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New Analysis on Reception of M-ary FSK Signals
over Rician Fading Channels

Chang-Hwan Kim* - Young-Yearl Han**

Abstract

In this paper, we analyze the distribution of the envelope of the received signal over frequency-nonselective

slow Rician fading channels with additive white Gaussian noise(AWGN). Especially, we can obtain the error rate
performance of noncoherent M-ary FSK(MFSK) over slow and flat Rician fading channels and AWGN from the
new probability density function(PDF) of the envelope, not the PDF of the instantaneous signal-to-noise
ratio(SNR) published before, of the received signal. When coherent MFSK signals experience the Rician fading
channel, the performances are derived, using the union bound.

I. INTRODUCTION

The statistical properties of mobile radio envir-
onments can be often specified by three propagation
effects: 1) short-term fading 2) long-term fading 3)

propagation path loss!"

. In short-term fading, the
scattering mechanism only results in numerous
reflected components”. The Rayleigh model is used
to characterize this fading in small geographical
areas and sometimes does not account for large scale
effects like shadowing by building and hills®. In
long-term fading, the change of effective height for
mobile communication antenna exists due to the
nature of the terrain. Its statistics follow the
log-normal distribution. But in the event that there
are both the information signal and the interfering
signal, this channel is modeled to be a Rician fading
model™. By modeling the channel as a Rician fading
channel, a result is obtained that is valid in the limit
of large direct-to-diffuse power ratios for channels
with no fading and in the limit of small direct-
to-diffuse power ratios for Rayleigh environments as
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well as for the general case when neither the direct
nor the diffuse components of the signal are
negligiblem. When Rician factor K is 0, the error
performances lead to those of Rayleigh fading
model. A more general fading distribution which has
been shown to be appropriate to model the multipath
fading in urban as well as indoor situations is the
Nakagami m-distribution, of which Rayleigh fading
is a special case of fading index m= 1, Nakagami
distribution can model fading conditions more or less
severe than those in the Rayleigh case. The Rice and
lognormal distribution can also be approximated by
the Nakagami distribution””.

We used the PDF of the instantaneous SNR® or
that of the amplitude of the received signal™, to
analyze the general performance of digital modul-
ation over a fading channel. Robert'” derives an
accurate expression for the bit error probability of
noncoherent FSK and DPSK for Rician fading, but
without an extension to the M-ary case. Crepeau’ "
evaluated the error rate performance of noncoherent
MFSK and DPSK in Nakagami fading channels. Sun
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121 presents the closed-form solution for noncoherent

MFSK performance over a slow and flat Rician
fading. But, until now, we could not use the
distribution of the envelope, to present the
performance results of the received signals under the
effect of the Rician fading environments. So, we
derive these PDFs of the received signal over the
Rician fading channels. Especially, in Appendix, by
using the new PDF of the envelope we analyze the
performance of noncoherent MFSK on Rician fading
channels. It can be shown that these results are
perfectly equal to the results found by Sun"”. Also,
we can find the error performance of coherent

MFSK over slow and flat Rician fading channels

when AWGN is present, using the union bound, an
upper bound on the bit error probability. Then we
compare coherent MFSK performance result with
that of noncoherent MFSK signals under the Rician
fading channels. Error probabilities are graphically
displayed for various values of M and Rician factor
K. The remains of this paper are as follows. In
Section 2, the distributions of the envelope, not those
of the instantancous SNR, under the Rician fading
channels are analyzed. In Section 3, we can derive
the performance of noncoherent MFSK signals, using
the PDF of envelope on the Rician fading channels.
The analytical results for the performance of
coherent MFSK by using the union bound are
represented in Section 4. Subsequently in Section 5,
selected numerical results are presented. Finally we
summarize some known results in Section 6.

II. THE DISTRIBUTION OF THE
ENVLOPE UNDER THE RICIAN
FADING CHANNEL
The received signal #(#) has the form
HO=d cosw t+n(l), 0<¢<T t))

where the amplitude of desired signal, 4, is
assumed to suffer from Rician fading and »(p is

AWGN with one-sided power spectral density N;.

When thermal noise is passed through the
narrowband filter of the receiver, the characteristics
of the envelope and phase of the received signal
including AWGN are given by

AD =d cosw t+n.cos w t— nsinw L

- 2., . 271/2 -1__"s
=[(d+n)°+ n] cos(wct+tan d+n.

