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On the weak law of large numbers for weighted sums
of pairwise negative quadrant dependent random
variables'

Tae-Sung Kim' and Jong I1 Baek?

ABSTRACT

Let {X,n > 1} be a sequence of pairwise negative quadrant dependent
(NQD) random variables and let {a,,n > 1} and {b,,n > 1} be sequences
of constants such that an, # 0 and 0 < b, = co. In this note, for pairwise
NQD random variables, a general weak law of large numbers of the form
(32 laz| X, — va) /by =5 0) is established, where {vn,n > 1} is a suitable
sequence.
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1. INTRODUCTION

A sequence {X,,n > 1} of random variables is called pairwise positive quad-
rant dependent (PQD) if for each pair 4, j (i # j) and for all vy, r; € R P{X; >
ri, Xy > b 2 P{X, > n}P{X, >} (or P{X, <m, X; <r}>P{X, >
r P P{X, > r;}) and it is called pairwise negative quadrant dependent (NQD) if
for each pair ¢,5(¢ # j) and for all r,,r; € B P{X; > r;, X, > ry} > P{X; >
r b P{X; > )} (or P{X; 2 r, X, 2 rj} € P{X; > n}P{X; > r,}. These
definitions were introduced by Lehmann(1966).

Let {X,,n > 1} be a sequence random variables and {a,,n > 1} and {b,,n > 1}
sequences of constants with a,, 0, n > 1, 0 < b, = co. Then {a,X,,n > 1}
is said to obey the general weak law of large numbers{(WLLN) if the normed

tThis work was supported by WonKwang University Research Grant in 2000.
'Professor Depariment of Statistics WonKwang University Tksan, Choubuk, 570-749, Korea
% Associate Professor Department of Stakistics WonKwang University Iksan, Chonbuk 570-

749, Korea,



262 Tae-Sung Kim and Jong Il Back

weighted sum (Z?:l a, X, —vn) /b, converges in probability to zero, where
{vn,n > 1} is a suitable sequence.

The WLLN for iid random variables which are stochastically dominated by a
random variable X has been derived by Adler and Rosalsky(1991}.

In this note we derive the WLLN for the pairwise NQD random variables with
the same distribution function F(z).

In section 2 we study some preliminary results and in section 3, we derive the
main results for sums of pairwise NQD random variables with the same distribu-
tion F(z}.

2. PRELIMINARIES

Lemma 2.1. (Matula, 1992) If {Xn,n > 1} is a sequence of pairwise NQD
random variables, {fn, n > 1} a sequence of nondecreasing functions fr : R —
R, then {fn(Xy), n > 1} are also pairwise NQD.

From Lemma 2.1 we obtain the following result : Put

X, = X, I| Xn| < cn] + end[Xn > ¢
~end [ Xy < —¢), forc, >0 (2.1)

and let {X,,n > 1} be a sequence of patrwise NQD random variables. Then
{X),n > 1} is also o sequence of poirwise NQD.

Rosalsky and Taylor (1991) have derived the following results under assumption
that {X,,,n > 1} is a sequence of independent random veriables which are stochas-
tically dominated by X. In this section only using the condition thatl the X, are
identically distributed Lemmas 2.2 and 2.3 will be proved.

Lemma 2.2. Let {X;,n > 1} be a sequence of random variables with the same
distribution function F(z). Let {an,n > 1} and {by,n > 1} be sequences of
constants with a, £ 0, 0 < b, — 0o, n > 1. Put

b
n_iani

and define
Xog = X1 (| X S en) +end(Xj > ) —cnd(X; < —cp), 1<j<n, n>1
if
nP{|X1| > ¢} = 0(1) (2.2}
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then the WLLN
E?:l |ay|(X; — Xnd) P,

n

obtains.

Proof : For arbitrary € > 0,

no X, — X,
Zj—l |2y |(X, j)‘ > ¢ < P{U;L=1[Xg # an]}

bn
T
< STPUXS > e}
=1
< P{Xq| > en} = ol1)

by (2.2). Hence the desired result follows.

Lemma 2.3. Let {X,,n > 1} be a sequence of random variables with the some
distribution function F(x). Let {an,mn > 1} and {by,n > 1} be sequences of
constants with ap, #0, 0 < by — oo n > 1, and suppose thot either

i 2 _ ol _ ba
nianl ~Lu Zla’:ﬂl O b ! and Z 2|G. |f7 =0 (En .2) (24')

|an| =1 |
or
b b
_n T? = — m?
|ax| nfan|
n bg
la;12 = O(nlax|?), and = = (2.5)
2l " Z 2|a 7O\ SL P
or

—n] and Z|a3| O(nan|*) (2.6)

T.l.

hold. Then (2.2) entails that

> lay PP{1X1] > en} = oljanl®) (2.7)
=1
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ond

S oy PEIX PI(I X < en) = ofB2) (2.8)
=1

hold, where ¢, = ‘gﬁ.
T

Proof : We will use the idea of the proof of Theorem in Rosalsky and Taylor
{1991). To prove {2.7), observe that under (2.4)
I &, o
— 3 _las*P{1X1| > e}

|| =1

CH2P{|X1| > e}
~ lanl? 22,21 n(e}/57)
CEP{|X1] > ¢y}

n{c/n?)

where (' is a positive constant, by (2.2). On the other hand, under (2.5) or {2.6)

=CnP{|X1] > en} = 0(1),

1

‘an|2

3 e PP{X ] > en} < CnP{X | > en} = of1)
=1

again by (2.2) and so (2.7} obtains. To prove (2.8). note that ¢, 1+ under (2.4),
{2.5) or {2.6) and that (2.5) and (2.6) individually ensure

> lag = o(Bh). (2.9)
=1
Thus (2.9) holds under (2.4), (2.5) or (2.6}, Let ¢g = 0 and d,, = ep/n, n > 1.
Define an array {Bng, 0 <k <n, n>1} by
2 7‘,:2
b 4 (i S0aleil) (-’%—) Jor 1<k<n—1, n>2
a, fork=0 n n>1.

