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ABSTRACT

More generalized common fixed point theorems for a sequence of fuzzy mappings to the nonexpansive case
on Menger probabilistic metric spaces, which generalize recent results of Lee er al.[13], are obtained.

1. Introduction

There have been many results on fixed point
theorems for fuzzy mappings, multi-valued mappings
and single-valued mappings on probabilistic metric
spaces including metric spaces, considered by Bose et
al. [1], Butnariu [2], Chang et al. [4-6], Hadzic [8],
Heilpern [9], Lee et al. [10-13], and others [3,7,17-19].

In 1996, Lee et al. [12] obtained a common fixed
point theorem for a sequence of fuzzy mappings to the
nonexpansive case on Menger probabilistic metric
spaces under some equality-type condition.

In this paper we obtain more generalized common
fixed theorems for a sequence of fuzzy mappings to
the nonexpansive case on Menger probabilistic metric
spaces, which generalize and improve the previous
results of Lee et al. {12].

2. Preliminaries

In this section, we recall some topological properties
and others of Menger probabilistic metric spaces in
[14-16].

Definition 2.1 A probabilistic metric space (in
short, a PM-space) is an ordered pair (E, &, where E
is a nonempty set and &Fis a mapping from EXE into
D*, where D" is the set of all distribution functions.
We denote the distribution function Ax, y) by F, , for
each x, yEE. The function F, , is assumed to satisfy
the following conditions;

(PM-1) F, (0 =1 for all £0 if and only if x=y,

(PM-2) F, y(O) =0,

(PM-3) F, () =F, ,(t) for all tER,

(PM-4) if F, (t))=1 and F,, (t,)=1, then F, (t;+5,)=1.

Definition 2.2 A mapping A4 : [0,1]X[0,11[0,1]
is called a #-norm if it satisfies the following conditions
; for any a, b, ¢, dE[0,1],

(T-1) Aa, 1)=a,

(T-2) Aa, b)=A(b, a),
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(T-3) Alc, dy=Aa, b) for c=a and d=b,
(T-4) A(A(a, b), c)= A, AD, ).

Definition 2.3 A Menger PM-space is a triplet
(E, A), where (E, 9 is a PM-space and Ais a t-norm
satisfying the following triangle inequality

F, (t+) 2 AF, (1), F, () for all x, y, zEE and
t, ,=0.

Schweizer and Sklar have proved that if (E, & 4)
is a Menger PM-space with a continuous t-norm A,
then (E, & 4) is a Hausdorff topological space in the
topology 7 having

B={Ny& A):pEE, & A>0)}

as a basis, where

N(& D ={xEE:F, (&>1-A}.

Definition 2.4 Let (E, & A)be a Menger PM-
space with a continuous #-norm A. Let (x,);2, be any
sequence in E.

(x.)m is said to be T-convergent to xE E(we write
x, 5 x), if for any given £>0 and A> 0, there exists
a positive integer N=N(g, A) such that F, (&) >1-4
whenever n=N.

(x)my C Eis called a 7-Cauchy sequence if for any
£>0and A> 0, there exists a positive integer N = N(g,
A) such that F, , (€)>1-A, whenever n, m=N.

A Menger PM-space (E, & A) is said to be 7
complete if each 7-Cauchy sequence in E is 7
convergent to some point in E.

Definition 2.5 A function ¢: [0, +00)—[0, +0) is
said to satisfy the condition (&) if it is strictly
increasing, left-continuous, @(0)=0, ,lim_@(#) = +oo
and 212, ¢@'(f) < +co for all ¢ > 0, where ¢'(¥) is the n-
th iterative of ¢(f).

Lemma 2.6 [6,14] Let a function ¢: [0, +0)—
[0, +o0) satisfy the condition (&), then a function
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y: [0, +90)—[0, +00) defined by

- ) 0, t=0,
@1 v = inf{s>0: @(s)>1},1>0.

is continuous, nondecreasing, and satisfies the
following assertions;

i) o) <t for all >0,

() o) < t and W)=t for all 1=0,

(iii) y(r)=¢ for all r=0,

@{v) lim y*(t) =+ for all ¢>0.
n—» oo

Definition 2.7 A t-norm A is called h-type if a
family of functions (A'"(t)),,,_l is equicontinuous at ¢ =
1, where

A@=AQ, 1), A O=AG, A1), m=1,2, -+,
Obviously, A4 is an h-type t-norm if and only if for
any AE(0, 1), there exists X)E(0, 1) such that A™

(®)>1 —A for all mEN, the set of natural numbers,
when > &A).

t€ [0, 1].

