzzy B-closure sets is a smooth
fuzzy closure operator. But the family of the r-fuzzy &
closure sets need not be a smooth fuzzy closure
operator. Also, the r-fuzzy closure (resp. r-fuzzy &
closure, r-fuzzy @-closure) of an intersection of two
fuzzy sets is not equal to the intersection of their r-
[uzzy closures (resp. r-fuzzy &-closures, r-fuzzy 6
closures). Furthermore, the r-fuzzy closure (resp. r-
fuzzy §-closure, r-fuzzy 6-closure) of a product of two
fuzzy sets is not equal to the product of their r-fuzzy
closures (resp. r-fuzzy d-closures, r-fuzzy @-closures).

Throughout this paper, let X be a nonempty set,
I=[0, 17 and I,=(0, 1]. For a<I, ofx)=¢ for all xEX.
All the other notations and the other definitions are
standard in the fuzzy set theory.

Definition 1.1 [13] A function 7: F—/ is called
a smooth fuzzy topology on X if it satisfies the
following conditions:

(O H0)y==1)=1,

(02) o A ) = W) N W), for any py, 1, EF,

(03) AVicr )= Nier Wu), for any {uh=r CL

The pair (X, 17) is called a smooth fuzzy topological
space.

Definition 1.2 [12] A function C: FXL,—F is
called a smooth fuzzy closure aperator on X if for A, u
&X and r, sE€1,, it satisfies the following conditions:

(Cl) C0, ry = 0.
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(C2) A=C(A ».

(C3) &, NV, n=CAVLY 1)

(C4) CA, HN=C(A, 5), if r<s.

The pair (X, C) is called a smooth fuzzy closure
space.

A smooth fuzzy closure space (X, C) is fopological
if it satisfies for AS and r&E1,

C(CA, ., n=C@& n.

Theorem 1.3 [12] Let (X, 7) be a smooth fuzzy
topological space. For each r&J, A& K, we define an
operator C, : F'XI,— as follows:

C M= Nul A<y, 11 —p=r).

Then (X, C,) is a topological smooth fuzzy closure
space.

We easily prove the following theorem from
Theorem 1.3.

Theorem 14 Let (X, 7) be a smooth fuzzy
topological space. For each r&1,, ASF, we define an
operator I.: FXL,—F as follows:

10, =V {u| u<i, quw=r).

For A, uEF and r, s<1,, it satisfies the following
conditions:

(D I(1=-4, r=1~-CdA 1. _ _

QY UILCAA, N, H=A then C{I{(1 -4, ), N=1-A

(3) IL1, n=1.

(4 If4, N=A

(5) [{A, HAL(U, Py =TLANL, ).

(6) I{A, N=1L4, 5), if r<s.

(7) ILIAA, D, Nn=I{4, r.

Let 7; and % be smooth fuzzy topologies on X. We
say 7 is finer than T(% is coarser than 7)) if ()=
() for all uEF. Let (X, 1) and (¥, 1) be smooth
fuzzy topological spaces and f : X—Y a function. f is
called fuzzy continuous if n(u)< (' (W) for all p EIX

Definition 1.5 [9] Let 0& Oy be a subset of . A
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function 3 : ©—1 is called a smooth fuzzy topological
base on X il it satisfies the following conditions:
(B1) gH=1.
(B2) Bl A )= ) N k), for all y, hE Gk,

Theorem 1.6 [9] Let 5 be a smooth fuzzy
topological base on X. Define the function 75 : '—T as
follows: for each u&F,

VAN B Y if = Vg sl € Oy

T5(1) =11 if 1=0,

0 otherwise.

where the first V is taken over all families {LE By |
U=V, [t. Then (X, T3) is a smooth fuzzy topological
space.

If B is a smooth fuzzy topological base on X, then 3 is
called the smooth fuzzy topology generated by .

