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ABSTRACT

We introduce the concept of a fuzzy Vietories topology and we obtain some properties.

1. Preliminaries

Let /=10, 1] and [, = (0, 1]. For a set X. Let /X be
the collection of all the mappings from X into /. Each
member of X, A:X—1, is called a fuzzy set in X
(cf[6])). Let F,(X) denote the collection of all the
Sfuzzy points in a set X[3-5].

Definition 1.1[3] A fuzzy point x; in a set X is
said to be gquasi-coincident g-coincident, in shorts)
with a fuzzy set A in X, denoted by x; g4, if A>A(x)
or A+A(x) >1. A fuzzy set A is said to be g-coincident
with a fuzzy set B, denoted by A¢B, if there exists an
x&X such that A(x)>B(x) or A(x)+B(x)>1. In this
case, we say that A and B are g-coincident.

Result 1.A[3] ACB if and only if A and B¢ are not
g-coincident(denoted by AgB°). In particular, x; €A if
and only if xAgA‘.

Result 1.B[4] Let A, BEX. The followings are
equivalent :

(a) ACB.

(b) x; B for all x;CA.

(©) x; €B for all x;€A.

Definition 1.2[1] A subfamily T of X is called a
Sfuzzy topology on X if T satisfies the following
conditions:

o, XxeT

(i) If {U,: a€E A} C Tthen U e U, E T where A
is an index set,

(iii) If A, BET then ANBET

Each member of T1is called a fuzzy open set in X and
its complement a fuzzy closed set in X. The pair (X, T)
is called a fuzzy topological space(fts, in short)

Definition 1.3[3] For a fuzzy set A in a fts (X, T),
the closure A and the interior, A of A are defined
respectively, as

A=N{B:ACB,B°<T}and A=U {B: BCA,BET}.
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Result 1.C[3] Let (X, 7) be a fts and let AS X
Then:

(a) x,< A if and only if x; has a neighborhood
contained in A.

(b) x;, €A if and only if for each g-neighborhood V
of x;, VqA.

Result 1.D[3] Let (X, 7) be a fts and let AE K,
Then: __ _
A =(4°)¢ and A =(A9)).

Definition 1.4[2] A fis (X, 7) is said to be:

(a) T, if for any two distinct fuzzy points x; and y,:

(Case 1) When x# y either x; has an open nbd
which is not g-conincident with y, or y, has an open
nbd which is not g-coincident with x;.

(Case 2) When x = y and A < u(say), then there exists
a g-nbd V of y, which is not g-coincident with x;.

(b) 7;, if for any two distinct fuzzy points x; and y,

(Case 1) When x #y, x; has an open nbd which is
not g-coincident with y, and y, has an open nbd which
is not g-coincident with x;.

(Case 2) When x =y, and A< u(say), then there
exists a g-nbd V of y, such that xgV.

Result 1.LE[2] A fts (X, T)is 7; if and only if every
singlton set is closed in X.

2. Definition of a fuzzy Vietories topology
and fundamental properties

Notation. Let (X, 7) be a fts. Then:
(a) I,X={E : E is nonempty and closed in X}.
(b) 1= {EEIX: ECA}, where AS K

From Notation, Result 1.B and Result 1.D, we
obtain the following result :

Proposition 2.1 Let (X, 7) be a fuzzy 7 -space.
Then:

(@) It A= N I and generally I, eAe = JAe,
where A,, A, A, X
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(b) ACB if and only if I;*CI,® and hence A=B if
and only if I =1 where A, BEX

Proof. (a) E€ [0 4 & ESX such that ECA,
NA,.

© ESIX such that E(x)< (A, N A;)(x) = min [A(x),
A0, VxEX.

® EEI¥ such that E(x)<Ay(x) and E(x)<A,(x),
VxEX.

& EELY such that ECA, and ECA,.

& E€lfoNif.

Now let (Ay)se, be a subfamily of /X. Then:

E€],Naertas EE[X such that EC N ye A,

© ESIY such that E(x) <( Nyerd)(x) =infe,
Ax), VxEX.

© EELX such that E<A(x), VXEX, <€A,

© E<I¥X such that ECA, for each qEA.

< EE€I e for each xEA.

< EE maEAI()A“-

(b)(=): The necessary condition is obvious from
Notation.

(<): Suppose 1A 1B, Let x;€A. Since X is T;, by
Result L.E, {x,} €1* and {x;} CA. Thus {x;} <[
By the hypothesis, {x;} <1,f and thus {x;} CB. So x;
€B. Hence, by Result 1.B, ACB. n

From Notation and Result 1.A, the following result
is obvious:

Proposition 2.2 Let (X, T) be a fts and let AS X,
Then

I~ 1= {EE1,X: EqA}.

