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THE CAUCHY PROBLEM FOR A DEGENERATE
PARABOLIC EQUATION WITH ABSORPTION

JiN Ho LEE

ABSTRACT. The Cauchy problem for degenerate parabolic equations
with absorption is studied. We prove the existence of a fundamen-
tal solution. Also a Harnack type inequality is established and the
existence and uniqueness of initial trace for nonnegative solutions is
shown.

I. Introduction

In this paper we consider the Cauchy problem for the degenerate
parabolic equation

(1.1) ug = div(|[VuP72Vu) —bu? in R™ x (0,00).

Herep > 2, be[0,1] and g € (0,1) are given constants. A measurable
function u(z,t) defined in R™ x (0,00) is said to be a weak solution of
(1.1) if for every bounded open set 2 C R

u € C(0,T : L*(Q)) N LP(0, T : WHP(Q2))

and satisfies
(1.2)

ta
/u(:z:, t2)'f](.’L‘,t2)d.’L‘+/ / —un; + |VulP~2VuVndzdt
Q t, Jo

t2
=/u(m,t1)n(m,t1)daf;—b /uqndxdt
Q ty JO
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for each bounded interval [¢;,¢2] C (0,00) and all test functions 7 such
that
n € Wh*(0,T; L®(2)) N L®(0, T; Wy ™ (92)).

A Radon measure p on R” is called the initial trace of u if u satisfies

Jim /R u(z, On(a)dz = /R ndy

for all continuous functions n in R with compact support. We then
say that u(z,t) is a weak solution to (1.1) with initial trace u.

When p = 2, Brezis and Friedman[1] showed that (1.1) has a funda-
mental solution if and only if ¢ € (0, (n + 2)/n). Later Brezis, Peletier
and Terman[2] proved the existence of a very singular solution such
that

lim u(z, t)dz = oo,
t—0 R»
when g € (1, (n + 2)/n). The evolutionary p-Laplace equation
(1.3) ug — div(|Vu[P2Vu) =0 in R" x (0,T) p>2
has been studied by many authors [4], [5], [8],---. DiBenedetto and
Herrero[9] showed that for every o-finite Borel measure y in R™ satis-
fying
lellr = supp™ " 52 / du(z) < oo for some r >0,
P27 lz|<p
there exist a weak solution to (1.3) in R™ x (0,T), where T is
— ; —(p—-2) ; :
T(n) = co lim |x]|-] if |lel->0
and T(u) = oo if ||u|l, = 0. Furthermore, they showed that for each

nonnegative weak solution u, there is a unique o-finite Borel measure
1 on R™ such that

tim [ stz ne)s = [ nd
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for all continuous and compactly supported functions n in R™. There
they used the existence of an explicit Barenblatt solution whose initial
trace is the Dirac measure at the origin. For the p-Laplace equation
with absorption,

up = div(|VuP~?Vu) —u? in R" x (0,7] p>2.

Peletier and Wang([13] showed that when p — 1 < ¢ < p— 1+ p/n
there exists a very singular solution. They formulate the general type of
equation (1.1) as a system of three first order differential equations, from
this they show the desired solution corresponds to an orbit connecting
two given curves in the three dimensional solution space. They prove
the existence of such an orbit by means of a shooting argument, but
this does not work in our case q € (0,1).

At first we will show the existence of fundamental solution for the
case p € (0,1) and we shall establish the Harnack type estimate and
prove the existence of initial traces of weak solutions of (1.1). It follows
that there is no very singular solution when ¢ € (0,1).

The paper will be organized as follows. In section 2 we will state
some preliminary results of weak maximum properties and the growth
rate of weak solution v in terms of ¢ which are useful for our article.

In section 3 we derive a Harnack inequality namely

RPTo ’ﬁ+ =7 \? (0, mp) 2222
u(x P
T2 —T1 RpTo 0,72

][ w(z,m)dz < B
BR(l‘o)

for some constant 3. DiBenedetto and Herrero[9] established a similar
type inequality for the evolutionary p-Laplace equation without ab-
sorption, but their proof depends on the explicit formula of Barenblatt
solution and that is not applicable to our problems. We employ here
a compactness method and scaling argument, so the explicit formula
of Barenblatt solution is not necessary. From this we can prove the
existence and uniqueness of the initial trace of any nonnegative weak
solution of (1.1).
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The following symbols are used in the sequel;

1
udx = ——/udw,
]{4 |A] Ja

Bpr(zo) = {x e — iL‘ol < R},
Qr(zo, to) = Br(zo) X (to — RP,10),
SR(xd,to) = BR(.’I)o) x (to — RP,to + RP).