Theorem 1.7 [91 Tet {(X,, ©) | iST7 be a family
of smooth fuzzy topological spaces and X a set and f
: X—X, a function, for each (ST Let Oy={0# U=
Ner ') | ©v)=0, iSF] be given, for every
finite index set FCIT Define a function 8 : Gy—>I on
X by

B =V A NicetW) | 4=\ = £}

where the first \V is taken over all finite index subset F
of I'' Then:

(1) B is a smooth fuzzy topological base on X.

(2) The smooth fuzzy topology 73 generated by f3 is
the coarsest smooth fuzzy topology on X for which
each (€T, f, is fuzzy continuous.

(3) Amap f: (Z, 7)—>(X, 1) is fuzzy continuous iff
for each i€I. f; of is fuzzy continuous.

Let X be the product Tl X; of the family {(X,, )

| i€I'} of smooth fuzzy topological spaces. The

coarsest smooth fuzzy topology T=I[l<,7 on X for

which each the projections m : X—X; is fuzzy

continuous is called the product smooth fuzzy topology

of {% | i€I'}, and (X, 7) is called the product smooth
fuzzy topology space.

2. r-fuzzy &-cluster and r-fuzzy
6-cluster points

Definition 2.1 [5] Let (X, 7) be a smooth fuzzy
topological space, uEF, x, EPyX) and rE1I, where
Pr(X) is the family of all fuzzy points in X.

(1) pis called a r-fuzzy open Q-neighborhood of x,
if uw)y=r and x, g .

(2) p is called a r-fuzzy open R-neighborhood of x,
if x, g £ and U=I{CLU, r), r.
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We denote
Qe N={UEF | x q 1, W=7},
Rz, N={UEF | x, ¢ u=L(CLu, r), N}.

Definition 2.2 Let (X, 7) be a smooth fuzzy
topological space, ASF, x,EPHX) and r&l,.

(1) x,is called a r-fuzzy cluster point of A if for every
UELQ(x, 1), we have g A

(2) x, is called a r-fuzzy O-cluster point of A if for
every LS Rfx, r), we have i g A

(3) x, is called a r-fuzzy O-cluster point of A if for
every UEQx, #), we have C{i, r) g A

We denote

A, P =V {x,EP(X) | x,is a r-fuzzy cluster point
of A},

DA, =V {x,EPiX) | x, is a r-fuzzy &cluster
point of A},

T n=V {x,EPr(X) | x, is a r-fuzzy @-cluster
point of A}.

(4) DLA, r) is called a rfuzzy &-closure of A.

(3) TAA, ry is called a r-fuzzy O-closure of A

Theorem 2.3 lct (X, 7 be a smooth fuzzy
topological space. For A, u&F and r, s€1,, it satisfies
the following properties.

1) CLA, N =cl{A, ).

(2) DL D= {p| A<y, p=Clldu, 1), N}

() TdA = {u | A=Iq, n, (1 —p=r}.

(4) x, is a r-fuzzy Scluster (resp. r-fuzzy cluster, 1-
fuzzy @-cluster) of Aiff x, EDJA, r) (resp. x,ECA4, 1),
xETAA, ).

Proof. (1) It is similarly proved as the following
(2) and (3).

@ Put p=Aful A<y u=Cda », M)
Suppose there exist AST* and r&1; such that DA, r)
# p. Then there exist x€X and <1, such that

DA, nx)<t<px).

Since x, is not a r-fuzzy S-cluster point of A, there
exists V& &x,, r) such that A<1—v. Since v=1I(C,
(v, r), r), by Theorem 1.4(2), 1 —v=C(I{1 ~Vv, 1), r).
Then

AT —v=CLI(1 ~v, ), 1)

_Thus, p=<1 — v. Furthermore, x, ¢ v implies p(x)=<
(1 —V)(x) <t It is a contradiction. Hence DA, r)=p,
for each ASF and r<i,.

Suppose there exist ASF, x€X and r, &1 such
that

D2, N> 5> px).

