J. Korean Math. Soc. 37 (2000), No. 2, pp. 177-191

CR INVARIANTS OF WEIGHT 6
KeENGO HiracHI

ABsTRACT. All scalar CR invariants of weight < 6 are explicitly
given for 3-dimensional strictly pseudoconvex CR structures, as an
application of Fefferman’s ambient metric construction and its gen-
eralization by the author.

1. Introduction

In [5], Fefferman initiated a program of writing down all local invari-
ants of strictly pseudoconvex real hypersurfaces in C*, in explicit, com-
putable form (we here call such invariants CR invariants). His aim was
to express the asymptotic expansion of the Bergman kernel of a strictly
pseudoconvex domain in terms of these invariants. This program has
been continued by the works ([6], [7], [3], [1], [9]). In particular, Bailey,
Eastwood and Graham ([1]) gave a complete description of CR invariants
of weight < n (for weight < n — 19, it had been obtained in [5]). This
result was applied to express the Bergman kernel up to the logarithmic
singularity.

Recently, the author ([8]) has generalize their result so that we can
also express the logarithmic singularity. The main idea of [8] is to con-
sider the local invariants of the pair (M, r), where M is a strictly pseudo-
convex hypersurface and r is a defining function of M. We here assume
that r is normalized by a complex Monge-Ampére equation; this nor-
malization determines r uniquely modulo O™*?(M), see Sections 3 and
4. CR invariants are then characterized as invariants of the pair (M, r)
that are independent of . It is shown that all invariants of the pair
(M, r) are expressed as Weyl invariants, that is, linear combinations of

Received March 30, 1999.

1991 Mathematics Subject Classification: Primary 32C16; Secondary 32F07,
53AB5.

Key words and phrases: CR. invariants, complex Monge-Ampére equation, Para-
bolic invariant theory.



178 Kengo Hirachi

complete contractions of curvature tensors of a metric associated with r.
For weight < n + 1, or < 5 in case n = 2, all Weyl invariants are shown
to be independent of 7, and we obtain an expression of CR invariants in
terms of Weyl invariants. This is a natural generalization of the result
of [1] mentioned above. For higher weight, however, we do not know a
practical way of constructing CR invariants.

In this notc, we compute CR invariants of weight < 6 in case n = 2
by two different methods. The result for weight 6 is new and is obtained
by using a computer algebra program.

The first method, explained in Section 2, is based on a direct compu-
tation of Moser’s normal form. By definition, CR invariants are polyno-
mials in Moser’s normal form coefficients A = (A%;) that are invariant
under the action of the structure group H. For each weight, it is shown
that all CR invariants are linear combinations of a finite list of mono-
mials of A. Thus we can determine all CR invariants of given weight
by computing the action of H on each monomials in the list. Such
computation for weight < 5 has been donc in Graham [6] and [9]. A
straightforward generalization of this procedure also gives the result for
weight 6 (Theorem 2.1), while it is much longer and a use of computer
is inevitable.

The second method is an application of the theory for the invariants
of the pair (M,r) in [8], explained in Sections 3 and 4. We reduce
the problem of finding all CR invariants to that of determining Weyl
invariants that are independent of r. For cach weight, the vector space
of all Weyl invariants is of finite dimension. Thus dependence of Weyl
invariants on 7 is completely known by writing down generators of Weyl
invariants in terms of the Taylor coefficients of . For weight < 5, such
computation has been done in [9]. For weight 6, we can proceed similarly,
while the computation is much longer and we have used a computer. The
result is described in Section 5.

The expression of CR invariants obtained by the second method is
much simpler than that for the first onc and the construction itself is
geometric. It is hopeful that the basis of CR invariants given here could
be obtained by an invariant-theoretic argument, without a computer-
aided computation. For n > 3 and weight < n — 1, [1] has explicitly
given basis of CR invariants in terms of Weyl invariants (see Theorem 3.2
below). Our result for n = 2 and weight < 6 is analogous to their result.
We include an observation about this analogy at the end of Section 5.
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2. Definition of CR invariants

We start by recalling the definition of (local scalar) CR invariants of
strictly pseudoconvex real hypersurfaces in C*. We here follow [5] and
utilize Moser’s theory of normal form [2] to describe the curvatures of
the surfaces.