If there is no confusion, we drop out (zg,%p) in various expressions.

2. Preliminaries

In this section we state some a priori estimates which are useful in
studying pointwise behavior of u. Some of the results were established
in [5], [12] and we state here without proof. First we state a local
maximum estimate. Estimate the interior Lipschitz norm in terms of
LP norm of u by the Moser type iteration. After this, the maximum of
u can be estimated by L! norm of u.

PROPOSITION 2.1. Suppose u is a nonnegative weak solution of (1.1)
in Qgr. Then there exist constants c; and c; depending on p,n, and R
such that

1
32
supu < ¢y [/ u”dxdt] + ca.
Q121 R

PROPOSITION 2.2. Let u be a nonnegative weak solution of (1.1) in
Sar. Then there are constants ¢,y and o depending on p,n such that
(2.1) supu < c[I7+ 1],

o
where I = sup, [, ,p, u(z,t)dz.

We denote by S the class of all nonnegative weak solutions of (1.1)
in R™ x (0,00) and we define a subclass P(N) by P(N) = {u € S :
sup; [pn u(z,t)de < N}

The next proposition gives the growth rate of weak solution u in
terms of ¢.
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PROPOSITION 2.3. Let w € P(N), then there is a constant c(N)
depending on p,n and N such that

u(z,t) < e(N)t=e=2F  for 0<t< L.

The proof of proposition 2.3 can be found in [5] and [12]. As a
consequence of proposition 2.3 we obtain following two propositions

PROPOSITION 2.4. Let u € P(N), then there exists some positive
constant ¢ depending on o,p and n such that

,,
(2.2) // |Vu|P~ldzdt < ¢(N)r=
: 0o JBg

for all T € (0,1), where k = n(p —2) +p._

PROPOSITION 2.5. Let u € P(N), then there exists some positive
constant ¢ depending on p,n, N and R such that

. k

c,rl—nq/k if q< -T_i

T 2 . k
uIdzdt S CcT3 if qg=—

0 JB n n
" c»rl_Z_nqg—_k k

if ¢>—

n

for all T € (0,1), where k = n(p — 2) + p.

3. Harnack inequality and initial traces

In order to show the existence of an initial trace for nonnegative
weak solution of (1.1), we need suitable Harnack type inequality.
For the evolutionary p-Laplace equation without absorption

uy — div(|Vu|P~2Vu) = 0,
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DiBenedetto and Herrero[9] established the following inequality

]in u(z,0)dz < c [(-};—p) i + (%5)/% [u(0, T)]ﬂtiz)ie]

by using explicit formula for Barenblatt solution(see [9]).
Here we employ the idea of Dahlberg and Kenig [6] they use the
scaling properties of solutions.

Now we prove compactness theorem.

THEOREM 3.1. Suppose uy € P(N) with b, € [0,1] and i is the
initial trace of ux at t = 0. Suppose also that py converges to u weakly
ast — 0 and that b, converges to b. Then there exists a subsequence uy
which converges to u uniformly on each compact subset of R™ x (0, 00)
to a weak solution u of (1,1) and whose initial trace is p.

Proof. Suppose K C R™ x (0,00) is compact. From proposition
2.3 we know that {ux} are uniformly bounded in K and hence uj are
uniformly Holder continuous(see [7],[10]) and hence {u} converge to a
Holder continuous function u in K. The fact u is a weak solution follows
from weak convergence in LP(0,¢; W'?(K)) and equicontinuity of u.
Hence it is enough to show that whenever w is locally the uniform limit
of ug,u € P(N) and u has initial trace p. Let 0 <7 <t <1 and fix
n € C(R™). From Proposition 2.4 and Proposition 2.5 that

[ wte ez [ n@an
[ @ tnee— [ n@da

= lim
k—r00

= lim lim
k—o00 T—¥00

/ uk(a:,t)n(a:)dx—/ uk(z, 7)n(z)dx
Rn R»

t
. . . p—1 q
(3.1) < ckli)r{.lo'rlg%o /T /" |Vug|P~*|Vn| + ugndzds

< (N, 1V]loos [l oor R)E®
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for some positive constant §, depending on n,p and g, in fact,