Since p(x) < s, there exists gEF with A< u=C (I,
(i, r), r) such that
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DA, r)(x) > s> ux)=plx).

Then 1 — HE Wx,, r) such that

A 6 1- I

Hence x, is not a r-fuzzy &-cluster point of A. It is a
contradiction. Thus, D4, r)=<p, for each A</ and r
E[Q.

() Put y= AN {u| A<, r. ®ql-w=r}.
Suppose there exist ASF, xEX and r, (€], such that

TAA, Nx) <1< Kx).

Since x, is not a r-fuzzy 6-cluster point of A, there
exists HEx, r) such that =1 - Clu, =11 -1,
r). It implies =1 — . Then Wx)<(1—pwx) <t It is
a coniradiction. Hence TAA, r)= ¥, for each AS ¥ and
r&i,.

Suppose there exist AEF, xEX and r, s€1, such
that

TLA, () > s> Kx).

Since Ux) < s, there exists uEFK with A=I(u, r)
and w1 —p)=r such that

TiA ) > s > (1(0) > pi).

Then 1 - pEQx,, r) and A<, ) =1—-C{l -1,
r) implies

Ag C{1-u, .

Hence x, is not a r-fuzzy @-cluster point of A. It is a
contradiction. Thus, T(A, /)<, for each A=/ and r
&1,

(4 (=) It is trivial.

(<) Let x, be not a r-fuzzy &-cluster of A. Then there
exists V= x, r) such that A=<1-v. Since, by
Theorem 1.4(2),

1-v=Cd{1-v, P, P,

we have DAA,_ r)=1—v. Furthermore, x, g v implies
DA, NE=(1-wx) <t Hence x,E DAA, ).
Others are similarly proved.

O

Definition 2.4 Let (X, 7) be a smooth fuzzy
topological space, ASF and r&i,,.

(1) Ais called a rfuzzy semi-open if A=< CL{I(A, 7), ).

(2) Ais called a r-fuzzy pre-open it A= I(C (A, r), r).

Lemma 2.5 Let (X, 7 be a smooth fuzzy
topological space. For A, uE X and r, s&1,, it satisfies
the following properties.

(1) Rlx. )CLAx, 1)

(2) CALA, 1), 1) = CLLCLLAA, 1), 1), 1), 1).

3) I(C, ), N=ILCLLCAL. 1), 1), 7), 7).
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Proof. (1) Let uE@(x, r). Then p=1(C (1, r), r)
and W) =r from the definition of 7,. Hence us QOfx,
).
(2) Since I{CLILA, 1), N, D=C LA ), ), by (C3)
of Definition 1.2, we have

CAIACHAL, 1), 1), 1), N=CLILA ), 1)
Furthermore, we have
LA, n=CL4, ), 1

(by (5,7) of Theorem 1.4)

= LA NEILCILA, 1), 1), 1)

= CALA, r), NECLILCAILA, P, ), 1), ).

(3) It is easily proved from (2) and Theorem 1.4(1).
()

Theorem 2.6 Let (X, 7) be a smooth fuzzy
topological space. For A, yS X and r, s€1,, it satisfies
the following properties.

(1) It p=CUIdp. ), P, then Didp, )=p.

(2) CLA 1 =DAA, NETAA 7).

(3) If A is r-fuzzy semi-open, then C{A, r) = D[4, 7).

(4) If Ais r-fuzzy pre-open, then CAA, 1) = DA, r)
T{A, .

5) If A)=r, then CLA, N=DLA r)=TA{A4, r.

(6) If A is r-fuzzy pre-open and A= C{I{A #), 1),
then T{A, =42

Proof. (1) By Lemma 2.5(2), C{I{p, r), r)=p
Hence D(p, r)=p from Theorem 2.3 (2).

(2) Since LAx, NCTLLx, ) from Lemma 2.5 (1),
then x,EC (A, r) implies x, =D, r). Hence C(A, »
<DJ4, r), for each AEF and rE1,.