Let M be a real-analytic strictly pseudoconvex hypersurface in C*. It
is shown in [2] that, for each point p € M, there exists a local coordinate
system z such that p = 0 and M is locally given by the equation

¢ 1= ¢
(2.1) p(z) =2u— |2 — Z A z7.7Z50" =0,
(al,|BI=>2,£20
where 2/ = (21,...,2%5-1), #n = 4+ 140, and 2, = Z,, ...%,,. Here the

coefficients Ai 3 satisfy the following three conditions:
(i) Aig = A%a‘?
(ii) for each p, g, 4,
¢ ‘
Az = (A5)lal=nl81=0
is a bisymmetric tensor of type (p,¢) on C*;
(ili) for p,¢ < 3,£2> 0,

+g—3 AL _
(2.2) trP e qu =0,
where the trace is taken for the standard metric on C*1.

We denote the (germ of) surface (2.1) by N(A), where A = (A%;) is the
list of coefficients of p, and eall it a normal form of (M, p) with respect
to the normal coordinates z. Note that a normal form and coordinates
for (M, p) are not uniquely determined, that is, two different surfaces in
normal form may be biholomorphically equivalent. Keeping this fact in
mind, we make the following definition of CR invariants.

DEFINITION. A CR invariant of weight w € N is a polynomial P(A)
in the normal form coefficients A = (Afﬁ) that satisfies the following
transformation law: If @ is a local biholomorphic map which preserves
0 and maps a surface in normal form N(A) to another surface in normal

form N(A) = ®(N(A)), then
(2.3) P(A) = | det &' (0)| 2/ p(A),

where @ is the holomorphic Jacobi matrix of &.
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REMARK 2.1. A CR invariant P(A) gives an assignment to each real-
analytic strictly pseudoconvex hypersurface M of a function Py : M —
C: for p € M take a local biholomorphic map ® such that ®(p) = 0 and
®(M) is in normal form N(A), and set

Py(p) = | det & (p) /"D P(4),

This definition is independent of the choice of ® because of (2.3). The
functionals Py naturally appear in several problems of Several Complex
Variables, e.g. in the expansion of the Bergman kernel. Note also that
the functional Py can be also defined for C™ surfaces M, and the as-
sumption of real-analyticity of M is not essential in the definition of CR
invariants. See [9].

In order to verify that a given polynomial P(4) is a CR invariant,
we need to know all the equivalence classes of surfaces in normal form
together with the maps ®. In case M = N(0), the boundary of the Siegel
domain Dy = {2u > |2'|*}, the set of all normal coordinates for (8D, 0)
is just the isotropy group H of Dy at 0. For general M = N(A), the set
of all normal coordinates for (N(A), 0) is naturally parameterized by H.
If we denote the change of coordinates corresponding to i € H by ®; 4),
then {®@,4)(N(4)) : h € H} gives the sct of all surfaces in normal form
that are equivalent to N(A).

Let N be the space of all surfaces in normal form

N = {A = (Aig)m,[mzz,ezo : A satisfies (i), (ii), and (iii) }
For (h,A) € H x N, take A € N such that N(4) = P4 (N(A)) and

set h.A := A. Then the map
HXxN>hA)—hAcN

defines an action of H on N. Clearly, the H-orbits in A/ are the equiv-
alence classes of surfaces in normal form.
In terms of this H-action, we may rewrite (2.3) as

(2.4) P(h.A) = a,(h)P(A)

for any (h, A) € Hx N, where 0,,(h) = | det &}, ,,(0)[~**/(**1) (the right-
hand side is shown to be independent of A). Thus we can say that CR
invariants are H-invariant polynomials on .

Using this expression, Graham [6] (see also [9]) determined all CR
invariants of weight < 5 in case n = 2. We recall his result together
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with its generalization to weight 6, which is based on a computer-aided
calculation.

We first introduce a notation which is specific to the 2-dimensional
case. In case n = 2, the tensor Afﬁ has only one component. If we denote
the component by Afﬁ, then the trace conditions (2.2) are reduced to

(2.5) A=Al = A5 =4%=0 for£>0
Thus we may write CR invariants as polynomials in the variables
Aly, A, and AL withp+q> 7, £20.