1
min(E, 1- %q_ if g< -f;
.12 . k
5‘1 = mm(;, 5 if ¢g= ; .
.1 ng ) k
mm(k, 1 2nq—k) if g>=
So we have
[ wtetmtedte = [ @] =0,
Rn R

and this implies that the initial trace of u is p. |

The existence of the bounded solutions of (1.1) with nonnegative
initial data is well established and also solutions are uniformly bounded
on every compact set of R™ x {0,00). Then by constructing a suitable
sequence of weak solution, we can see that there exists a fundamental
solution of (1.1).

LEMMA 3.2. There exists a solution Q(z,t) of u, = div (|Vul[P~2Vu)
such that the initial trace of Q is Dirac measure at origin. Moreover,
there is a constant Ty depending on p,n such that

1
Q(Oa TO) > 5

Proof. Let initial data uf(z) of ux as uf(z) = ook™xp(3) and
S u§(x)dz = 1, where w is the measure of Bj(0).

Then a nonnegative solution uy, of u; = div(|Vu|P~2Vwu) with initial
data u(z,0) = uf(z) will exist. So the existence of solution with Dirac
measure as initial trace follows as Theorem 3.1. Let n € C§*(R"™) be
nonnegative with

7(0) =max =1, |[Vg|jL~ <1 and / n{z)dz = 1.
TzER™ Rn
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From (3.1) we have for each ¢

[ [ QG tmte)dz - n(O)' <t

for some c depending on p and n. Furthermore u(0,t) = maxg~ u(z,t)
for each t(see [11]). Thus if Ty < (2¢) 7%, then

N =

u(0,Tp) = / u(0, To)n(z)dz > / u(z, To)n(z)dz >
. Rn Rn
The proof is completed. a

We next show

LEMMA 3.3. Suppose that u is a continuous nonnegative weak so-
lution of (1.1) in R™ x (0,00). Define

" 1 if 0<s<1
(s) = s+ if s>1, where k=n(p—2)+p

then there is a constant ¢ such that
(3-2) / u(z,0)dx < cH (u(0, Tp))
|=|<1

where Ty is the constant in Lemma 3.2.

proof. Assume first that the following hypotheses are satisfied

(3.3) supp{u(z,0)} Cc {z:|z| <1} and p /u(m, t)dx < oo.

su
0<t<oo

Suppose (3.2) does not hold, then there exist a sequence of continuous
nonnegative solutions uy with b € [0, 1] that

(ur): = div(|Vug [P~ Vug) — beuf
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satisfying I = [q. uk(x,0)dz > kH (u(0,Tp)) for k=1,2,3,--- . Let
1
ve(z,t) = —ur(okz, t)
Ye

then vi(z,t) is solution to

p—2
()e = Zopmdiv (V0P 2V 0n) — b 0.
k

We define aj and v such that

nt By oz
a, =I; and Y =of".

By the definition of v; we have

1 1
v a:,Oda:=—/u axz,0)dz = /u z,0)dr =1
Jorte.00e = - [urtona 0z = - [w(z,0)

k

moreover supp {vkx(z,0)} C {z;ox|zr|] < 1}, and vi(z,0) converges

weakly to a Dirac delta measure centered at origin. We also note that
-1 —p(1—q)

bk'y,‘g"1 = broy,”™* =bra, P77 goes to zero as k goes to infinity. By
our compactness argument, vi(z,t) converges uniformly on each com-
pact subset of R™ x (0, 00) to a weak solution Q(z,t) of

v(z,t) = div(|Vo|P~?Vv),
with initial trace Dirac measure. So we have
— P
lim o P2 uk(O, Tp) = lim v(0,Tp) = Q(O,‘Tc) >0
k—ro0 k—oo

by Lemma 3.2, where Ty denotes the constant in Lemma 3.2.
Since limg_o0 ar = 0 it follows that limg_,oo ux(0,Tp) = oo, and
hence for sufficiently large k, we have

B _

[Uk(o, TO)]% = H(uk(O, TO)) < _]]éal:_z

3
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It follows that Q(0,Tp) = 0, which is contradiction. To remove the
assumption (3.3), we introduce wg and hg(z) such that hg > 0 is
smooth on R™ with hgr(z) = 0 for |z| > R and 0 < hg < 1 and wg
solves the equation