Suppose there exist ASEF, xE€X and r, <], such
that

DA, r)(x) > 1> TLA, r)(x).

Since x, is not a r-fuzzy @-cluster point of A, there
exists u& Lx, r) such that AS1 - C(y, ). It implies

AZT =Cdy, AS1—ICLu, ), 1.

Since W) =r and u=CJu, r), we have

H=1u NELC, 7), 7).

Thus, x, ¢ 1 implies x; g [{C(W, r), r). Since, by
Lemma 2.5(3),

T(CLILCLu, r), ©)., r), n=I{CL, r, ),

ILCAp, 1, NERx, r) and A1 - L(CAy, r), 1.
Hence x, is not a r-fuzzy d&-cluster point of A. By
Theorem 2.3(4), DA, ri(x)<r It is contradiction.
Therefore, DA, )< T«A, r), for each AEF and rE1,,.

(3) Let A be r-fuzzy semi-open set. Since A=
CAI{A, ), r), then
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DAA, N<CLA 1), 1)
<CAA, V)
=DJA, 7).
Thus, CAA, N=DAA, r).
(4) Let A be r-fuzzy pre-open sel. From (2), we only
show that T{A, N<CLA, 7). Since A=I(CAA, 1), ),
by Theorem 2.3(3),

T, n=CAA 7).
(5) Since WA)=r, we have
A=I(A, HEL(CLA, 7)., P

Hence A is r-preopen set, by (4), il is trivial.
(6) Tt is easily proved from (1) and (4).

(By Lemma 2.5(2))

O

Theorem 2.7 ILet (X, 7) be a smooth fuzzy
topological space. For A, uS7* and r&1,, it satisfies
the following conditions:

(1) DLO, r)=0.

(2) A<DAA, 1).

(3) DA, NEDL 1) if A=<p.

4) DA, DDA, H=DLAV U, 7).

(5) DADAA, 1), 1) =Dy, p).

Proof. (1).(2) and (3) are easily proved from the
definition of D,

4) From (3), DA, nVD{u, n=<DAVU, 7).

Suppose there exist 4, LEFK, xEX and 1, <],
such that

DA, NV DA, N(x)<t< DLV 25, P().
(1
For each i< {1, 2}. since DA, r)(x) < t, by Theorem
2.3(2), there exists VVEF with A, <v,=CJI{V, P, 1)
such that

DA, XN D2, D)=V vp)x) < t.

Since v,;= CI{v, 1), r), we have
CAVIV W, P, DECMV W, 1)
= Cdvi, NV CAva, ¥)
=V,

Moreover, since I(v, Vw, r)ZI{v, r)VI{v, 1),
we have
CAIn NV vy, 1), NZCIAv, 1), DV CL(Vs, 1), 1)
=v\V i,

2)

Thus,
CinyVvy, 1, D=v,Vw

Hence, by Theorem 2.3(2),
DAV Ay, NEVV I

It is a contradiction for (1) and (2).
(5) From (2), DADAA, ). nn=DAA, r). Suppose
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DADLA, 1), Ax)>t>DAA, rx).

Then there exists VEF with
AZv=Cdl v, r), P.

such that
DADLA, ), Nx)> 1> vx)ZDAA, r)(x).
Since A<v=C(I(v, ), r), we have

DAA, H=DJv, r)
=DACLI(v, N, B, D
=Cdl(v, 1), N=v.

(by (3))

(by Theorem 2.6(1))

Again, by the definition of D, from Theorem 2.3(2),
DADLA, 1), N=v.

It is a contradiction.

tl

From the following theorem, every family of r-fuzzy
B-closure sets is a smooth fuzzy closure operator.

Theorem 2.8 Let (X, 1) be a smooth fuzzy
topological space. For A, S and r, &1, it satisfies
the following_conditions:

(1) 0 =740, ».

(2) AZTLA 7.