Lemma 2.3 Let (X, 7) be a fts and let 3 be a
collection of all sets 7,C and of all sets I,X —1,¢", where
GET Let B, be the collection of all finite
intersections of members of 3. Then for each BE®R,,

B = {EC]X: ECA, and EgA, for each i=1,"*, n},

where A;&Tforeach i =0, 1,"--, n. In this case, B will
be denoted as <A, A, A>.

Proof. Let B&<,. Then there exist fuzzy open
sets Ao, Ay, >, A, in X such that B = [N (5= 14Y)
N - N(IE~1). By Proposition 2.2, B= {EEL*: E
CA) N{EELXEqA,} N - N{EE1*:EqA,}. Hence
B={ESI,*:ECA, and EqA, for each i=1,---, n}.

From Lemma 2.3, we can easily obtain the
following result:

Theorem 2.4 Let (X, 7) be a fts and let 3 be a
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collection of all sets I, and of all set I,X—1,*", where
GE&T. Then there is a unique fuzzy topology Z(called
the fuzzy exponential topology) on IX such that 3 is a
subbase for 7. In fact, B, is a base for .

Definition 2.5 Let (X, T) be a fts, Then the fuzzy
Vietories(or finite)topology T, on I,¥ is the generated
by the collection of the forms < U, ‘-, U,>, with U,
.-+, U, fuzzy open sets in X, where < U\, -, U,>.={E
€l EC U/, U and EqU,foreachi=1,--, n}. The
pair (1%, T) is called a fuzzy hyperspace with fuzzy
Vietories topology(fuzzy hyperspace, in short).

Theorem 2.6 The collection k @, of the forms <
Uy, -, U,> with < Uy, -+, U, fuzzy open sets in X,
forms a base for 7.

Proof. Since If=<X>and <X>E R, I=U RB..
Let U=<U,, -, U,>,, V=<V\,+, V,>, U=U, U
and V= U/ U. then clearly, U, VE T Consider <U,
AV, UV, ViU, V,NU>,. Let EE<U, NV,
<, U,NV, ViNU, = V,,NU>,. Then EC[ U/, (UN
WIULUL (v, ), EqU.NV) for each i=1,", n
and Eq(V,,NU) for each j=1,"-, m. Thus ECUNYV,
ie, ECU and ECV, ECU, ECYV, for each i=1,:+-,
n,andj=1,"++, m. So E< QN <. This completes the proof.

]

Theorem 2.7 &, and B, are equivalent. Hence
T=T.

Proof. Let <G, G,-*, G>.€ B, and let EE<G,,
G+, G,>,. Then ECG, and EqG,; for each i =1,---, n.
Let A;= G, UG, for each i=1,---, n. Then clearly A, is
open in X foreachi=1,---, n and thus EE<A,,"*+, A,>,.

Now let FE<A, -+, A,>,. Then FC U2, A, and
FgA; for each i=1,--, n. Let G,=U/, A, and let
G,=GyNA, for each i =1,-**, n. Then G, is open in X
for each i=1,"*, n and FE<G,, G+, G>,. By
similar argument, for each <A,,***, A,>,€ @, and each
EE<A,, -, A>,, there exists a<G,, ', G,>,E B, such
that £E<Gy, G, G>.C<A,,*, A>,. Hence &,
and @, are equivalent. |

3. Further results

Lemma 3.1 Let (X, 7) be a fuzzy 7;-space and let
A€ Then:
(a) 1§ CI}. But if A(x)<1/2 for each x€X, then

I I,

by 7§

v
I

Proof. (a) By Proposition 2.1(b), A C 1. But 1~
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If=1,X— 1, X' ={ E€1;Eq( A9)} by Result 1.D and
Proposition 2.2. Thus by Lemma 2.3 and Theorem 2.7,
1,X~1,* is_open in (I, T,). So I is closed in (I, T)),
and thus /§ c I§ . Now let EE [, i.e, ECA. Let <G,,
.-+, G,>,be any base member for 7, containing E. Then
EC U2, G;and EqG, for each i =1,"--, n. Thus there
is an x,&X such that E(x)+G(x)>1. Let E(x)) =v for
eachi=1,"-, n. Then v, + G{(x,) > and thus x, ,4G; for
each i =1, n. Since x, ,, €A, AqG,, by Result 1.C(b).
Thus there is y,;<X such that A(y)+G{y;)>1 for each
i=1,", n Let A(y)=A; for each i=1,---, n and let
F={y._ 21"""» Yn m}. Then FELX, FCA and FqG,; for
each i =1,--+, n. On the other hand, since A(x)<1/2 for
each x€X, A(y)=A<1/2 for each i=1,"**, n. Thus G,
(y)>1/254, for each i=1,--, n. So FC U/, G, and
thus FEIFN<G,,",G>#9 . Hence EEI{ . ie, I,
CI{. Therefore If =I. '