THEOREM 2.1. Let n = 2 and IS® be the vector space of all CR
invariants of weight w. Then a basis of IC® for w < 6 is given by

weight base of IS
0 1
lor2 0
3 Al
4 |A%l? = A% A%
5 Pi(A), P,(A)
6 | P5(A), Py(A), (AR)°

Table I
Here Py, P5, Ps, Py are given by

Pi(A) =| A% + 18|A% + Re (18 A% A% — 50 AL;A%)

42

171 15 37
0 |2 0|2 0 70 . 0
Po(A) =451 + 55 [Agl* + Re (*5 Agdy— 551 Al A%),
3 61
Py(A) =|A5l* — 10[A5 [ + 5 | Agl* + & 14l
5 0 4o
+ Re (48 A% A% + 26 A% A% — 28 A% A% — > A %)

+1Im (2 Al Ayz — 10 Af A + 12 AQz Al + 9 A A:%) )
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Py(A) =A%+ 11| A%P - § LAK[ — 2 1A%
+Re ( — 86 Al Afs — 16 Alp Ay + 14 A% Al + A 4%)
+Tom (2 A% Alg + 4 A% Al — 0 Al Ay — 5 A% Ag).

REMARK 2.2. There are many choice of a basis of ISR, and P;(A)
above have no special meaning as CR invariants. These P;(A) will ap-
pear again in the computation in Section 5. This is the only reason we

take them as a basis.

This theorem for weight < 5 has been obtained in [6] and [9]. For w =
6, this result is new, while the procedure of computation is exactly same
as that of [6]. We here only explain the procedure of the computation.

We first recall that H is generated by the following two subgroups:

Hy={$: A€ C"=C\{0}},
H = {’lﬁ(g,r) : (f,’l") eCx R},

where
¢)\(z1) 22) = ()‘zl’ |)\|222),
_ (2'1 _2227‘22) _ |£|2 -
w(E’r)(ZI’Z2)_1+§Zl—T]Zg (77__— 2 +1T).
The action of Hy on N is explicitly given by
(2.6) ALy = NPEXIa 4L where A = ¢4,

which is equivalent to ¢(N(A)) = N(¢xr.4). In view of this formula,
we define biweight of a monomial P(A) of A = (A%) to be the pair of
integers (w',w") such that

P(4) = A'“”X_w"P(A) for A and A in (2.6).
In particular, A% has biweight (p + ¢ —1,¢ + £ — 1). We also define
weight to be the average of biweight (w' + w”)/2. For @ = ¢,, the
transformation law (2.3) is written as

P(A) = | A" P(A) for every A € C".

This is equivalent to the condition that each monomial of P(A) has
biweight (w,w).
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We next consider the action of Hy. It is shown that oy, (h) = 1 for
h &€ H;. Thus (2.4) for h € H; is reduced to

P(h.A) = P(A) for h € H,.

Therefore, we can give all CR invariants by determining all H;-invariant
polynomials P(A) of homogeneous biweight.

For w < 2, there are no monomials of biweight (w, w). Hence there
are no CR invariants of weight < 2.

For w = 3, the only monomial of biweight (3,3) is A% (up to a
constant multiple). By computing the action of H; on this component,
we see that A%, is a CR invariant.

For w = 4, there are 3 monomials of biweight (4, 4):

AxAs A Ag
Again, by computing the action of H; on the components appearing here,
we see that const.A%A% Is the only Hj-invariant linear combinations of
these monormials,

For w =5, there are 9 monomials of biweight (5, 5):

AgAY, ALAS, AR AL AL AS

3542 437 4153409 73
02 012 0 1 2
|A25| ’ |A32| ’ Asﬁ’ A5§7 A4Z'

In this case, the condition that a linear combination of these monomi-
als to be Hj-invariant is given by a system of 10 linear equations of 9
variables. (The number of equations is the number of monomials of bi-
weight (5, 4) or (4,5); see Section 4 of [9].) The space of solutions is two
dimensional and {P;(A), P,(A4)} gives a basis.

For w = 6, there are 24 monomials of biweight (6, 6). In this case, the
condition to be Hi-invariant is reduced to a system of 31 linear equations
of 24 variables. The computation for making the equations is just a
straightforward generalization of the method of [6]. This procedure is
purely algebraic and it is not hard to implement it on a computer algebra
program. We have used Mathematica to obtain P; and P,.

3. Fefferman’s Weyl invariants

In this section we describe a geometric procedure of constructing CR
invariants, which is called ambient metric construction, by following [5]
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and [1]. This procedure is shown to produce all CR invariants of weight
<n.