Lemma 2.8 [6] Let (E, & A) be a Menger PM-
space with an A-type t-norm A. If a sequence (x,).% in
Esatisfies the following condition;

Fr i 2 Fo o (W (@) 20,

where yis a function defined by (2.1), then (x,) .5
is a =Cauchy sequence in E.

Lemma 2.9 A sequence (x,).5 converges to x in
(E, & 4) if and only if the sequence (F, )y converges
to F,ED".

I11. Common fixed point theorems

Throughout this section, (E, & A) is a complete
Menger PM-space with a left-continuous s-norm A of
h-type. We always assume that Bisa family of all
fuzzy sets A in E whose each o-level set (A),= {x&
ElAx)=a} for x=(0, 1lis a nonempty T-closed set
in E. We define a mappging & on £2X Q—D* as
follows (we also denote CHA, B) by F s 5 and the value
of Q(A B) at t=R by F, x1));

A
FA, B(t) lnf F(A)ll (B)a(t) tZO A B Q and

e =inf o, 120,
where

Fiaygme® =sup A( inf  sup F,,(s), inf sup
s<t €Ay bEB) bEBY aE(4)y

F, (s)), and
Fomf=sup F, (0, =0 for a0, 1].
yEMB
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The last equality is called the probabilistic distance
between a point xand a set (B),. It is easily shown that
(Q 9" A) is a Menger PM-space. For A, BE.Q AC
B means A(x)<B(x) for x<E, and {x}CTx or
(Tx)(x)=1 means that x Ii\s a fixed point of a fuzzy
mapping T from E to 2

Proposition 3.1 Let A and B be elements of o)
Assume that the 1-level set (B), of the fuzzy set B is
compact. Then for any {x}CA, there exists {y}CB
such that F, (f) = FA «0), t=0.

Proof.

I,;\‘A 30

= inf
ae (0,1)

=Fu,®,0®

_su
s<t

Faye @yelt)

inf sup

inf su
> Fy p(5)s be(B)“e(A)l

A[ae(A)l be (B),

a, b(s)]

inf
<su

sup
s <I:(ae (A)1

be 8),1,, b(S)]

sup
She 3, r,

nol

Putting k= bss‘g’ F, (8, t=0, we obtain a sequence
(ywme1 converging to yE(B)l such that k—1/n<F, ()

<k letting n—0, we have k=F, (1), t=0, ie,

sup F, () =F, 1), t=0.

bEBN

This completes the proof.

Proposition 3.2 [13] Let A and B in .(AZ Then the
followmg hold;

@) F(,, A0=1, t>0 only if {x}CA.

(i) Fy o) = F(:() A(t) t=0.

(iii) If {x}CA, then Fm_ () = Fy (D), t=0.

Prog\osition 33 Let BE.(IJ\ and {y}CB. Then for
{x}j€Q2,

A
F(x),B(t)ZFLy(t), 1=0.

Proof For any a=(0, 1]and {y}CB,
x, (B)a(t) - SuP Fx z(t)

IEBRa
F. (0, t=0.

Hence we have
F(x) (0= mf Fx @D

ZF”(I), t=0.
Now we introduce the main theorem of this paper.
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Theorem 3.4 Let (T)2 : (E, TA—(L, & Abe
a sequence of fuzzy mappings and a function ¢ : [0,
+00)—[0, +°0) satisfy the condition (®). Assume that
the 1-level set (B), of the fuzzy set B is compact.
Suppose that for any x, yEE,

A A A
FT,x,T,y(‘P(t))Zmin{Fx,y(t), Fia, 10, F(y),ij(t)}» t=0.
Then there exists an x»<E such that

{x*}CTiX*, iEN.

Proof. Define a function y: [0, +90)— [0, +<°) by

0, t =0,

v = {inf{s >0:0(s)>1t}, t>0.