(b) By Lemma 2.3 and Theorem 2.7, IOA is open in
(IX T;). By Proposition

2.1(b), I CIA. So 1§ < If. Now let Eelt.
Then by Result 1.D, EA (49)° . Thus by Result LA,
EqA¢ . So there is a y&X such that E(y)+(4°)(y) >1.
Let (A¢)(y)=p. Then y, < (4¢) and y,gE. Let <G, ",
G,>, be a base member for 7, containing E. Then EC
G, and EqG, for each i =1,---, n. Thus y,gG,. Since y,
€ (A°), by Result 1.C(b), A9qGy. So there is an x&X
such that A()+Gy(x)>1. Let Gy(x)=A. Then clearly x;
EG, and xgA¢. Let F=E U {x;}. Then FEILX and
FgA°© and thus FE1X - I}, Moreover FC G, and FqG;
for each =1,-**, n. Thus FE<G,,"**, G,>., So FE<G,,
o G, NE= 1420, and thus

Ee IX— T4 Hence, Ee [4 ie., I < I/ Therefore
0 1) 0 0

From Lemma 2.3, Theorem 2.7 and Lemma 3.1, we
obtain the following result:

Lemma 3.2 Let (X, 7) be a fuzzy 7,-space, and let
AEK

(a) I* and I;¥ — I are open in /X if and only if A
is open in X.

(b) If A is closed in X, then [/ and I,X -1 are
closed in 1.

(b") If I,* and £,X — I;/* are closed in I,X and A(x)<1/
2 for each x€X, then A is closed in X.

Theorem 3.3 Let (X, 7) be a fuzzy T;-space and
let ASIX. Then the set {EE1,X: ACE} is closed in
I~ T).

Proof. Let A={E€IXACE}. Then:

131

A={E € IX: AQE)
=U ‘AeA{EE‘_IoX:E Tt}
=U g ealt

Since X is 7;, by Result 1.E, {x;} is closed in (X, 7)
for each x; € F(X). Thus {x;}° is open in (X, 7). So by
Lemma 3.2(a), L' is open in (1%, T) and thus A°
is open in (X, T,). Hence A is closed in (/%, T)

|

Theorem 3.4 Let (X, 7) be a fts. Then:
(a) (I,%, T, is always T
(b) If X is T;, then [,X is 7;. But the converse is false.

Proof. (a) Let A, BEI,X such that A#B. Let x, €
A, x;¢ B and U=B°. Then U is open in X, AqU, AgX,
ACUUX and BqU. Thus Ae<U, X>, and BE<U,
X>,. Hence (15, T) is T,

(b) Let XEI*. Then :

(K)={EEL*:E=K}
=(E€IXECK)N{EELXKCE]).

Thus, by Lemma 3.2 and Theorem 3.3, {K} is
closed in I;X. Hence I,* is .

Example 3.5 Let X be a finite set containing more
than two points. Let the topology Ton X be the fuzzy
trivial topology. Then I*={X}. So I,X is 7. But (X, T
is not 7.

Definition 3.6 A fuzzy set A in a fts X is said to
be dense in X if A=X. In particular, A is said to be
countably dense in X if A is dense in X and S(A) is
countable. If X has a fuzzy countable dense set, we say
that X is fuzzy separable.

Theorem 3.7 Let $AX) be the family of all the
fuzzy finite sets in a fuzzy 7;-space X. Then XX) is
dense in (1%, T).

Proof, Let EELYX and let <G,,**, G,>, be any base
member for 7 such that EE<G,, -, G,>,. Then EU [,
G, and EqG,; for each i=1,, n. Let x, A EF and
A+G{x)>1 for each i=1,--, n. Let F={x, """, X 1.}
Then clearly FE XX) N <Gy, -, G>,#0 and thus EE
FX), ie., KT HX). So AX) = I*. Hence AX)

is dense in L%

Theorem 3.8 X is fuzzy separable if and only if I
is fuzzy separable.

Proof. (=): Suppose X is fuzzy separable. Let D
be a fuzzy countable dense set in X and let <D be the
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collection of finite subsets of D. Then clearly, & is
countable. Let <G,,***, G,>, be a base member for 7, .
Since.D is dense in X, by Result 1.C(b), DgG; for each
i=1,"--, n. Let x;,€D and A+G{x)>1 for each i =1,
-, n Let E={x,;,"*, x,2,}. Then clearly, E€ DN
<Gy,*", G>,. Thus D is countable dense in I;~.
Hence /% is fuzzy separable.

(&=): Suppose ;X is fuzzy separable. Let D= {A,:n
€7} be a countable dense subset of I,;X. For each A,
& ), choose a fuzzy point ¢, ;, <A, and let D=a, ,,:n
&Z*}. Now let U be a fuzzy open setin X. Then <U>,
open in I*. Thus there is and A, & D<U>,. So A,C U
and A,qU. And thus a,;,qU and UgD. So D=X. Hence
X is fuzzy separable
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