Let Q be a strictly pseudoconvex domain in C*. It is shown by Fef-
ferman ([4]) that there exists a C* defining function r of 2, positive in
(2, satisfying

T Ty

Jir] := (=1)" det ( ) — 1+ 0™1(59),

TE ik
where
. O?r

* 92,07
and that such defining function is unique up to O"*2(89). Here O°(9)
denotes a term which vanishes to £ th order along the boundary 9. We
call such a defining function a Fefferman’s defining function and denote
by F. One of the most important property of Fefferman’s defining func-
tion is its transformation law: if ®: Q — Q is a biholomorphic map,
then

(3.1) 7o ® =7 |det &7V + 0" (8Q2),

for 1 <4,k<n,

where rF and 7F are Fefferman’s defining functions of {2 and €, respec-
tively. Using this transformation law, Feflerman gave a procedure of
constructing CR invariants, which is called ambient metric construc-
tion. Introducing a new variable zy € C*, we define a Lorentz-Kahler
metric g = g[rF] in a neighbothood of C* x M in C"*! by

g = 327"5&
J aszEk ’
We call g[r¥] the ambient metric for 9. Let R[r"] be the curvature ten-
sor of g[rf] and let RPI[rF] = V=2VP~*R be its covariant derivatives,
where V (resp. V) is the covariant derivative of type (1,0) (resp. (0, 1)).
Then make complete contractions of tensor product of several curvature
tensors:

(3:2) W = contr (R(Ph‘ll) Q- ® R(psv'%)) _
We define the weight of W to be

5

=Y +a)/2 s

i=1

where 7% (20, 2) = |2|*r" (2).
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and define Weyl invariants of weight w € N to be linear combinations
of complete contractions of the form (3.2) of weight w.

Now we consider the case 89 is in normal form N(A) in a neigh-
borhood of 0. Then, for a Weyl invariant of weight < n, the value
W (z,5=(1,0) i given by a polynomial of A, which is denoted by Py (A).
This polynomial is shown to be a CR invariant of weight w by using
the transformation law (3.1). The following theorem states that this
procedure gives all CR invariants of weight < n.

THEOREM 3.1. ([5], [1]) For w < n, every CR invariant of weight w
is expressed as Py (A) for a Weyl invariant W of weight w.

The restriction on the weight comes from the fact that % is defined
only up to O""2(dQ2), while the estimate is not optimal. We can replace
n by n+41 (or 5 in case n = 2) in Theorem 4.2 below.

"The proof of Theorem 3.1 in [1] also gives a basis of CR invariants.
To state their result, we recall some definitions from [1]. We say that a
complete contraction (3.2) is traceless if it does not involve any internal
traces, that is, no two indices on the same tensor are contracted together.
We say that two complete contractions are equivalent if they can be made
to coincide by permuting the tensors and by permuting the indices of
each of the tensors. Choose a representative from each such equivalence
class of traceless complete contractions and call the chosen contractions
allowable.

THEOREM 3.2. ([1]) Let w < n — 1. If {Wy,...,W,} is a list of
allowable complete contractions, then Py,(A),..., Py,(A) form a basis
of ICR.

Note that the restriction on weight is sharp. For w = n, there is
a relation among allowable Weyl invariants, which is obtained by skew
symmetrizing n indices in (3.2).

REMARK 3.1. In the proof of Theorem 3.2, the following argument
is used. First make linear combinations of complete contractions of the
form

(3.3) contr (A

?13]

®-©A)

that involves no internal traces. Then formally replace each Agﬁ by R(®9)
and replace the trace for the standard metric d;7 on C"! by the ambient
metric g,z This replacement gives an injection from the space of linear
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combinations of complete contractions of the form (3.3) to the vector
space of Weyl invariants. Thus the study of linear relations among al-
lowable Weyl invariants is reduced to study of that for complete contrac-
tions (3.3). For such complete contractions, we can apply the invariant
theory for U(n — 1) and obtain the desired linear independence.

4. Generalized Weyl invariants

For weight w > n, Fefferman’s ambient metric construction breaks
down. In particular, if n = 2, Theorems 3.1 and 3.2 give no information;
there are no CR invariants of weight < 2 (see Theorem 2.1). In this
section, following [8], we generalize Fefferman’s method by introducing
parameters that describe the ambiguity of r¥. We apply this result, in
the next section, to obtain Table I in Theorem 2.1.

