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A PROPAGATION OF QUADRATICALLY
HYPONORMAL WEIGHTED SHIFTS

Yone BN CHoOI

ABSTRACT. In this note we answer to a question of Curto: Non-
first two equal weights in the weighted shift force subnormality in
the presence of quadratic hyponormality. Also it is shown that ev-
ery hyponormal weighted shift with two equal weights cannot be
polynomially hyponormal without being flat.

Let H be a complex Hilbert space and let £(#H) be the algebra of
bounded operators on H. An operator T' € L(H) is said to be normal
if T*T = TT*, hyponormal if T*T > TT*, and subnormal if T = N|y,
where N is normal on some Hilbert space X D . If T is subnormal then
T is also hyponormal. Recall that given a bounded sequence of positive
numbers a : ap,ai,- - (called weights), the (unilateral) weighted shift
W, associated with « is the operator on ¢2(Z,) defined by Wye, =
Qneént1 for all n > 0, where {e,}52 is the canonical orthonormal basis
for £2. 1t is straightforward to check that W, is hyponormal if and only if
0y < Qnyy for all n > 0. The Bram-Halmos criterion for subnormality
states that an operator T is subnormal if and only if

Z(Ti:rj, Tiz;) >0

%)

for all finite collections zo, z1,- - - ,zx € H ([2],[3, [11.1.9)). If we denote
by [A, B] :== AB — BA the commutator of two operators A and B, and
if we define T to be k-hyponormal whenever the k x k operator matrix
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M(T) := ([T*,T*])f;—, is positive, then the Bram-Halmos criterion
can be rephrased as saying that T is subnormal if and only if T is k-
hyponormal for every k > 1 ([6]). Recall ([1],[6]) that T € L(H) is said
to be weakly k-hyponormal if T + a1 T? + -+ - 4+ ax_,T* is hyponormal
for every ay,-- ,ax—1 € C. If k = 2 then it is said to be quadratically
hyponormal Also T € L(H) is said to be polynomially hyponormal if
p(T) is hyponormal for every polynomial p € C[z]. It is known that
k-hyponormal = weakly k-hyponormal, and the converse is not true in
general (cf. [4],[5]).

J. Stampfli [7] showed that for subnormal weighted shifts W, a prop-
agation phenomenon occurs which forces the flatness of W, whenever
two equal weights are present.

PROPAGATION OF SUBNORMALITY ([7, THEOREM 6]). Let W, be a
subnormal weighted shift with weight sequence {an}52. If ay, = Q1
for somen >0, theno; =as =ag =---.

In [4] it was shown that Stampfli’s propagation for subnormality can
be extended for 2-hyponormality.

PROPAGATION OF 2-HYPONORMALITY ([4, COROLLARY 6]). Let
W be a 2-hyponormal weighted shift with weight sequence {on}32,.
If a, = ap41 for somen > 0, then oy = g =g = -+, i.e,, Wy is
subnormal.

On the other hand, it was shown in [4, Theorem 2] that a hyponor-
mal weighted shift with three equal weights cannot be quadratically
hyponormal without being flat: If W, is a quadratically hyponormal
weighted shift with weight sequence {a,}52.; and if ap, = Ant1 = Qny2
for somen > 0, then a1 = a3 = ag = ---, i.e.,, W, is subnormal.

Furthermore, in {4, Proposition 11], it was shown that, in the pres-
ence of quadratic hyponormality, two consecutive pairs of equal weights
again force subnormality: If W, is a quadratically hyponormal weighted
shift with weight sequence {a, }32 4, and if @, = Q1 and a2 = Qpy3
for somen > 0, then a; = ag = az =---, i.e., W, is subnormal.

In [4] the following question was raised: Whether two non-consec-
utive pairs of equal weights force subnormality in the presence of qua-
dratic hyponormality ? We now answer it affirmatively.
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THEOREM 1. Let W, be a weighted shift with weight sequence
{an}>, and assume that W, is quadratically hyponormal. If oy =
Qny1 for somen > 1, thena; =ag =az =---, i.e., Wy is subnormal.

Proof. Without loss of generality (the restriction of a quadratically
hyponormal operator to an invariant subspace is also quadratically hy-
ponormal), we may assume that n =1 and a; = ag = 1. We will show
that either ag = 1 or ag = 1. Then three equal weights are present, so
that by [4, Theorem 2], we have that a; = ag = az = ---. For this we
need to consider the selfcommutator [(W, + s W2)*, W, + s W2]. Let
W, be a hyponormal weighted shift. For s € C, we write

