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NORMALIZING MAPPINGS OF AN ANALYTIC
GENERIC CR MANIFOLD WITH ZERO LEVI FORM

WonN K. PARK

ABSTRACT. It is well-known that an analytic generic CR. submani-
fold M of codimension m in C™™ is locally transformed by a biholo-
morphic mapping to a plane C* x B™ £ £ x C™ whenever the Levi
form L on M vanishes identically. We obtain such a normalizing
biholomorphic mapping of M in terms of the defining function of
M. Then it is verified without Frobenius theorem that M is locally
foliated into complex manifolds of dimension n.

0. Introduction

Let p1,- -+ , pm be real-valued functions near the origin in C**™ such
that
prlg == pmly =0
and

p A=~ ABpnly 7 0.

Suppose that a generic CR submanifold M of codimension m in a suf-
ficlently small domain €2 = 0 is defined by the real-valued functions
pl) e ]pm as fO].].OWS

p] :-»-:pmzo_
Then there is a natural differential system D on M defined by
dpl:---:dpmzdcplz---:dcpmzﬂ

where d° is the imaginary part of @, The differential system ) is indeed
a subbundle of real dimension 2n in 7M. Further, the complex structure
of €™ induces a bundle automorphism 7 on I satisfying the following
conditions
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(1) U =-U
(2) (U V][I0, IV], [IU,V]4[U,IV]eTD
(3) V] — [IU,IV]+I({IU,V]+[U,{V}) =0

for all U,V € I'D. By (1}, we have the following decomposition
DeC=HaH,
where
IW =iW for W eT'H.
Then (2) and (3) are equivalent to
W,Z) €TH for W,Z cTH.

Then the Levi form L of the generic CR submanifold M is defined
by the intrinsic objects (M, D, I) as the composition of the following
sequence

Do D% TM 3 TM/D,
where &) is the Lie bracket with the operation 7 as follows
h(OV) ={U,IV]
and by is the natural projection. Clearly, the Levi form L is also an in-
trinsic object of M. With (1} and (2), we obtain the following properties
of the Levi form L
LifU, V) = LU, fV)= fL(U, V)
L{UVY = L(V,U)
LIUIV) = L{U,V)
for f € I'{M,R) and U/, V & I'D. Hence we obtain
LW, Z)=LW,Z) =0
for W, 2 € I'H. Thus the Levi form L is completely determined by the
value L(W, Z).
Note that the operation [ is an automorphism on D. Thus the Levi

form L is faithfully represented by a two-form ! obtained by composing
the following sequence

AD 5 TM B TMID > TM/D & (TM/DY — M x R,



CR. manifold with zero Levi form a05

where b} is the Lie bracket. Since the generic CR submanifold M is
defined by the real-valued functions pi,--- , p,, satisfying the condi-
tion 8p; A -+ A Bp # 0, the one-forms d°py, .-+ ,d°p,, make a basis
of (TM/D)*. Then we define a two-form { = (I;,--- , 1) as follows

WOV) = —&p(U,V]) = 2dd°0 (U, V) = 2000 (U, V)

LUV) = —dpn([U, V]) = 2dd°0,,, (U, V) = 21000, (U, V)
for U,V € I'D. Note that the differential system D on M is defined by
the one-forms
dps, -+, dpm, dpy, <o+ &pme
Thus the Levi form L is essentially equivalent to the information of the
two-form
I = 2dd°p = 2i00p
up to
mod dpy, - dpn, o1, d0m

Then the zero Levi form is represented by the following condition
(=0 mod dpla"'adpmadcpl1“')dcpm-
Since we have
$od=Bog', ¢ol=Dog"
for any biholomorphic mapping ¢, the zero Levi form leaves invariant
under a biholomorphic mapping ¢ as follows

25O p = 2i¢*8p
= 0 mod dopr, - ,d¢ pm, A1, G P

It is well-known that a generic CR submanifold M with zero Levi form
is locally foliated into complex manifolds(cf. {1]). Further, an analytic
generic CR, submanifold M with zero Levi form is locally hiholomorphic
to aplane C*x R™ ¢ C”x C™. We shall obtain a biholomorphic mapping
in terms of the defining functions py,--- , p,, which transforms A to a
plane C" x B™. Thus it is verified that M is locally analytically foliated
into complex manifolds of complex dimension n, which has been obtained
within our knowledge under the assumption of Frobenius theorem for the
existence of a foliation and Newlander-Nirenberg theorem/Levi-Civita
theorem for its leaf to be a complex manifold(cf. [1]).
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1. Straightening a totally real surface I'

Let M be an analytic generic CR submanifold in Q ¢ €"™™ near the
origin defined by
pr=r=pn=0,
where
QoL A - A Opy, 7 0.