=Rcos(w 4+ ) (2)

where R is the envelope, # is the phase angle of the
received signal, and two independent bandlimited
noise, . and #, are Gaussian-distributed, both
having zero mean and the same variance o, .
The PDFs of x, and #, can be expressed as

__ 1 ~ntp2a 3

Ano Tze ol e (3)
and
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In a Rician faded channel, the amplitude for the
desired signal with a two-parameter (S, o) is

characterized by the Rician PDF!

_S+d
. d 204 Sd
fld)= PrA 10( 0.7 ) &)

where [( -) is zeroth-order modified Bessel

function of the first kind, ¢, is the mean power of

2
the diffused components and % is the power in
the direct components. Hence the total local mean

2
power is o2+ % o,

The Rician distribution is characterized by the
Rician factor K, which is defined as the ratio of the
mean direct power to the mean diffused power, i.e.,

= SZ
K 2 0'd2 .

There is a close fit between the m-distribution and

the Rician distribution when the following parameter

relationship holds™™:
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Vmi—m S
= - 6
Kﬁ—2 , mx1 (6)

where the parameter m in the Nakagami fading
channels is defined as the ratio of moments, called

fading index,

2
" HG-T "1 7
and
Q=Hd. ®

The fit is exact in the extremes

m=1, K=0 (Rayleigh fading)
m—o,  K—oo (nonfading).

New random variables are defined as follows:

x=d+n,=R cosf &)
y=n,=R sinf . (10)

If 4 and #, are independent, then the density of
x equals the convolution of their respective density

131~[15] .
03~08] o

f(x) =fD(d)ch(nc)- (11)

Given two independent PDF of two rv x and y,

this joint function equals the multiplication for the

f13]

function of x and y ', ie,

O,y = F(0F(). (12)

We express the joint function Ax,y) of the rv x
and y in terms of » and 6. Here fz ,(#, 0) is

given by

Frolr, 8)=fx y(x=7rcosf,y=rsing) | J|
(13)
where J is the Jacobian of the transformation.

In (11),

)= [ iod) fr(x— dyad

$ o, 2
2 64 2 gy

1A
02\ 2r 6, €
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(14)
Then, from (12)
S, ey
f(x,y)=me 2 o/ 2 d,

o —(—1—720’ +‘_L725. )d2+——:?-d
. fo de

: 10( S )dd. (15)

Using the transformation of rv, the joint PDF of
R and 6 becomes

S P
Y4 20 2 0,

fro(r,0)=——"75—75¢

R 6 27rdd2 0”2

204

et s

-Io( ifz )da’. (16)
To obtain the marginal PDF of envelope R, we
integrate (16) over 4 to get ' 17
SR
f R Rician(7) = o a:z > 267 Za,

. fomde_(ﬁ+ﬁ7’dzlo(—d,-)

o4
x rc:sﬂd
[ e ™ dbdd -
_sag
=L 7 10(%), r=0 a7

where 2= o/ + 0,%
By normalizing 2 ¢,%, (17) can be expressed as

follows:

K
N 20+K)  TTEK TR
fR,Ru‘lan(r)_ 1+K+?’0 re

B 1+1J§+n ’ ¥
e W2 KE+ Dn T e 77 )
(18)
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where y=(1+K) :22“' .

The distribution in a Rayleigh fading channel can
be obtained by setting K= in (18). Thus, (18)
becomes

__7
f R, Rayieigi( V) = 1_&’;0 e 70, (19)

We can find that (19) corresponds to the result of
[18, Eq. (20)] for m=1.

It is well known that for a given number of
Rician factor K, for smaller SNR, the distribution of
the envelope is more shifted to the left like that of
the envelope under the effect of the Nakagami fading
environment. Given average SNR of the received
signal, for larger Rician factor K, that of the
envelope is more shifted to the right.
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Fig. 1. The PDF of the envelope in a Rician
fading for SNR=0, 5, 10, 15 dB and k=6
dB.
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Fig. 2. The PDF of the envelope in a Rician
fading for K=0, 5, 10, 15 dB and SNR=
10 dB.

