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The Analysis of the M/M/1 Queue
with Impatient Customers?
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Abstract

The M/M/1 queue with impatient customers is studied. Impatient customers wait
for service only for limited time K>( and leave the system if their services do not
start during that time. Notice that in the analysis of virtual waiting time, the
impatient customer can be considered as the customer who enters the system only
when his/her waiting time does not exceed K. In this paper, we apply martingale
methods to the virtual waiting time and obtain the expected period from origin to the
point where the virtual waiting time crosses over K or reaches 0, and the variance
of this period. With this results, we obtain the expected busy period of the queue, the
distribution, expectation and variance of the number of times the virtual waiting time
exceeding level K during a busy period, and the probability of there being no
impatient customers in a busy period.
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Theorem (Optional Stopping Theorem)
T 7} 8834 {X(¢t), t=20}9 Stopping timeo] i,

i) P{T<oo}=1
i) E[Suﬂ0<t<m|X(t/\T)|]<°° o] 9,

E[X(T)]=E[X(0)]
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o X(T,)=K+Y (Y= 3ol p AFBFEHESF)0] HE AHLE o] &34,
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_ — e .
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2.1
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494 FEui Yong Lee, Kyung Eun Lim

o) gk A7IM A X(T,)> K 4S5l X(T,)=K+ Y 43 ol g3,

BIX(T)) = [ Lo g st )]

o] gt} o] (22)o A&,

(e ™ —D(sp+1) x 2.3)

= ﬂ —
E(T) = kg [t |-

o] T,

9o e o wEAY V() = X(t)— E[ X*()]S ol &dd T,9 oA34EL 7=
g 4= vk = 0S.TE V(H)d Hg3d,

0=E[V(0)] = ELV(T,)] = E[X*(T,)—E(X*(T,)]
=E[X(T)]—x* —2E(T)x(Au— 1+l (24
+E(T Qu—2)iu+1]
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