Then we may take a coordinate (z,w) € C" x C™, if necessary, after a
suitable linear change of coordinates such that

p=-—v+F(z,zu), Fly=dF|,=0,

where p = (p1,- - , pm), v = Rw and v = Jw. Thus M is defined near
the origin by the following equation

v=F{zZu), F|,=dF|;=0.

Let I' be an analytic real surface of dimension m on M, which is transver-
sal to the complex tangent hyperplane at the origin 0. Then the equation
of I is given near the origin as follows

z=p(u)
F{ w=q(p),

where

p(0} = q(0) =0, detq'(0) # 0.
By the condition F|, = dF|; = 0, we can take the R™-valued parameter
@ such that

QI(O) = Idmxm ) %Q(ﬂ) = [,
where Id,«m is the identity matrix and Rq(p) is the real part of g(p).

Hence the real surface T on M determines a unique function p{u) and I'
is uniquely described by the function p{p) via the following equation

2= plp)
(4) < u=p
v=F(p(g), B(e}: ).

Assume that the generic CR submanifold A and the surface I" on M are
both analytic so that the functions F'(z, %, u) and p(u) are both analytic.
Then there is a unique holomorphic function g(z, w), which is implicitly
defined by the equations
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(5)
g(z,w) — g(0,w) = —ZiF(p(w),ﬁ(w), w)
+2iF(z + p(w), plw), w + 3{g(z,w) — g({),w)}),
9(0,w) = iF (p(w) , B(w) ,w).
The holomorphic function g(z,w) is well defined because of the con-
dition

Fly=dFly =0,
which implies
Bg| _ 9y
(6) glo = = =0
07 Bz 0 ~ Buw )

Then we consider a holomorphic mapping near the origin as follows

(7) z =2 +p(u'),
w=w' + g{z*, w*).

By (6), the mapping (7) is biholomorphic near the origin for any
analytic function p(u). We claim that the generic CR submanifold M is
transformed to a generic CR submanifold M’ of the form

'U—E Fiiz, 2,4
§,t=1

and the surface ' on M via the equation (4) is mapped on the u-plane,
z =t =0, under the biholomorphic mapping (7).
Suppose that the generic CR submanifold M’ is defined by

vt = F (2 7 u).
The mapping {7) yields the following equality
1
F(z,2,u)=F(z",Z ,v") + ;)—,{g(z* Juwt i) — gz, ut - z"u*)},
22
where

z = z+plu +ivT),
= ' +plut — '),

)]

1
o= u+ —i{g(z*.,u* + ")+ g(ztu* — i'u*)}.
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Since F' and F* are both real-analytic, we can consider z*, 2* and u* as
independent variables. Hence the condition of F={z*,0,u*) = v* =0 is
equivalent to the following equality

(8)
g(z,u) —3(0,u) = 2%F (z + plu), plu),u + %{g(z,u) +§(0,u)}).

We obtain an equality by taking z =0

9(0,) ~ 300, u) = 20 (p{u)  p(u) u + 5 {9(0,w) + 50, 4)}),
which implies that
g(oru) +§(OJU’) =0
if and only if
g0, u) =iF(p(u) . B(u) , u).
Hence (8) reduces to
g(z,u) —g(0,u) = —21F(p(u) ,Plu) ,u)

+2iF (2 -+ (), 0(), u + 5 {g= ) — 9(0,2)}).

Thus the equality (8) is satisfied by the function g(z,w) defined in the
mapping (5). By putting

in (7), we obtain

Ly

|
=,
Eﬂ*

v o= Fpu"),plu"),u).

Thus the surface I' on A4 in (4) is mapped on the u-plane by the biholo-
morphic mapping (7).
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From the equation (5), we obtain the holomorphic function g(z,w)
up to order 2 inclusive of the variable z as follows

g(z,w) = iF (p(w) , Blw) ,w)
+2z(Id—aF) s
+Zaﬁ ) z":ﬂ 37F ) )

—9(Id — iF")" { o (8E2)

(9) (s }
x(rd—iFy {3 lza(a—;;)@(w),ﬁ(wxw)}
—u(Id — iF)\F" ;
< ((2d = i) T, 2 (35) (plw), Blow), ) )
+ 375 0(2),

where

(F’)ab =

(

(%) - (;—gg) (p(a0) () ),
1
3

(F”)abc —

We shall examine the dependence of the function F},(z,%,u) of the
lowest type (1,1) on the function p(u) and its derivatives.

