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Control of Two-Link Manipulator Via Feedback Linearization

and Constrained Model Based Predictive Control

Won-Kee Son, Jin-Young Choi, Hee-Seob Ryu, and Oh-Kyu Kwon

Abstract: This paper combines the constrained model predictive control with the feedback linearization to solve a nonlinear system
control problem with input constraints. The combined approach consists of two steps: Firstly, the nonlinear model is linearized by the
feedback linearization. Secondly, based on the linearized model, the constrained model predictive controller is designed taking input
constraints into consideration. The proposed controller is applied to two link robot system, and tracking performances of the controller

are investigated via some simulations, where the comparisons are done for the cases of unconstrained, constrained input in feedback

linearization.
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I. Introduction
In many common control problems involving nonlinear sys-

tems, it is possible to construct a feedback control law which
will transform the original nonlinear plant into a closed loop
system which is exactly linear. Once a nonlinear plant is lin-
earized by feedback, all of the tools developed for the theory of
linear systems can be directly applied to control the new closed
loop. This method allows to design an exact linear controller
for the nonlinear systems, which is affine in the control. How-
ever, if there is any constraint on input or output in the nonlinear
system under consideration, it will not work owing to the con-
straint[1][2]. Another method for controlling nonlinear systems
is the gain scheduling which is a technique that can extend the
validity of the linearization approach to a range of operating
points. But this method has a basic limitation that the controller
is guaranteed to work only in the neighborhood of an equilib-
rium point.

One goal of the current paper is to design a control system
for nonlinear systems with input constraints. A combined ap-
proach which combines the FL (Feedback Linearization) and
the constrained model predictive control to control nonlinear
dynamic system with constraints is proposed in this paper. In
all physical systems there are limitations to the changes that
can be made to the manipulated variables. Therefore, a control
algorithm should be designed to have the ability to account for
such limitations. To fulfill overall operational requirements, it
is necessary to explicitly consider all constraints in the formula-
tion of the control cost function. Accounting for such constraint
in this paper, the CMBPC (Constrained Model Based Predictive
Control)[3], is adopted as a control technigue.

Another goal of this paper is to apply the combined approach
to two-link robot system proposed by Spong and Vidyasagar[4].
The model is nonlinear with two inputs and two outputs. In the
simulation, it is shown that the combined approach works well
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even under some constraints on input variable in the two-link
robot system.

The layout of the paper is as follows: In Section II, the feed-
back linearization for nonlinear systems and model predictive
control for systems subject to input constraints are reviewed.
Then, a combined approach method, which combines the feed-
back linearization and the constrained model predictive con-
trol is proposed. The combined approach is applied to two
link robot system in the constrained input through some sim-
ulations in Section I to exemplify the tracking performance of
the scheme. Finally, conclusions are summarized in Section IV.

II. Combined control via FL and CMBPC

The basic concept of the combined control methed is to lin-
earize the nonlinear system and to solve the model predictive
control problem for the linearized model. In general, by apply-
ing FL to constrained nonlinear system, the original optimiza-
tion problem for nonlinear system subject to linear constraints
is transformed into an optimization problem for a linear sys-
tem subject to nonlinear constraints. Due to these constraints,
the linearity of the linearized system established by FL is not
preserved. Therefore, in order to preserve the linearity estab-
lished by FL., an MPC-based method is proposed to handle these
constraints in the controller design procedure, and a constraint
mapping method is also presented to deal with nonlinear state-
dependent constraints to be transformed by FL. The configura-
tion of combined approach in presence of constraints on input
is shown in Fig.1. The internal loop is concerned only with lin-
earizing the plant and tracking its own reference input v. The
external loop produces a control output v as a function of the

Input transformation

r i v 4 2

State transformation

z=T(x)

Fig. 1. Configuration of combined control method in presence of
constraint.
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external reference r and of the state z of the linearized model.
Firstly, the feedback linearization method for nonlinear sys-

tems is reviewed. Consider the nonlinear system having the

number of m of inputs represented by the state equation

é::f(z)+zgi($)ui, 1)
im1

with f(z), g1(z),- .., gm(x) being smooth vector fields. The
problem of feedback linearization is solved in two steps. First,
one finds a state transformation z = T (z) and an input trans-
formation u; = Tu(z,v;), 1 < 4,5 < m so that the nonlinear
system dynamics is transformed into an equivalent linear time
invariant dynamics, in the familiar form 2 = Az + Bv. Sec-
ond, one uses linear control techniques to design v. The nonlin-
ear system in the form (1) is said to be feedback linearizable if
there exits a neighborhood U of the initial state 2o and a non-
linear feedback control law defined on U

m
ui = ai(z) + Y Bij(@)v;, 1<4,5<m, )
i=1
such that the new state variables z = z(z) defined on U and the
new input v satisfy a linear time-invariant relation
2=Az+ Bv, y=C-=. 3)

The closed loop system for control law with feedback lin-
earization is represented in the block diagram in Fig.2.