Then by Proposition 3.1, for any given x&F and
any {x;}CTyx,, there exists {x,}CTyx; such that

Foy o @(40))
) N . CL0)
>min{Fg o (W), Fra, 10D, Frerp, ra (WD)}

Since F,, ., is nondecreasing, we obtain F,, ()=
Fu. o(@(y(#)) from Lemma 2.6 (ii). Thus we have

Fop o®2min{F,  (WO), Fieg, riso Y00,
Fiay.ma (W)}
= min{Fry (WO, Fry, (W)},

from the definition of the probabilistic distance
between a point and a set and Proposition 3.3.

Since Fyy (8) 2min{Fy, (W(®)), Fy (W)} for
all mEN from Lemma 2.6 (iii), letting m—>o© we have

Fy ()2 Fey (W), t=20.
Similarly, there exists {x3} CTsx, such that

sz,xg(t) Z1'71\11,.\'2( V’(t))

Continuing this process, we have a sequence (x,)%
such that

@ {x} C T,

(D) Fy, (D2 Fe, 5 (W), 120.

Hence we have

Frpint )2 Fopy o W)= 2 F,

W), 120.

By Lemma 2.8., (x,)2, is a 7=Cauchy sequence in
E. By the completeness of (E, & A), there exists an
x-€E such that x, x».

Next, we prove that x« satisfies (Tx,)(x.)=1 for all i
EN, ie., {x.} is a common fixed point of (T):Z,. In
fact, for {x,.,;}&T,.x,, we have {z;}CTx. for each
fixed iEN such that
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F. Xn+ls zi(t)

= I/;\‘ Tn+1%n, T}‘X*(t) A
2min{F,, ., (W0, Fiap, T V) Fiagymn (WD)}
Zmin{Fxn,x*(V,(t))’ Fx,,,xn+1(v,(t))’ f(x*),sz*(w(t))}
2min{Fy, . (Y1), Feou(W'(0), Fiu (W)}

Taking limit inferior in (3.1) we have by Lemma 2.6
and Lemma 2.9

(3.2) nli%Fxn N l’zi(t)2 F{x*}, T,'x*( w(®)).
On the other hand,

By 1 (W) 2 F (W)
2 A{Fyy (8, Fopoy o W) ~ &)}, 850,

Taking limit superior we have
A [
Fx*, T,'Jc*(‘l’(t))2 lim Fx,,+1,z,'(‘/’(t) _é), 6>O

H— o
By the arbitrariness of §>0, we have
A _—
Fly (W)= lim  F,,, (W)

n—

Combining (3.2) and (3.3) we have
dim  Fo, (W)= lim_F.,, (0
n-— o n—)oo

A
2 F(x*),Tix*(u,(t))

Z hm FXn+1in(W(t))
n— oo
2 lim F,,,, ().
n— oo
Therefore
A
(€K 1i_r>n Fxn+1. z.-(ll'(t)) = F(x*),Tix,,(W(t)), and
. A
(3.5) 12}“ Frn 20 = Fioyr (W(D).

By the arbitrariness of ¢, from (3.4) we have

1i

im
B — oo

F,

Antls Zi

0= Py 1), 120.

Therefore from (3.5) we have

lim Fop, )= Aﬁx*,, e (WD)
= Fia, (W)
= P, 10.0"0)
2Fy, AY(®).

Letting m—o°, we have

F,, (=1, t>0.

n

This shows that x,=z; for all i. Hence we have {x«}
CTux, for all i€EN. This completes the proof.
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The following theorem can be obtained from
Theorem 3.4 as a corollary.

Theorem 3.5 Let ()2, : (E, TA—(D, & A)be
a sequence of fuzzy mappings. Assume that 1-level sets
of a fuzzy set in 9 are compact. Suppose that there
exists a function @: [0, +00)—[0, +0) satisfying the
condition (@) such that for any i, j&N and any x, yEE,

A

FTix, Gy((/(t)) Zmln{Fx, y(t)9 Fx, (Tix)l(t)v Fy,(ij)l(t)}v t2 0
Then there exists an x.€E such that

{X*} CT,‘X*, iEN

Proof. Since any closed subset of a compact set is
compact, it is easily shown from Theorem 3.4 that this
theorem holds.

In fact, Theorem 3.5 is a slight generalization and an
improvement of the main result of Lee et. al. [12] by
deleting some of it's conditions, which can be called as
an equality-type condition.
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