LeMMA 1. Let M’ be the generic CR submanifold obtained from M
by the mapping (7) and defined by

v=F"(z,7u)= EFS’}zzu
si=1
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Then the function F},(2,%Z,4) depends on p{u) and p'(u) as follows

Fl*l(z: E,’LL)

{Id—z(Id+zF’)Z (aF) P
+i(Id — iF") ; (%) 7+ (Fi)z}_l

= PF
E a3
" {a.ﬁl (82:5" zﬁ) °e

—i Z (‘;f’) (Id+iF') 127

af=1
e (e
_2;:1 FId - (gi) 2 (Id + P! (gﬂ) fﬂ}
where
(5£) - (?f’ ) (ot 7)),
(o) = () (ol 500,
L)) - (55) 6059 (55) @
(5 = (sg) () 200 ).
(7= (o) (v(e).5000,),
(7o = 3 (i ) (P00 ) )
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Proof. The generic CR, submanifold M’ is defined by the following
equation

v o= F(z+p(u+iv),2+ﬁ(uﬁz’v),
1
u+§{g(z,u+ifu)+§(2,u—w)})
1 . e )
—E{g(z,u +iv) — gz, u — i)}
— A( 7 + B(2,%u)e + O(of)
where

Alz,z,uy=F (z +p(u), £ + plu), w -+ %{g(z,u) + g(Z, u)})

— otz ) 3z )}

B(z,%z,u)

%:1 (%) (z +p(u), 2+ plu),w+ 5 {g(z u) + g(z, u)}) r(u)

a
=13 (55 ) (w2 10 ot 45020} ) 770

=

_F’

TN -

z -+ plu), Z + plu), v + %{g(z, w) + g(Z, u)})
(Z, ’U,) - .‘?{(El u)}

- Ao + G}

!

1

With the function g(z,w) iIn (5), we can put

Z As(2,Z,u)

szl

B(z,7Z,u) = ZBst(z,E,u).

5,120
By using the expansion (9) of g(z,w), we obtain

v = {Id— Byl(z,%, u)}_lAu(z,E, 1) + O(\z]g),
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where

11111

g0,u) = iF(p(u),Blu),u),
(g—i) (0,u) = {Zi(fd —FH (%;—) (p(u),p(u),u)}b,
(

(gi_’c’) (0,u) = {Lza: (%) P () +i§a: (%) 7 (w) + z’F’}bc,
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where
(Z)rw) - () bt (Z)
(Fa = (‘Zf’;) (p(u), B(u), ).
This completes the proof. -

Note that the functions F%(z, Z,u) in Lemma 1 are functionals of the
function p(u), i.e., functions of the function p{ {u} and its derivatives.
The highest order of the derivatives of the function p(u) in Fj;(z,Z,u}
depends on the type (s,t) of Fj(2,Z,u).

2. Zero Levi form

We shall study a generic CR submanifold M with Levi form L van-
ishing identically on M.

LEMMA 2. Suppose that a generic CR submanifold M is defined near
the origin by

Then the u-plane, z = v =0, is on M and

= >PF
2ddp|._,_q =2t Z (—Q—ﬂ) {0,0,u)dz" A dz°,
e Jzadz

where
p=—v+F(z,% u)

Proof. By the definition of d°, we have

. 8,0 dp = 8;;' dp
dep Z( d—ﬁ)+azl( +ﬁd¢ﬂ_ﬂ)
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Thus we obtain
2idd’p
5 p

_ 3
= —Q(Zazaa_ﬂdz AdZ +ZB a_bd'w /\d_b)
o,8=1

8p &p
_ZZZ(azaa—adz /\d“_“ﬁa_aa ad“”/\dw)

o=1 ag=1

= z”: O°F d., AdZ® — Zi FF dw®* A di®

at Jurdu®
&°F ]
—;a 1( zaauadz /\d—hazaauaczza,«dm).

Note that the generic CR, submanifold M contains the u-plane, z = v =
0, since
F(0,0,u) =0.
Further, the condition
Fiulz,Z,u) = Fulz,Z,u) =0

gives the following equality on the w-plane

= O F
(10) 2iddpl,_, o =—2 Y ( ) (0,0, u)dz* A dz°.
o, =1

dz2d7°
This completes the proof. ]
Note that the differential system defined by
dpy == dpy = dpr =+ = dpp =0

along the w-plane on M in Lemma 2 is given by the complex tangent
planes of the variable z in €” x C™. Thus the Levi form L on M in

Lemma 2 is faithfully represented on the u-plane by the two-form in
(10).

LEMMA 3. Suppose that an analytic generic CR submanifold M is
defined near the origin by

v=F(z2,Z,u) EF“

5,121
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and the Levi form L on M vanishes identically. Then
F(z,Z,u) =0,
ie., M is a plane C"xR™ defined by v = 0.

Proof. Let M' be the generic CR submanifold obtained from M by
the biholomorphic mapping as in (7)

z = 2z +plw),
w = w+g(z",w')

for a given function p(u). Then M’ is given near the origin by

v= Z F;t(zagau)a

5,11
whetre
F;l(z,f, ’U.) = {Id — BQ(](O, O,U)}HIAH(Z,E, ’U,).