We lift the equation J[r] = 1 to the C*-bundle, on which the ambient
metric is defined,

Jelu] = (=1)"det (uﬁ)ogj,kgn = |2o|?

and consider its asymptotic solutions along C* x N(A) C C* x C" of the
form

u=rg+rs Z nj - (T”+2 logr#)j,
71

where 7 is a smooth defining function of N(A) C C", ry = |20|°r, and n,
are smooth functions in a neighborhood of 0 € C*. Such an asymptotic
solution exists for any N(A) and is uniquely determined (modulo flat
function along 0Q) by the additional initial condition:

an.+2,r
W’pzozf(z,z,v) € C=(N(4)).
Here p-partial differentiation is defined with respect to the real coordi-
nates (7, p,v). If we write the Taylor expansion of f(2/,Z/,v) as
f(',7,v) = Z Cigzt'ﬁlﬁvg,
leel, 131, €20
then the Taylor expansion of » at 0 is determined by A and C = (Oiﬁ)'

Thus we may write the germ of r at 0 as r[A, Cl.
Now we follow Fefferman’s ambient metric construction and define
Weyl invariants W for the metric g[A4, O] = (8%r[A, C]/8z;0z), which
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is a germ of Lorentz-Kahler metric at (1,0) € C* x C". In this case, the
value of a Weyl invariant W at (29, z) = (1,0) is given by a polynomial
in (A, C) for any weight. We denote this polynomial by Py (A, C). In
case Py (A,C) is independent of C, we say that W is C-independent;
then Py (A) gives a CR invariant. The following theorem claims that all
CR invariants are given by C-independent Weyl invariants.

THEOREM 4.1. ([8]) For each CR invariant P(A), there exists a C-
independent Weyl! invariant W such that P(A) = Py (A).

For n > 3 (resp. n = 2), all Weyl invariant W of weight < n +
1 (resp. < 5) are C-independent. We thus obtain a generalization of
Theorem 3.1.

THEOREM 4.2. ([8]) Let n > 3 (resp. n = 2). Then, for w < n +
1 (resp. < 5), every CR invariant is expressed as Py (A) for a Weyl
invariant W of weight w.

The restriction on weight is optimal: there is a C-dependent Weyl
invariant of weight n + 2 (or weight 6 in case n = 2). See also the
computations in the next section.

Note that r = r[A, C] satisfies J[r] = 1 + O™'(N(A)); hence r is a
Fefferman’s defining function. We thus see, for weight < n, that the CR
invariants Py(A) in the previous section coincide with those given in
Theorem 4.2.

REMARK 4.1. The terminology used here is different from those of [g].
In [8] we first consider (3.2) as a formal expression and call it Weyl poly-
nomaal; then define Weyl functional to be the assignment of functions
obtained by evaluating a Weyl polynomial for ambient metrics. Two
different Weyl polynomials may give the same Weyl functional. Thus
the distinction is essential in the proof of the theorems.

5. Explicit computation in case n =2

In this section we always assume n = 2. Let
IV = [Py (A, C) : W is a Weyl invariant of weight w}

and identify a Weyl invariant W with the polynomial Py (A4, C). Then
Theorem 4.2 is written as

ISR — W&yl for o < B,
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As an application of this theorcm, we give an alternative proof Theorem
2.1 for weight < 5.
Let E®%9 be a tensor of type (p,q) defined by

E®D .— iy ( R(p+4,p+4)):

where the trace is taken for the metric ¢. In particular, E£®9 is a scalar.
It is then easy to show that I"®! is generated by traceless complete
contractions of the tensor products of

R®Pa) p,q>2 and Epa) p,g>0.

(Follow the arguments in Section 5 of [8].) Using this fact, we list up
generators of IV, The table for weight < 6 is

weight generators of I}
1 0
2 Wa
3 Was, EOO
4 Wo 4, Wags
> Was, Wiy
6 Wae, Was, Waa, W2,2: (E(0,0))g

Table 11

Here Wy, and ’VhV'p,q are traceless complete contractions of the from

W, = contr ( RP9 g R(q,p)) and WM ‘— contr ( RP9 g E(q,p)) '

There are several ways to make such complete contractions. The results
of this section are independent of the choice.

To select a basis from the generators in Table II, we need to determine
linear relations among these Weyl invariants. A computation in [9] gives

Was = Ws3 =0,
E(0,0) — _(4!)2 AO__

447

o

Wog==Wss="7-2% 4%

-J
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and

16 (5!)*
3

where P, and P; are defined in Theorem 2.1. We thus obtain:

IR®)|? = —4 (312 Pi(4),  |RSY|? = -

By(A),

weight | basis of I®! = IR
1 0
2 0
3 E00)
4 W2,4 (OI‘ W313)
5 Was, Wiy
Table IIT

We can also apply the same procedure to express Weyl invariants of
weight 6 in terms of (A, C'). A computation using Mathematica gives