Linearized system |
r Linear control | v Input u Naonlinear Py
techniques transformation Plant H
i
Linearization loop
X
Control loop - State
= oo f—
tr

Z= Az + By

Fig. 2. Feedback linearization.

The combined control method involves discretization of the
feedback linearized model for model predictive control design.
The input and state transformation is performed at each sam-
pling time using the discrete controller and current sampled
states. It is well known that discretization represents an ob-
struction to exact feedback linearization[5]. The exact feedback
linearization is not actually achieved because the controller is
discretized. However, because the discretized control law uses
approximated linear model in practice, the effect of discretiza-
tion is neglected in this paper. The discretized linear model of
feedback linearized system is given as follows:

2(k+1) = Ayz(k)+ Bqv(k)
y(k) = Caz(k), @

where the vector z denotes the system states, v the control input
signals, and y the controlled signals. The matrices Ay, By, Cq4
contain the model parameters.
The control law for model-based predictive control should
minimize the following cost function:
No Ny—1
T= 3 [rk+D) =gk +N+X Yk +D. )

J=N =0

In the cost function (5), N1 denotes the lower cost hori-
zon, N3 the upper cost horizon, N,, the control horizon, X the
weighting factor for control increments, and r the reference,
9{k + j) the j-step ahead predictor. The well-known LS(Least
Squares) solution solves this minimization problem and just the
first element of the future control is a actually needed for the
control law with the controller gain vector.

The minimization problem of the cost function with con-
straints is reformulated as solving QP(Quadratic Programming)
problem. The algorithm uses SVD(Singular Value Decompo-
sition) to firstly determine the unconstrained minimum of the
cost function. If the specified constraints are violated, then
LDP(Least Distance Programming) incorporating NNLS(Non-
Negative Least Squares) is applied to find an admissible solu-
tion. Inspection of the cost function shows that the optimization
problem being considered is Least Squares with linear Inequal-
ity constraints[3]:

Min ||To—b|[* subjectto Sv > h, )

F:[AI%{I]’ bz[rgf]'

The free response f is defined as the predicted output when
the control input remains constant from now on, and H is as

with

follows:
hN1,1 hN1,Nu
H = ,
th,l hNZyNu
{ CaAl "By, j 2
hj: = s
0, j<1.

The matrix & contains dynamic information about the con-
straints while h gives the limiting values for the constraints.
1. Constraints handling

Consider the nonlinear systems described in (1) with con-
straints on input

Uie,i Sui Suuc,i i=17"'7ma (7)

where wc i, uyuc,; are lower and upper bound, respectively.
Then, we can define a new control variable v as an external
reference input. Introducing a coordinate transformation and
discretizing the continuous model (3), we can define the dis-
crete linearized system as (4). Note that (4) hold the linear
properties only if the constraints conditions on its input for
0 <j < N, —1 are satisfied

vis(k + jlk) < v(k + jlk) < vus(k + jlK), @®

where v(k + j|k) is the value of the input v(k + ) computed at
time step k, vip(k + j|k) and vy, (k + j|k) are the constraints
vis(k+ 7) and vy (k+ j) computed at time step k, respectively.
It is clear that, due to the feedback linearization, original hard
constraints (ic,;, %uc,;) are mapped into the MPC constraints
on v that are in general nonlinear and state dependent. To avoid
reaching these input constraints and to improve control perfor-
mance, the MPC can be applied to the discrete linearized system
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given by (4). The mapping must be performed at each sampling
instant because the mapping is state dependent. Moreover, the
mapping must be accomplished over the entire control horizon
of the liner MPC controller. The input constraint mapping is
performed using the feedback linearization control law (2) and
the current state measurement z (k). This mapping can be writ-
ten as follows:

v(k) = alz(k)] + Blz(k)]u(k), ©

where

alz(klk)] = -7 (@)a(z), Blz(klk)] = 57" (x).

