J. Korean Math. Soc. 37 (2000), No. 2, pp. 245251

ONE REMARK FOR CR EQUIVALENCE PROBLEM
ATsusHI HAYASHIMOTO

ABSTRACT. Assume that two boundaries of worm domains, which
are parametrized by harmonic functions, are CR. equivalent. Then
we determine the Taylor expansion of CR. equivalence mapping and
get a relation of harmonic functions.

1. Introduction

In this article, we study the CR equivalence problem for the bound-
aries of certain weakly pseudoconvex domains. Originary, E. Cartan
studied this problem for hypersurfaces of nondegenerate Levi forms,
and S. 8. Chern, J. K. Moser ([2]) and N. Tanaka succeeded him.
Their basic idea is the following ([1]). Let M be a 2n + 1 dimensional
real hypersurface and E a line bundle generated by an annihilator of
complexified holomorphic tangent bundle of M. Denote by Y its prin-
cipal fiber bundle. Then in Y, we can find one forms so that the total
number equals the dimension of Y and they are everywhere linearly in-
dependent. Denote by W a set of such one forms. Let M’ be another
2n+1 dimensional real hypersurface and suppose that its corresponding
concepts are denoted by dashes. Then finding a local biholomorphic
mapping f : C*™*1 — €™ with f(M) C M’ is reduced to finding a
real analytic diffeomorphism f : ¥ — Y’ under which the forms in W
are respectively equal to the forms in W~’.

Recently two new ideas have been studied. One idea is studied by
J. M. Lee and D. Burns. They studied the CR equivalence problem in
terms of CR automorphisms of hypersurfaces. J. M. Lee ([6]) proved
the following theorem by the use of Webster metric ([7]).
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TueoreEM. Let M be a compact, connected, strictly pseudoconvex
CR manifold of dimension 2n+1 > 3. Then the identity component of
CR automorphisms of M is compact, unless M is globally CR equiva-
lent to the (2n + 1)-sphere with its standard CR structure.

There are several theorems on equivalence problem studied from
view point of automorphisms of manifolds in the conformal geome-
try. But, as far as the author knows, there are only a few in the CR
geometry.

Another idea is related to the extension problem of proper holomor-
phic mappings. Making use of Fefferman’s Theorem ([4]), if there exists
a biholomorphic mapping between strictly pseudoconvex domains with
C* boundaries, then these boundaries are CR equivalent. In case of
weakly pseudoconvex domains, A. Kodama ([5]) considers the domain,
called a generalized complex ellipsoid,

k n o
Bl ) = { (1 onvzm) €€ a4 (3 Iaf) <1
=1

j=k-+1

and he gets conditions on k, o, 1,3 for the boundaries of E(k, ) and
E(l, B) being CR equivalent by the use of Webster metric.

To state a main result of this article, we shall prepare some notation.
We consider the hypersurface in C? defined as

My, ={(z,w) €C* | rp ==z - exp{ih(w, ®)}*> =1 =0},

which is a boundary of a worm domain ([3]). Here h(w, @) is a harmonic
function defined on a neighborhood of the origin with ~(0,0) = 0. Since
this hypersurface contains a complex line {z = 0}, it is of infinite type,
and Mj, fails to be strictly pseudoconvex precisely on this line. Let b’
be another harmonic function. Assume that there exists a real analytic
CR equivalence mapping F : M;, — M}, defined on a neighborhood of
the origin with F(0) = 0. Then, by definition, we have F({z = 0}) C
{z = 0}. The main result says that if there exists such a mapping,
then each component is a “variable split” function.

THEOREM. Let F' = (f,g) : My, — My be as above. Then

f:z’ gzzbqqu b1#07

g>1
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where (2,w) is a standard coordinate of C?, and the relation h =
h'(g,§) holds.

This theorem treats very simple infinite type hypersurfaces. But
since the CR equivalence problem of such hypersurfaces has not studied
well yet and the determining the forms of CR equivalence mappings has
not studied, this theorem is still interesting. In the proof of Theorem,
the property that “Mj fails to be strictly pseudoconvex precisely on
the line” is not used effectively, so we may say more about a form of
CR equivalence mapping by using this property.

2. The uniqueness theorem for CR functions and their
Taylor expansions

Let M}, be a hypersurface as in §1. Since (9r,/02)(0) # 0, rp, = 0
can be rewritten as

z -+ szexp{(j + 1)ih(w,w)} = 0.
i=1

Therefore My, is parameterized by three independent variables (Z, w, w).
We shall use these variables, unless otherwise specified. Let

- . o
I = g1 . . S
Zyz exp{(j + 1)ih(w, @)} =
J=1
Oh - 0
_.oh . » L Dih(w a2
Urw Z(] + 1) exp{(F + 1) (w’w)}&%
Jjz1
be a tangential Cauchy-Riemann vector field defined on a neighbor-
hood of the origin.

