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THE UNITS AND IDEMPOTENTS
IN THE GROUP RING K(Z,, x Zy)

WON-SUN PARK

ABSTRACT. Let K be an algebraically closed field of characteristic
0 and let G = Zuy X Zn. We find the conditions under which the
elements of the group ring K@ are units and idempotents respectively
by using the represented matrix. We can see that if o = ) r(g)g €

K@ is an idempotent then (1) = 0, ;-11-;, %, SRR an;_l_ orl,

1. Introduction

Let G = {g0,91,92," - ,gn—1} be a finite group, where go = 1. A basic
group table matrix of G with a fixed order go, g1, ..., gn—1 of elements is a
matrix with the diagonal entries 1 obtained from the group table matrix
by elementary row operations interchanging two rows.

Let R be a ring with unity and G = {g0,91,92,*** ,gn—1} be a finite
group, where go = 1. From the element o = Z::Ol 7(g:)g: of the group
ring RG, we obtain the following matrix M, by putting r{g;) in the place
of g; in the basic group table matrix of G with a fixed order go, 91, .-, gn—1
of elements

r(1)  r(@) -+ 7{gn-1)
M, — T(gl{l) 1"('1) :

This matrix M, is called the represented matrix of o = Z::Dl r(9:)g:-
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Let K be a field of characteristic 0. Kaplansky and Zalesskii have
shown that for any finite group G if a = 3 r(g)g € KG is a nontrivial
idempotent, then r(1) is a rational number lying strictly between 0 and
1 (cf. [9]).

CIliff and Sehgal have shown that for any polycyclic-by-finite group G
if @ = > r(g)g € KG is a nontrivial idempotent, then (1) is a rational
number such that r(1) = T and (r,s) =1 (cf. [2]).

In [5] and {6}, we found all idempotents in KG and thus have shown
that (1) = 0, ik, 2.+ J% or 1if a = £r(g)g € KG is an idempo-
tent where K is an algebraically closed field of characteristic 0 and G is
a Klein's four group or a finite cyclic group.

In this paper, we shall find the units and idempotents in the group
ring K (Z,xZ,) where K is an algebraically closed field of characteristic
0, and prove that if & = > r(g)g € K(Z,x Z,) is an idempotent then

1 2 —1
1) =0, —, —,... , 2 or 1.
mrn mn ™mmn

2. Main results .
Let K be an algebraically closed field of characteristic 0. For each
(k,7) € Znx Ly, let

(ksj):gkn+j (OSkSm—l,Oﬁjgn—l),

mn—1

Then the represented matrix M, of the element oo = Y.\~ r4g; of the
group ring K(Z,xZ,) is as follows.
If m and n are relatively prime, then Z,, X Zy, & Zpm, and so
To m T2 ' Tmn-1
Tmn-1 7O ™ e Tmn—2

Mg =

1 T2 T3 - ‘ Ty
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If m and n are not relatively prime, then

Ay Ay - A
A Ay - Am
Ma = . R . . ¥
Ay Az - Ay
where
Tit—1)n  Ti—nt1 " Tin-1
Ptn—1 T(t—l)n e Ttn—2
At = . . . . y (t: 1,2,...,m).
Ttn—n+1 Ttn—n+2 e r""(tl--l)n

In the case that m and n are relatively prime, we can obtain the units
and idempotents in the group ring K(Z.,x Z,) from {6] since Z,x Zn, =
Y/

In the case that m and n are not relatively prime, we have

I, I, I

v =] I, 61, - 0™l
Tym | : - :
I, ™. ... @I,
™
(4 0 0 e o)
=1
0 Zﬂi‘lAi 0 0
i=1
“1 o 0 Seha 0
=1
0 0 0 Loy gm el g )
\ i=1
I, I, I,
I, 611, N () aty &

I, (-YHy»'L, ... 67>,
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where # is a primitive m-th root of unity 1 in K.