(3) TAA, NETAu, ) if A=y

4) TA, PVTLL PH=TAV Y, .

(3) TLA, N=TLu s) if r=s.

Proof. (1) and (3) are easily proved from the
definition of T..

(2) Suppose there exist AEF, x=X and r, €1, such
that

AMx) =t T, NE).

Since, T(A, r)(x) < ¢, by Theorem 2.3(4), x, is not a
r-fuzzy G-cluster point of A. Then there exists v&(x,
#) such that

Cv, NE1-A.
It implies
AZ1=Chv, N<1—-v.

Thus, Ax)=(1 —v)(x)<t. Tt is a contradiction.

(4) From (3), T{A NV T NETAVLL 7).

Suppose there exist A, L, EF, xEX and 1,1 €,
such that

TdA, NEV T ) <t< TN A, PHx).

For each i€{l, 2}, since, TdA, nN(x) <t by
Theorem 2.3(3), there exists vy = and W1 —v) =7
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with A,=<J(v, ) such that
T, POV T, NE=Z(VV v <t
Since 4=T7(v, r), we have
LV vy, N=Ilv, AVI{, 7

=24V,

and
-V 2ol —v) Al —v)2r.
Hence,
T{AV 2 NEVV v

It is a contradiction.

(5) We will show that x, =ET(A, s) for each x, S T(A,
r). Let uEx, r). Since W) =s=r, we have g
Lfx,, 5). Since x, is a r-fuzzy @-cluster poinl of A,

Gy, ) g A

Since Cu, N=CJ(U, s), we have

Cf(#: S) q 2‘"
Hence x, is a s-fuzzy @-cluster point of A
U

In general, C,# D, # Toand T(TAA, 1), ) £ T{A, )
from the following example.

Example 2.9 Let X be a nonempty set. We define
a smooth fuzzy topology 7 : FF—I as follows:

I,ifA=0or1,

_;1), ifA=07,
T(A) = ,
3 if A= 0.4,
0, otherwise.

From Theorem 2.3(1), we obtain C,: FX [~/ as
follows:

CAAr)=406,if 03 21206, 0<r<

1, otherwise.

Since €/, (0.6,/),r) =06, for 0<r<2/3, by
Theorem 2.3(2,3), we obtain D, T, : EX I;—~I¥ as
follows:

D (A7) = ngf6¢1563,0<rs§

T{Ar) =
1, otherwise.

Hence C.#D,# T, and for 0<r=2/3,

1=T(T(04,r),r)<T(04,r) =06

In general, the family of r-fuzzy &-closure sets need
not be a smooth fuzzy closure operator, that is, it does
not satisty the condition (C4) of Definition 1.2.
Furthermore, the r-fuzzy closure (resp. r-fuzzy &
closure, r-fuzzy O-closure) of an intersection of two
fuzzy sets is not equal to the intersection of their r-
fuzzy closures (resp. r-fuzzy &closures, r-fuzzy &
closures) from the following example.

Example 2.10 Let X = {qa, b} be a set. Define i, p
EF as follows:

Wa)y=0.3, ub)=0.4, pla)=0.6, p(b)=0.2.

We define a smooth fuzzy topology 7: -7 as
follows:

1,if A=0or 1,

%, if A=y,

2ifA=p,
(A=<~

%, ifA=unp,

el

S ifA=pvp,

0, otherwise.

We obtain the following:

T=C,([L7),7), Vre I,
T-p=CU(i-mn,n, 0<res,
T=(uvp) = CU(1-p,r),#), O{rS%,
- - 1_ 2
l-p=CI(1-p,r),7), §<r_§,

1

T-p=C L T=(unp)r)r), 0<r<s,
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T < 1 2
1_(”/\[))=C7(]1(1_(I'l/\p)vr)ar): z"‘/"rsgs
. . 1
T-(uvp) = CULA-(uvpyrr),  0<rsh

From Theorem 2.3(2), we obtains D,: X J,—I* as
follows:

0, if =0, re Iy

T-(uvp), if0=AgT—(uvp), O<r£%,

1-pu, ifl—(uvp)2asT—g 0<r£%,
Df(lqr)=

1-p, if0=agT—-p, %cré%,

—(unp), ifT-pz lif—(,u/\p), %<r£§,

1, otherwise.