II. NONCOHERENT MFSK PERFORMANCE
ON RICIAN FADING CHANNELS

M-1 outputs of M filters are assumed to include
only AWGN, which has zero mean and variance 2.
Given that information signal was transmitted, the
probability that the envelope of the received signal
exceeds the threshold value r is given by [19]

_ —n?
#="S D (M )

where each M-ary signal is uncorrelated.

To obtain the probability of symbol error for
noncoherent MFSK over a Rician fading channel
with the Rician parameter X, we multiply (17) and
(20) and perform the integration with respect to .
So, this yields (See Appendix.)

P pician= fowf R Rician{ V) &Py

& n-1f M—1 K+1
_21(_1) 1( n )ny0+(n+l)(K+1)

ny K
exb| T | @y

For orthogonal signaling, the average probability
of bit error, P,, is related to the average of symbol

error, P, by [11]
- M _
B=sau—n & @2

where the per bit average SNR y, is related to per
symbol average SNR by

=1
7v= log ;M K (23)

Evaluating (21) and converting from symbols to
bits, using (22) and (23), we observe that the bit
error probability in the Rician fading environment is

P o iaon= g0y K+ 'S (-

L M-1 1
n | nyog .M+ (n+1)K+1)
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.exp[_K+ (n+ DK(K+1) ]

nyslog M+ (n+1(K+1)
(24)

The bit error probability in a Rayleigh fading,
Py, rayieichs  Can be obtained by setting k=0 in (24)

as follows:

—1 _
P j, Rayteigh = Z(MIM_ D [Zl(_l) -l

L M-1 1
( n ) nyylogosM+n+1 . 25)

We can find that the result of [18, Eq. (34)] for
m=1 corresponds to (25). It is interesting to note that
(24) is perfectly equal to Sun’s result for noncoherent
MFSK in a Rician channel {12, Eq. (8)].

IV. COHERENT MFSK PERFORMANCE ON
RICIAN FADING CHANNELS

The events that the observation vector z is nearer
to the signal vector s than the signal vector s; may
be expressed as Ax, Lk=1, 2, oo , M, where we
have assumed that the signal s; was transmitted. On
the assumption that B, is the decision region which
includes s;, the conditional error probability of
symbol, P(ze B; | s;) is equivalent to the probability
of the union of mutually exclusive -events
AnAp, - Ay, Ajier, o, Agg- It can be shown
that [4], [13]

P(z2B,|s)< };:1 A, i=1,2,M

k+i

(26)
P(zzB;ls;) glP(s,-,sk), i=1,2,M

k+i
@7
where P(s;s,) represents the probability that z is
nearer to s, than s;, assuming that the signal s; is
transmitted.
Then let us assume that s, was transmitted, the

error probability of a signal is then given by

1180

« 1 uz ) 28
P(si»sk)=fdm/277r_]\,0 exp(—ml‘du (28)

where dj is the Euclidean distance betveen a pair of
signals, defined as

da=lsi—ss . 29)

(28) can be also expressed as

Pspon = enid [ %) ()

as a function of the instantaneous SNR for s,

defined as

__di
T =9N - 3D

Substituting (30) into (27), we have

PaeB )<} B et 22).
R+

i=1,2,.M. (32)

Given that the transmitted signal is s, of the
binary signals, s, and s, the average symbol rate, or

simply the average of the probability of error in
detecting the desired signal in a Rician faded channel
is given by

P pician= f:f(?’ﬂe)P(Si,Sk)dm (33)

in which, for convenience, we have defined the PDF
of the instantaneous SNR for s; as

Rrw=LD 1 y=y,, (34
From (30) and (34), (33) is represznted as

| (e K] KT
= —= —_— Yo
Ps.Ricz'an 2 fl) 7 e

A FEDR Al 3 i, 09

We substitute the infinite series expansion of the
Bessel function Iy(z) as
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o= 3l (6)

into (35), make the change of variable and use [17].
r v+1
il w2 -1 _ 2
ﬁ) erfe(fx)et * x " dx Vv g

ZFI(EV,”—'Z"—L;EVJA;—B’%),
Re £°>Re 1*, Re v>0. (37)
Using identity[17], [20]
oFi(a,B7:Z2)=(1-2)""
CoFy (8,7 - airigEy) (38)
and

JFy (1,D+%;1§+1;x )=

gy B o

p)\4

(35) thus becomes

Popm=te kS 1

s facan 9 =y r'(/+1)
Koy~ B W F2]) @
where

B(K) =m 41)
P 2)

Finally, for equally probable M signals, we can
present that from (22) and (23), the bit error
probability under the Rician fading model, P, r:.»
is

M
< 4 e

P b, Riclan—

RS 1
ngo r{+1

sl - B Y] @

For the special case of Rician factor k=0, we
can find that the result of (43) is perfectly equivalent

to the result of [18, Eq (51)] for m=1.