Let ¢ be a primitive n -th root of unity 1 in K and let V( 1, ¢, £2,
..., £»71) be the Vandermonde matrix. Then

m

6l-1)i A, =Ly 1, ¢ &2, .., et
; 7n (1, & ¢ )
x diag (p;(1), Ps(€), - 5(6™7))
1 —1 fe—1\2 —1yn—1
X \/T_?.V(L 45 3 (6 ) [IRER | (£ ) )1
where
m—1 m—1 m—1
pj(:L‘) = Z ,rkngjk -+ Z: 'J"kn+19jk.’L' + -+ Z r""k:1v1+n—193‘1‘:3’3”’_1
k=0 k=0 k=0
(j=0,1,2,..,mm—1).
Let
_ 1 2 -1y o L —1 ge=1\2 . (e—lyn—1
V= \/T_LV(I,E,‘E a0, Vs ﬁV(l,f TS E)TT)
and

P; = diag ( p;(V)p;(&)-.p;(€*7Y) ) (G =0,12,.,m—1)
Then we have

I, I, I,
1 |, e6r, - "1,
M,=—1 . . ) )
vm | : - :
I, ™', ... 61,
VPRV 0 0 0
0 VPRV 0 0
0 0 0 VP,V
I, I, I,
1 | In -1, (@™,
*ym
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voov N
(v e (et
vV o(e-hym-ty o1V

P, 0 0 - 0

0 P 0 0
X

6 0 0 -+ Pn,

4 v Voo

VoW . (Y™
x "

A o L N 4

Therefore,
1 n— m— i
detMo = Enizolnjzolpj (€.
Hence we have the following theorem.

THEOREM 1. Let K be an algebraically closed field of characteristic

0 and let G = Zy, X Z,, where m and n are relatively prime. For each
(k,7) € G, let

(k,3) = Gknt; 0<k<m-1, 0<j<n-1).
Then oo = 3% ' r;9; € KG is a unit if and only if
p;(€)#0 (0<ji<m-1, 0<i<n-1),

where £ is a primitive n-th root of unity 1 in K and

m—1 m—1 m—1
(@) = 3 ket + 3 rens10Fz 4+ Y rngnoa 672,
k=0 k=0 k=0
where j =0,1,2,--- ,m — 1 and § is a primitive m-th root of unity 1 in

K.

Note that o = Z?:B_lrigi € KG is an idempotent if and only if
M?2 = M,. Therefore we have the following theorem.
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THEOREM 2. Under the same assumption as in Theorem 1, let o =
ZZZB"I r:g; € KG. Then a is an idempotent if and only if
pi(€)=00r1 (0<j<m-1, 0<i<n-1),

where £ is a primitive n-th root of unity 1 in K,

m-—1 m—1 m—1

ik ik ik, n—1

pj(ﬂ'«') = rend” + Z rkn+193 T+ + E 7"k:n-+-ﬂl.—19'? z )
k=0 k=0 k=0

where 8 is a primitive m-th root of unity 1 in K.

THEOREM 3. Let K be an algebraically closed field of characteristic
0 and let G = Zy X Ly, For each (k,j) € G, let,

(k,3) = grn+j (0<k<m-—-1, 0<j<n-1).
Ifa= E?:S_l r;9; € KG is an idempotent, then

1 2 mn—1
rg=0,—, —,---, or 1.
mn’ mn mn

PRrOOF. If m and n are relatively prime, then the proof is given in [6].
If m and n are not relatively prime, then by Theorem 2, we have

n—1

1 i

ot Tn e Tmoyn = § po(€")
=0

n—1
a1 ;
To +rn9+--'+7'(m—1)n9m L= H;m(f )

n—1
Tr— 1 :
o + rn() E + - 'r(m—l)ne = E me—l(gt)'

i=0
Hence rp = —— Z?;ol E;.":_Ol p;(€"). Thus, by Theorem 2, we have
-1
TO:O’_]'_‘i’...’mn or 1. O
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