Wae = Fi(A) + 51840 Q(4, C) + 14929920 AY; C%,
Wi = Fy(A) + 25920 Q(A, C) + 7257600 AY; CF;,
Wi = F3(A) + 20736 Q(A, C) + 5723136 A%, CY;,
Wi = Fy(4) — 576 A% CY,
(B = (4)* (A%,

where

Q(A,C) = (Cpp)* — 64 Re AL Cf; —~ 139 Re A}; C;

and F; are polynomials of A. From these formulas, we see that C-
independent Weyl invariants are generated by

5
2
(5.1) Wis Z Wi + 180 Was,

(E(0,0))Z )

Wae — = Was + 1080 Way,
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By computing F;(A) explicitly, we see that the first two Weyl invariants
are respectively given by

F - gFg + 1080 Fy = 1382400 P;(A),

- 251- F; + 180 F, = —345600 P;(A),

where P and P are given in Theorem 2.1. Thus by Theorem 4.1 we
have

PROPOSITION 5.1. The Weyl invariants (5.1) form a basis of I§®.

We close this note by giving an analogy of Theorem 3.2 in case n = 2.
It is clear that the allowable Weyl invariants in the sense of Section 3
do not give basis (as Wao = 0). To define allowable Weyl invariants for
n = 2, in view of Remark 3.1, we first define allowable monomial in A of
weight w to be the monomials of A% of biweight (w,w). All allowable
(monic) monomials of A for weight < 6 are

weight | allowable monomials
lor2 0
3 A,
: e
s | AP AP
6| 1A%F 1AGF, (4%
Table [V

For weight < 5, we can relate Tables III and IV by replacing A% by
R®% and taking complete contractions. This is an analogy of the formal
replacement explained in Remark 3.1. If we call the Weyl invariants
obtained by this replacement allowable Weyl invariants, then we obtain
the analogy of Theorem 3.2 for n = 2 and weight < 5.

For weight 6, the same replacement gives three Weyl invariants:

W2,6> W3,57 (E(0,0))Q -
In this case, we can obtain three linearly independent CR, invariants by

adding W, 4 and Wg,g (which are missing in the list above) to the first
two Weyl invariants as in (5.1). So, we can say that there is a basis of
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I§® each of them corresponds to an allowable monomial. This result is
obtained by a direct computation and we do not know the reason why
such a correspondence holds.

REMARK 5.2, For weight 7, there are nontrivial cubic Weyl invariants
and for such invariants the discussion about allowable invariants breaks
down. In fact, there are 7 cubic allowable monomials of A of weight 7

Apl A5l ARARAY, ARAuAR  ARARAL
and their conjugates, but only CR invariant of degree three is const.
A% A% |?, which is the product of invariants of weight 3 and weight
4. Therefore other cubic allowable monomials have no relation to CR
invariants.

References

[1] T. N. Bailey, M. G. Eastwood and C. R. Graham, Invariant theory for conformal
and CR geomelry, Ann. of Math. 139 (1994), 491-552.

[2] 8. 8. Chern and J. Moser, Real hypersurfaces in complex manifolds, Acta Math.
133 (1974), 219-271.

[3] M. G. Eastwood and C. R. Graham, Invariants of CR densities, Proc. Sympos.
Pure Math. 52, part 2 (1991), 117-133.

[4] C. Pefferman, Monge-Ampére equations, the Bergman kernel, and geometry of
pseudoconvex domains, Ann. of Math. 103 (1976), 395-416, Correction, ibid.
104 (1976), 393-394.

(5] — , Parabolic invariant theory in complex analysis, Adv. in Math. 81 (1979),
131-262.

[6] C. R. Graham, Scalar boundary invariants and the Bergman kernel, Complex
analysis II, Lecture Notes in Math., vol. 1276, Springer, 1987.

[7] , Higher asymptotics of the complex Monge-Ampere equation, Composito
Math. 64 (1987), 133-155.

[8] K. Hirachi, Construction of boundary invariants and the logarithmic singularity
of the Bergman kernel, Ann. of Math. 151 (2000), 151-191,

9] K. Hirachi, G. Komatsu and N. Nakazawa, CR invariants of weight five in the
Bergman kernel, Adv. in Math. 143 (1999), 185-250.

Graduate School of Mathematical Sciences
University of Tokyo

3-8-1 Komaba, Meguro

Tokyo 153-8914

JAPAN

E-mailhirachi@ms.u-tokyo.ac.jp