Since the generic CR submanifold M is defined by

v=F{z,7,u)= ZFSt(zzu

§t=1

we have the following equalities

S (3) arw) = 3 sFalnzu)

a=1 S,izl
& GF) _
= | (z,zu) = tFy(z,Z,u),
= FFE )
(g ) (25) = 3 stz 7
A gy Z,2,U Sthglz,2,u
a,3=1 az a:ﬁ 8,11



516 Won K. Park

Then from Lemma 1, we obtain

zz,ﬂ:1 P (ai;%) (0,0,u)

= Es,t?_l StFSi (pa il ’L.L)

_i{ Zs,tZI SFsrt(paf’H u)}(Id + iF’)_l{ Zs.tzl tht(Paﬁ, U)}

(11) r .
+‘E’{ ZS,tEI t‘F;t(pu ﬁs u)}(-[d - iF’)_l { 23,521 SFst(p-. ﬁ-. U)}
2P (1d —iF) Y 5y sFa(p,Bw) |
X(l -+ iF,)Wl{ Zgjg21 tht(p: P, u) }1
where

- OF; ~
(Fwp}, - (52) @7
Note that the Levi form L' on M’ vanishes identically whenever the Levi
form L on M vanishes identically. By Lemma 2, the function F¥ (z,Z ,u)

vanishes identically for any function p(u). Thus the equality (11) yields
the following identity

ZS‘QI stFu(z,Z,u)
= {1 8Pz 2, w) ) (Jd +iF) 32, tFa(z,2,u) )
{12) e (2 Zow) } (T — iF) Y, oy 8Fa(2,7,u) }
F2FM(Id — i F) T30, s sFy(z.Z,u) }

X(Id+ZF’ {Eg,p.ltﬂt 5%, )}

In the identity (12), we expand the right hand side with respect to z and
z. Then we observe that the function

Z stFy(z,Z,u)

5121 s+i=k
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is represented by a linear combination of products of the following func-
tions

Fa(z,Z,u) fors+t < k-2,
Fl(z,Z,u) fors+t < k-2,
Fa(z,Z,u) fors+t < k—4,

where
aFs

{Fi(z,Z,u)}, = (aub) (2,Z,u),
v o— 1/ 9*F% _
{Fa(z.zu)},, = 2 (311*’8?1‘:) (=% u)

We easily see that

Z stFu(z,Z,u) =0

st>1,541=2,3
so that
Fa(2,Z,u)=0 fors+t=23.
As inductive hypothesis, we suppose that
Fa(z,Z,u) =0

for s +t = k > 4. Then we obtain
Z stFu{z,Z,u) =0

s> 1 H<h+2
so that
Fulz,Z,u) =0 fors+t <k+2
Therefore we conclude that F(z,Z, v) = 0. This completes the proof. O

Hence we have proved the following theorem

THEOREM 4. Let M be an analvtic generic CR submanifold of codi-
mension m with zero Levi form defined by

v=F(z,Z,u), F|=dF| =0
Then M is locally transformed to a plane C" x R™ defined by
v=10
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by the following biholomorphic mapping

(13)

o ok
=z,

i =w* + g{z*, w*),
where the function g(z, w} is implicitly defined by

g(z,w) = —iF{0,0,w)
(14) +2iF(z, 0w — LF(0,0,w) + $g(z, w))

Let ¢ be a biholomorphic mapping near the origin, which transforms
the generic CR submanifold M in Theorem 4 to the plane v — Q. Then
the mapping ¢ is factorized to the mapping (13} and an element of the
pseudo-group of the local bibolomorphic automorphisms of the plane
# = () such that

where
det(fz|0) ;i 'D, E‘“fq(u) =0 and det (_,T’(G) # 0.

Note that the biholomorphic mapping {13) is a local trivialization
of a family of complex manifolds of complex dimension n parametrized
by a subset of R™. Thus the analytic generic CR submanifold M with
zero Levi form is locally foliated into complex manifolds. Further, the
leaves of the complex foliation on M are locally given by the complex
submanifold near the origin as follows

w=7+g{z71)
for 7 € R™, where the function g(z,7) is defined by the equation (14).

COROLLARY 5. Let M be an analytic generic CR submanifold of CR
dimension n with zero Levi form in a complex manifold. Then there is a
open neighborhood U of each point of M such that M NI is an analytic
foliation of complex manifolds of complex dimension n.

This corollary is a weil-known special case of a general result(cf.
[1]). The significance of this article is that we do not require Frobenius
theorem and Newlander-Nirenberg theorem/Levi-Civita theorem in the
proof(ct. [1]).
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