Lemma 1. If f is areal analytic CR function on M}, with f(z,w,0)|g=0
=0, then f is identically zero.

Proof. Expand f(Z,w,w) near the origin as

f(z,w,w) = Z falZ, w)w®.

a0
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Then f(Z,w,®)|s=0 = 0 implies fo(Z,w) = 0. Observing coefficients

of W, @',... in Lf =0, we have f;(Z,w) = fo(%,w) = --- = 0. This

completes the proof. [l
By Lemma 1, we obtain the following expansion of a CR function.

LEMMA 2. Any real analytic CR function defined on M), is ex-
panded as

fZ w,o) = Z o p (— szexp{(j + l)z'h(w,u‘:)}) wP.

a,p>0 721
Proof. Expand f(Z,w,®) on My, N {w =0} as
F(Z,w,®)|g=0 = Z Gopz w?.
a,p=0
Then define a,; inductively by
o
3 Gapsw? = Y aag (~ 3 Ferplli+ Din(w, 0})
a,p>0 o,p>0 izl
and put
. [+
F(zw,d) = » aa,p<— > Fexp{(j+ 1)ih(w,m)}) wP.
a,pz0 izl

Since we have (f — F)|g=0 = 0 and L(f — F') = 0, we get the conclusion
by Lemma 1. O

Let F be a CR equivalence mapping as in Theorem. Then it follows
from F({z = 0}) C {z = 0} that each component f, g are expanded as

F@w.5) = 3 anp(~ X expl( + Vinw, )} ) w2,
o

K-

' 8
(Z,w,w) = Z bﬁ;,q,(——zzjexp{(j—!—l)ih(w,w)}) wi.

Btg=1 izl
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3. Proof of Theorem

Let (F,G) : My — Mj, be an inverse mapping of (f, g), and suppose
that G is expanded with coefficients B, ,, as in the last part of §2. If
there exist v (> 1) and m such that B, ,, # 0, then, by f = O(2),

G(f,9,8) = > _ Bomg™ + O(2)
m=>1

= w.

Therefore such v, m do not exist. Since the same is true for the coefli-
cients of g, we have bg, = 0 for 8 > 1,¢ > 0. Put by ; = by. Now we
get the expansion of g. Since (f,g) is a CR equivalence mapping, we
have ai,0, b]_ 75 0.

As (f,9)(M}) C My near the origin, we get

(1) |FI? — fexp{—ik'(g,3)} — fexp{ih'(g,5)} = 0.

Substituting the expansions of f and g into (1) and observing the term
z, we have the relation

(2) Zal,pwpexp{z'h(w, w) —ih'(g,3)(w, )}
pzl
= > Tp@Pexp{~ih(w, ®) + ik (9, 5)(w, )}
p=1

Let H(w) and H'(w) be holomorphic functions with 2ReH (w) = h(w, w)
and 2ReH’(w) = h/(g,g)(w, ) near the origin. Then above relation
implies that a1 o € R and that a; gexp{i(H(w) — H'(w))} is a real val-
ued holomorphic function. It follows from a1, 7# 0 that we conclude
that H(w) = H'(w), namely, h(w, @) = h'(g,§)(w,®), which is the
desired relation of h and h’. This relation together with (2) implies
ai,p = 0 for p > 1. Substituting these into the expansion of f, and
picking the coefficients of 22 in (1), we get

. _ 1
(3) 3 aapuPexp(ih(w, )} +5(alo ~ a1o)
pz0

_ . _ 1
= — Za_z,;wpexp{—-zh(w, w)} — E(a%,o —~ a1,0)-
p20
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This implies that the left hand side is a purely imaginary valued func-
tion for any independent variables w, . Putting w = 0, we get a purely
imaginary valued holomorphic function ag gexp{ih(0,w)}+(1/2)(a? o—
ay,0), which implies az o = 0 and a3 0 = 1. Then substituting these into
(3) and putting @ = 0, we get a purely imaginary valued holomorphic
function exp{ih(w,0)} szl azpwP. This means asp = 0 for p > 0.
We shall prove aqp = 0 for p > 0, > 3 by induction. Assume that
asp=--+=ax_1,p = 0 for p > 0. Substituting these assumptions and
ay,0 = 0 into the expansion of f, from (1) we have

(-1)* E ax pwPexp{—ih(w,w) — 2iXh(w, @)}
P20

- mepexp{ih(w, W)} =0
p=0

by picking up the coefficient of z* from the resulting equality. By the
same argument as above, we get ay , = 0 for any p > 0. As a result, we
conclude that aqp, = 0 for (o, p) # (1,0) and therefore the expansion
of fis

f(Zw,m) == Fexp{(j + 1)ih(w, @)}

J=i

Now changing the variables into the standard coordinates in C?, we
conclude that f = 2. This completes the proof. O
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