It will now be shown that {Byi, 0 <k <n, n> 1} is a Toeplitz array, that is,

N 1Bul = 0(1) (2.10)
k=0
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and
B tod as n — oo for all fized k > 0. (2.11)
Clearly {2.9) entails {2.11). To verify (2.10), note that By, >0, 0 <k <n, n >
1, since ¢, 1 and that £ > 1,
o~ _ (B + 1), — Ky
k k
Then under (2.4), since d,, |, it follows from (2.12) that

< (k+3)yds, | — kd;, (2.12)

2
ck+1 £ 9 3Ck
=2 <3y = k21
k k2’

Hence, for n > 2,

i’ n n—1 a2
S B < (f’ Zaﬁ) ( ;j;) =0(1)
k=0 =1 k=

and so (2.10) holds. Now under (2.5} ,form > 2,

e} n—l
> By < ( Zm) Dk 3)d, kdi)) (by(2.12))
k=0 k

=1

—

3
+ (b—ZZWHE) (de+1)
T j:l
Cn 3 I n--1
C—gﬂdi + (ETE > f%|2) (Z d%-u)
L T 3:1 =1
3 m n—1
= |a, [? (Z di+1) : (2.13)
oy=1 k=1

where (' is a positive constant.
Under (2.5), for n > 2,

(g—gu) (Z% ) < (52 > le) (_ i) = O(1).

-
< ( Z|a32) k+1dk+1-kd§))
k=1

IA
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A

Under (2.6), for n > 2,
3d2 -
(Z |aj2) (n—1) (since d, 1)

(% Zl 032) (Z dk+ 1)
= O1).

Thus, under (2.5) or (2.6), recalling (2.13)

Z By = O(l)
k=0

and again (2.10) holds, there by proving that {Bnk, 0 <k <n, n > 1} isa
Toeplitz array. By (2.2) and the Toeplitz lemma (see, e.g., Knopp p74 or Loeve
p250)

> BugkP{|X1| > ep} = o(1). (2.14)
k=0
Next, note that

ZI&;IEElei I(1X1] < en)
n =1

=5 LNl S BT < ] < o)
1=1 k=1

bg ZWJFZ%P{% 1< )X < ek}

7=l

= b—22|aj|BZ:cz(P{|X1| > g1t — P{X1| > e })

“w Z\%I (1 (P{IX1] > 0} — L P{|X1] > ¢4}

7=1
+ Z i1 — GIP{X1 > ¢ })

%Z aﬂzz k+1 kp{lxll > e+ o(1)
:l k=1

3

=3 BupkP{Xi| > ¢} +o(l)

= ( ) (by (2.14)),
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thereby establishing {2.8) and the proof is complete.

Remark Note that assumption of independence(or pairwise NQD) is not
required in Lemmas 2.2-2.3

3. MAIN RESULTS

Theorem 3.1.  Let {X,,n > 1} be a sequence of pairwise NQD random vari-
ables with the same distribution function F(z). Let {an,n > 1} and {by,n > 1}
be constants with a, 7 0, 0 < by, — 00, n > 1 and suppose that either (2.4) or
(2.5) or (2.6) hold. If (2.2) holds then the WLLN
P o [(Xy; — BEX
ijl| J(b J ny) F.0
n

obtains, where Xq; is defined as in Lemma 2.2.

(3.1)

Proof : First note that {|a;|(X, — EXp;)}'s are pairwise NQD by Lemma 2.1.
1t follows from Lemma 2.3 and pairwise negative quadrant dependence condition
that for arbitrary e > 0,

E?:l |2 |(Xnj — BEXnj)
br,

2

< 2{)2 Z |4 Xny — B Xyy)
1
262 Z |G’J|2E(Xﬂ.? - Ean)2
T j:].
1 n
2
25 Z las P P(X
no,—1

1 « 1 <&
2 Z |a3|2EXJQI(|X9| <cp)+ v Z |a.3!2c,21P{|Xj| > Cnt

IA

A

IA

1
Egla IQ Z\a’“’llzp{lxll > Cﬂ} + 5 gbz Zla:}\ ‘X] |2 |X1| < Cn)

= o(1),

\ /\



268 Tae-Sung Kim and Jong Il Baek

by (2.7) and (2.8). Thus the desired result (3.1} follows.
Finally from Lemma 2.2 and Theorem 3.1 we obtain the lollowing result :

Theorem 3.2.  Let {X,,,n > 1} be a sequence of patrwise NQD random vuri-
ables with the same distribution funclion F(z). Let {an,n > 1} and {by,n > 1}
be constants with a, # 0, 0 < by, = 00, n > 1, and suppose thel either (2.4) or
(8.5) or (2.6) holds. If (2) holds then the WLLN

Y=t lagl(X; ~ BEXpy) p

— 0 (3.2)
by,
obtains, where Xp;, = X, I(|X,] < cp) +end(X; > en) —cnd (X < —en), 1 <5 <
11, nZlandcn:ﬁ:’ﬁ.
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