V. NUMERICAL RESULTS

The selected numerical results to show the
performance of noncoherent and coherent MFSK in
Nakagami and Rician fading channels with arbitrary
fading parameters were presented“”‘ 02 Also, the
performance of coherent MFSK in Nakagami fading
channels was represented"®. The performances of
coherent MFSK signals under the presence of
Nakagami and Rician fading channels are graphically
suggested for the signal alphabet sizes M, m, and K
in Fig. 3~7. It is assumed that the performance of
coherent MFSK in fading channels has an upper
bound. Coherent MFSK results in Nakagami and
Rician fading channels are plotted with M=2, 4, 8§,
and 16 in Fig. 3~6, respectively. Under the
assumption that coherent MFSK signals experience
an independent Nakagami fading with m=1, 5, and
10, these fading severity indexes correspond to a
Rician fading channel with k=0, 8.472, and 18.487.
It is an expected result as Rician factor K increases,
fading depth decreases. Fig. 7 shows coherent MFSK
performance comparison in Nakagami and Rician
fading channels for M=4, 8, and 16, m=10, and
K=18.487. Note that for a given number of Rician
factor K, a substantial gain in performance is
achieved by increasing the signal alphabet size M.
Hence, this figure illustrates that, by increasing the
number of M, one can reduce the SNR per bit
required to achieve a certain bit error probability for
K. Also, we can find that the bit error probability fits
closely for M=8 and M=16 in a Rician fading
environment. The noncoherent and coherent MFSK
results are plotted with alphabet sizes M=2, 4, 8, and
16 in Fig. 8, respectively. In each of these figures,
we have a simple value of K. It is clear from these
results that for a given number of Rician factor X,
the improvement increases with increasing alphabet
size M. Also, coherent MFSK performance can be
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better than noncoherent MFSK performance in a
practical SNR range.
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Fig. 3. Coherent MFSK performance comparison in
Nakagami and Rician fading channels for
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Fig. 4. Coherent MFSK performance comparison in
Nakagami and Rician fading channels for
M=4
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Fig. 5. Coherent MFSK performance comparison in
Nakagami and Rician fading channels for
M=8.
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Fig. 7. Coherent MFSK performance comparison in
Nakagami and Rician fading channels. This
parameters for this figure are: \/=4, 8, 16,
m=10, and K=18.487.
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comparison in a Rician fading channel for
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VI. CONCLUDING REMARKS

In this paper, we have suggested the distribution
of the envelope under the fading environments. By
using these distributions we can analyze the error
rate performance of noncoherent MFSK systems that
operate on Rician fading channels. To perform the
evaluation of coherent MPSK systems, it is valuable
to investigate the distribution of the phase angle
under wireless fading channels. Also, we have pre-
sented new expressions for the upper bound of the
bit error probability for coherent MFSK in Rician
fading channels. These results are sufficiently general
to offer a convenient method to evaluate the per-
formance of several current coherent and non-
coherent MFSK systems that operate on channels
with a wide variety of fading or scintillation con-
ditions in wireless personal communications.

APPENDIX

Noncoherent MFSK Performance Using the PDF
of Envelope on Rician Fading Channels

We obtain the probability of symbol error for
noncoherent MFSK over a Rician fading channel
with the Rician parameter K from (17) and (20) as
following[17]:

P picien= fo I R Rician( ) &(V)dr

S 2
P
{37 *32)

NS M- %
~:21(_1) 1( n ) o+ n (dht+ds)

. lFl 1,1,

(A1)

) S o
exp[ 2 02,,+no§+no?;,

We can express the average symbol error
probability in (A.1) in terms of the average SNR per
symbol, y,. To accomplish this, (A.1) may be

expressed as

P Rician = };211(~1) ”*1( M; 1)

. K+1 exol — nyK
nyot (n+t D(K+1) P nye+ (n+ D(K+1)

(A2)
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