In the ideal case, for 0 < j < N, — 1 the transformed con-
straints at time step k are determined by solving the following
optimization problem

E+jlk) = mi k+ 4k

vip (k + 5]k) u(gﬂﬁm”( ilk)

= min afz(k + jlk)] + Blz(k + jlk)luk + j|k),
w(k+j1k)

vu(k + jlk) = u(rknfflck)v(k + jlk)
= max ale(k+ jlk)] + Ble(k + jlk)]u(k + jlk), (10)
ulk+s1k)

subject to the constraints
i L u(k 4+ j|k) < wup. (11

In (10) and (11), w(k + j|k) and z(k + j|k) represent the
input u(k + 7) and state z(k + j) computed at time step k,
respectively. (10) is linear programing problem at each step
k. Since inputs are coupled in MIMO systems, it is not easy
to find a solution of (10) and the linear programing requires
more computational burden. To find a solution more easily, the
decoupling method is presented here. If the matrix 8(x) at k-
step has distinct real eigenvalues, it can be always transformed
into diagonal matrix B4(z). If a matrix 3(z) has repeated real
eigenvalues at k-step, it is not always possible to find a diagonal
matrix representation. Therefore, in this case, to diagonalize
matrix 3(x) at k-step, the following assumption is required.

Assumption 1: The N/ (Bk — M) is equal to g, where ¢ is
the multiplicity of repeated real eigenvalue A, A (8x — AI) is
the nullity of (B, — AI) and fy is the constant valued matrix of
B(z) at k-step.

Then, for 0 < j < N, — 1 the optimization problem in (10)
can be reformulated as follows:
pomin Balz(k + jIk)ulk + jlk),

Jmax Bala(k -+ jlk)utk +1k),(12)

vp(k + jlk) <«
vu(k + jlk) <«

subject to the constraints up, < u{k + jlk) < uyus. Be-
cause exact mapping of future input constraints is impractical,
it is necessary to approximate the constraints vy (k + 7|k) and
vus(k + j|k) for j > 1. Two approximate mapping techniques
are discussed below.
1.1. Constant constraint technique

1) The most straightforward way to handle the constraint
mapping problem is to simply extend the first input constraint

over the entire control horizon.

vin(k + 71k) vis (klk),
vun(k + j1k) vup(klk), 0L j< N, —1. (13)

Il

This mapping denotes techl.
2) To assume all future control moves to be free of constraints,
ie.,

vip(klk), j=0;

—00, otherwise

’Ulb(k) + j|k) = {

(klE), j=0 "
) Uy s =
vup(k + jlk) = { oob Z)therwise.

b

This mapping denotes tech2. 1.2. Variable constraint tech-
nigue  The predicted values of the transformed state variable
is obtained as follows:

3(k + j|k) Ags(k +j — 1)k) + Bav(k+j — 1|k — 1)
sklk) = z(k). (15)

The state sequences and the inverse transformation T, *(z) are
used to compute future values of the actual state vector

& (k|k) z(k)
#(k + 1]k) T, 2(k + 1]K)]
' _ . (16)

f:(k+]\/:u —1|k) T, 2k +'Nu —1|k)]

The optimization problem in (10) is solved by substituting the
predicted state variables z(k + j|k — 1) in place of z(k + j|k).
The solution yields the transformed constraints. These variable
constraints are used in the linear MPC design in place of the
constraints h in (6). The procedure is repeated at the next time
step with the input sequences and the measurement z(k +1). If
the linear MPC is infeasible, constraints are dropped on the final
input in the control horizon, v(k + N,, — 1|k), and the problem
is resolved. If the problem remains infeasible, constraints are
dropped on the last two inputs, v(k+ N, —2|k) and v(k+ N, —
1|k). The process is continued until feasibility is achieved.

‘Aiinear-MPC 7 Linearized system

i ) |
Reference _’

) ,
-] Optimizati ‘v‘| !“pm . Saturation |-+ NL systems Y
| 'l(mmformalmn

i

H z State | x
| transformation I

i

Constraint
mapping

Prediction

Fig. 3. Block diagram of combined scheme with variable con-
straint technique.

III. Design example
The proposed controller is applied to the two link robot sys-
tem proposed by Spong and Vidyasagar[4]. The robot system is
described by 2 x 2 nonlinear model.
With q = [q1 ¢2]” being the two joint angles, 7 = [r1 72]7
being the joint inputs, two link robot manipulator can be gener-
ally expressed as

H(q)§ + C(q,q)q + g(q) = 7,

where H(q) is the 2 x 2 manipulator inertia matrix (which
is symmetric positive definite), C(q, q)q is a 2-vector of cen-
tripetal and Coriolis torques (with C(q, q) a 2 x 2 matrix), g(q)
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Fig. 4. Two link robot manipulator.

is the 2-vector of gravitational torques, and 7 is the actuator in-
put torques applied to the manipulator joints. Let us choose
[g1 41 g2 ¢2]7 as states [z, z2 x3 z4]. Then, nonlinear
system is expressed as follows:

[ H11 H12 COS($1 —.’1:3) ] [ :i:z ]
Hy; cos(z1 — x3) Hyy Z4
+ 0 hsin(z1 — x3)z4 T2
—hsin(z; — z3)T2 0 z4
+[ gu sin(z1) ] = [ n ] a7
g22sin(z3) T2
where
Hy = mill +meli+ 1, Hp= mall, + I
Hy» = Ha =molile,, h=m:lil,
gu = —[mil, + malilg, g22 = —malc,g. (18)

The state transformation z = T (z) is given by

21 1
2l on@=|"|. 19)
z3 T2
24 T4

And inverse transformation T, ! also is given by

1 =z, Ty = 23, T3 = 22, rq4 = 24. (20)

Table 1. Set parameters for two link manipulator.

| Parameter ] Value ] Parameter | Value |
ma[kg] 10 malkg) 5
Ii[m] 1 Ia[m] 1
I, [m] 0.5 le, 0.5

L[Nms?/rad] | 0.833 | I,[Nms®/rad] | 0.417
glm/s] 9.8

The minimum and maximum values of v
8
L

88 2 8 8 o 8
¥ ' 1 y) 1 i

200

-50 -100
-100 200
u2 ut

(a) The case in which inputs are coupled

The minimum and maximum values of v

(b) The case in which inputs are decoupled

Fig. 5. The decoupling of coupled inputs.

The input transformation is achieved as follows :

T2

[ 2| =s@w+at

- [ Hn Hi; cos(z1 — z3) ] [ n ]
H21 COS(.’El — 1:3) H22 U2
+ 0 hsin(z1 — z3)z4 z2
—hsin(z1 — z3)z2 0 T4
g1 Sin($1)
. . 21
[ g22 sin(z3) @b

As a result of the above state and input transformations, we
obtain the following set of linear equations z = Az + Bv

La]=[2] [2)=1n]

0 I 0
P S O L RO

where
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Fig. 6. Tracking performance for square reference.
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Fig. 7. Tracking performance for Sinusoidal reference.
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The feedback linearized system (22) is discretized with sam-
pling time T to facilitate the subsequent MPC design, then the
discrete feedback linearized system has the form in (4).

1. Simulation results

In two link robot manipulator, we use the coefficients in
Table.1. The linearized model (22) is discretized with sam-
pling time 0.01[sec] to use the model predictive controller, and
the zero order hold is used to hold. And it is assumed that the
full states are measurable and that the input torques of two link
manipulator robot system are limited to —200[Nm] < 41 <
200[Nmmn] and —100[Nm] < us < 100[Nm]. When the con-
strained actual inputs » are coupled and decoupled, the max-
imum and minimum values of the linearized system inputs v
to solve the optimization problem respectively in (10) and (12)
is shown in Fig.5. We see from this figure that if the 8(x) is
decoupled the u;,us are orthogonal. Therefore, we can ob-
tain the solution easily by solving (12) instead of the original
optimization problem (10). Then the lower and upper bounds,
vis (k + jlk), vus(k + j|k), for the new input v of the linearized
system can be calculated by (12). The model predictive con-
troller tuning parameters are chosen with a lower cost horizon
N1 = 2, a upper cost horizon N2 = 20 and a control horizon
N, = 2, by trial and errors.

Simulation results for square reference are shown in Fig.6
and for sinusoidal reference are also shown in Fig.7. We can
see that when the controller uses input constraint that are con-
stant over the control horizon, it yields a poor reference track-
ing as the outputs oscillate and overshoot the reference. In this
method(techl, tech2), the actual input «(k) mapped by the first
pair of constraints, v, (k) and v, (k), satisfy the actual con-
straints (7). However, the constraints v;,(k + 7) and vy, (k + 5)
may not lead to inputs v(k + 7) that satisfy the actual input con-
straints (7). Therefore, This mapping methods have a disadvan-
tage that incorrect future constraints may map to implemented
control that are unnecessarily aggressive. Due to this disadvan-
tage, we can see the spike in actual input torques of Fig.7. By
contrast, the controller which employs constraint that vary over
the control horizon yields a fast, improved tracking responses.

IV. Conclusion
In this paper a combined control scheme combining the con-

strained model predictive control with feedback linearization is
presented, and its performance is analyzed via some simula-
tion applied to two link robot system, which has shown that the
controller presented works well even under some actuator sat-
vration. The simulation also has compared the performance of
combined scheme in the case of constrained input with that of
the case with unconstrained input. However, the control method
adopted in the current paper has not taken the parameter uncer-
tainty into consideration, and so it requires further research to
develop robust control methods.
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