Tn general, DAA, r)%£ DJA, 5), if »<s from the
following:

T:D{T—p,%)ZDT(T—p,g) =1-p.

Hence it does not satisfy the condition (C4) of
Definition 1.2. Thus, the family of r-fuzzy &-closure
sets is not a smooth fuzzy closure operator.

Furthermore, for 0 < r=<1/2,we have

L —Vp)=DLd -mA Q1 = p), 1)
“#0A1 ~p, NADL —p, 1)
=(1 — AT,
From Theorem 2.3(3), we obtains T,: /£ X [,— as
follows:

0, itA=0,rel,

T-(uvp), it0#Asy, 0<r$%,

1-pu, ifuz Asuvp, 0<r$%,

(A, 7)=

1-p, if0=A<unp, ter<,
2 3

- . 1 2

I-(uap), ifuap Agp, §<r£§,

T, otherwise.

Thus, the family of r-fuzzy 6-closure sets is a
smooth fuzzy closure operator.
Furthermore, for 1/2 < r<2/3,

1 —p=TAuNp, r
=T, NATp. 1)
= TA(L = (uAp)).
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In general, the r-fuzzy closure (resp. r-tuzzy &
closure, r-fuzzy @-closure) of a product of two fuzzy
sets is not equal to the product of their r-fuzzy closures
(resp. r-fuzzy &-closures, r-fuzzy @-closures) from the
following example.

Example 2.11 Let X = {a, b} be a set. Let 1, pE
F as follows:

pa)y =02, uby=04, pla)=0.5, pb)=0.1.

We define smooth fuzzy topologies 7, 7,: F—[ as
follows:

1,ifA=0or1, 1,if A=0or1,

7)(4) = % if A=y, () = % ifA=p,

0, otherwise, 0, otherwisc,

Then
) A mg () (a, B) = 0.2, 77 () A 75 (p)(a, b) = 0.1
T ) AT Db, @) = 0.4, 77 (1) A 75 (P)(B, B) = 0.
mt (v (p)(a, @)= 0.5, a7l (W) v 75" (p)(a, b) = 0.2
() A (p) (b, @) = 0.5, 77 (1) v 3 (p)(b, b) = 0.4

Let AEF for iS{1, 2} as follows:
M@ =06, 4(h)=0.7, A(a)=0.5, L(H)=08.
Then

MXA(a, a)=0.6, L X Aa, b)=0.6,
AX (b, @)=035, L, X0, b)=0.7.

From Theorem 1.7, we obtain the product smooth
fuzzy topology ,: F**—=I on XXX of 7, and 7, as

follows:
l,ifA=0or 1,
1.
5 1f A= i),
5, if A= ?Zzl(p),
Tp(ﬂ.) =

1.
3 if A=l A (p),

T.
5 if A =mt v g (p),

0, otherwise.
For 0 <r=1/2, we have:

A (1) v ' (1-p) = Cp (A x A1)
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= Crl(;"l’ F)x sz(;L 2 F)
= m;1(1-p)

15" (1=p) = Dy (24,r) XD (A, 7)
#£D_ (A XAy 7) =1
P

Let p,=F for i€{1, 2} as follows:

pr@ =02, p(b)=03,
pAa) =04, p(b)=025.

Then

X pa, @)=02, pyXpya, b)=02,
PrXpob, @y=03, py X po(b, b)=0.3.

For 0<r=1/2, we have:

' (A -pyv 3 (1-p) = T, (py X pp.7)
# T (P )X T (Py,7)
= i (1-p)
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