D(s) := [(Wo + s W2)*, W, + s W2]
and we let

Do(8) := Po[(Wa + s W2)*, W, + s W2|P,

qo To 0 e 0 0
™o g1 T1 ... 0 0
0 r ¢ ... 0 0
0 0 0 ... gp-1 Tn-1
0 0 0 cee Tp-—1 dn

where P, is the orthogonal projection onto the subspace generated by
{601 ) en}7

— 2 .
Gn = Up + |8]°Vn, Th =Sy Wn,
2
n—11
2.2 2 2
Un 1= QpQpnyq — 0y 10,9,

Wn = ai(ai_l_l - a121.—1)27

Up 1= 02 —

and, for notational convenience, a_3 = a—; = 0. Clearly, W, is
quadratically hyponormal if and only if D,(s) > 0 for all s € C and all
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n > 0. Let d,(-) := det (D,(-)). Then d, satisfies the following 2-step
recursive formula:

do=do, d1=qoq1 —|ro®, dnt2 = nt2dni1 — [Prs1l’da;

if we let t := |s|2, we observe that d,, is a polynomial in ¢ of degree n+1.
For our purpose we assume s € R. Then a straightforward calculation
shows that if we let ¢ := s2 and d,, = 31y ¢(n, 1)t¢, then

do(t) = af + ait;

di(t) = (a2 — af) + c(1, 1)t + (1, 2)t%;

do(t) = 02(1 — o2)(a2 — 1)t + ¢(2,2)t% + ¢(2, 3)t3;

d3(t) = a2(1 — a2)(a2 — 1)(aZa2 — 1)t + ¢(3, 3)t> + (3, 4)t%;
ds(t) = a3ai(ad — 1)(a — 1)%% + ¢(4,3)t3 + c(4,4)t* + c(4,5)¢°,

so that

ds(t)
Jm tﬁ = agaj(ad — 1)(of - 1)°.

Note that a2 < 1 < o2. But since ds(t) > 0 for all ¢ > 0, we must have
that either ag = 1 or ag = 1. This completes the proof. 0

As a corollary of Theorem 1, we can see that two pairs of equal
weights force subnormality because the condition “two pairs of equal
weights” guarantees o, = an+1 for some n > 1, and in turn, by Theo-
rem 1, subnormality. However, in Theorem 1, note that the condition
“n > 1” cannot be relaxed to the condition “n > 0”. For example, if
(cf. [4, Proposition 7])

2 n+1
1.1.1 =1 =4/~ = >
( ) g = 01 \/;, ap Vn+2 (n > 2),

then W, is quadratically hyponormal but not subnormal.

Also we have:
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THEOREM 2. If W, is a polynomially hyponormal weighted shift
with weight sequence {an}2, with ag = a4, then a9 = a1 = a3 =

Proof. Without loss of generality we may assume ay = a7 = 1.
We first claim that if W, is a hyponormal weighted shift with weight
sequence {a, 152, and if op = a; = 1, then
(2.1)

Wy is weakly k-hyponormal = (2—aZ_;)a2 > 1 forallk > 3.

For (2.1) suppose W, is weakly k-hyponormal. Then T} := W, +s W
is hyponormal for every s € R. For k > 3 we have

gro O 0 ... 7o 0
0 ak,1 0 e (0] Tk,1
. 0 0 g2 ... 0O 0O
Dy =P [Ti, Tg| P = | . ) . ) .1,
Tk,0 0 0 ceo Qi k~1 0
0 7mm1 0 ... 0 K,k
where
2 2 2(.2 2 2
(0% —af_y)+s (Oktj1Oyj—2 " QF)
0<j<k-1)
qx,; = 2 2 2,2 2 2 2 2 2 ;
(o —aj_1) + 5% (a_105 2" Of — 0R_10%_5---0F) ,
(j=k)
Tk = SOQo0q - - ak—zai_l;
TRl = Saiag - ap_1(0k — al).
Thus
det D (ax,kqk,1 — 74 1)@k, k—19K,0 — Tﬁ,o)%,k_zqk,k-s e Qr2 (k>4)
€ k=
(g3,393,1 — 3 1)(93,293,0 — 73 o) (k=3).

If ap = a3 = 1 and if we let ¢ := s? then by a straightforward calcula-
tion shows that

n det Dy, _ 9 2 9 k-1 2, o .
P T (2 — ag_y 0 — 1) I 12 aj(af — o _y).
J=
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Since if W, is weakly k-hyponormal then det D > 0, it follows that
(2 —a?_,)ai — 1 > 0, which proves (2.1). Suppose W, is polynomi-
ally hyponormal. Since {a,} is bounded and increasing it follows that
lim o, = a for some a € C. Therefore taking lim,, on both sides of the
inequality in (2.1), we have that (a — 1)? < 0, i.e., @ = 1, which forces
0p = a1 = ag = --- = 1. This completes the proof. 0

COROLLARY 3. If W, is the weighted shift with weight sequence
{ay,} which is polynomially hyponormal but not subnormal then the
weight sequence {a,} is strictly increasing.

Proof. This immediately follows from Theorem 2. O
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