(wgr): = div(|Vwg|P 2 Vwg) — bwh
in Sg = {(z,t) : |z| < R,0 < t < R} with wg(z,0) = hr(z)u(z,0) for
|z|] < R and hence wg(z,0) = 0 on {|z| > R}. Thus from the maximum
principle we have wg < w, < u if R < p and wg < w, in Sg. Using

compactness argument as in Theorem 3.1, it follows that

lim wg € P(N) for some N >0.
R—00

Considering the previous result for w we obtain

/ w(z, 0)dz = / h(z)u(z, 0)dz < cH(w(0,Th)) < cH (u(0, Tp))-
Since hg is an arbitrary smooth function, the lemma follows. O

Now we prove Harnack estimate.

THEOREM 3.4. Suppose u is a nonnegative weak solution to (1.1).
Then there is a constant 8 and Ty depending only on n,p,q and n such
that
(3.4)

1 n
RPTy \ 72 To—T1 \? n(p—2)+p
< P
/Bn(zo) u(z,m)dx <3 [(7'2 — Tl) + ( BT, ) u(%o, T2) ]

—g—1
where 0 < 1, < T2 < 00, and R > [Tz,_,:,o_ﬁ-]'ﬁ"’—?p -9,

Proof. Let v = (R—"Tﬂ-)#'f and v(z,t) = %u(ﬂ?o + Rz, + Bz t).

T2—Ty
Then v is solution to
p—g—1

ve(z,t) = div(|Vo|P~2Vv) — b (” = Tl) RS
0
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and v is continuous on R™ x (0,00). We note that the coefficient of v?

p—g—1
is less than or equal to 1 under our hypothesis R > [Zx™]»G=0).
Hence from Lemma 3.3 we obtain

1

W BR(zo)u(x,n)dxzf v(z, 0)dz < BH(v(0,Tp))

B,
< B[1+0(0,To)]

— :6 [1 + (u(a"OaT?))%jl
’Y bl
where kK =n(p—2)+p.

Therefore we obtain that

1 n
RpTo -2 T2 —T1 ? n(p—2)+p
< -~ -
]{BR(%) u(z,m)dz < B KT2 — Tl) + ( o, ) wWeoem) F
The proof is now complete. O

Now we can show the existence of an initial trace for any nonnega-
tive weak solution u in R™ x (0, 00). The Harnack inequality and the
compactness argument are the main ingredients in the proof.

THEOREM 3.5. Suppose that u is a nonnegative weak solution of
(1.1). Then there is a unique Radon measure p on R™ such that

tim [ u(e,tyn(a) de = / ndu,

t— R»

for all n(z) € C§(R™).
Furthermore i satisfies

—g—1

sup R 72 / dp < c(u(0,T))
R>T, p(0—9) Br

for some constant c.
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Proof. As a consequence of our Harnack inequality (Theorem 3.4)
we get

sup/ u(z,t)dz < (T, p, R, u(0,T)) < oo,
t JBg

for each ¢t € (0,T). Thus there exists a sequence t; — 0 and a Radon
measure g on R™ such that u(z,t;) converges weakly to p on R™. If
n € CP(R™), thenfor 0 < 7 < ¢

/Rn u(z, t)r(z) de — /R" u(z, 7)n(z) dz
(3.5)

t
= / / ~|VuP2VuVn — bulndz ds.
T n

From Proposition 2.4 and Proposition 2.5 it follows from (3.5)
(3.6)

|/Rn u(z, t)n(x)dr - /R" u(z, 7)n(z)dz

where d, is the power of 7 in the statement of Proposition 2.4. Hence
taking 7 along t; we get

ﬁc[(t—’r)% +(t—'r)‘s"],

t11_1+1(1) o u(z, t)n(z)dz = /nd,u.

Now we assume that there exists another Radon measure v and a se-
quence s; — 0 such that

lim u(z, s;)n(z)dz = /ndu

j—)oo R™

for all # € c§°(R"). Let ¢ be a nonnegative cutoff function in B(14¢)r
such that ( =1 in Bg and |V(| < -5. Taking ¢ as a test function to
(1.1) we deduce that

/ sl IR

Bate)r

t
=/ / —|VulP~2VuV(¢ — buildzds
T YBute)r
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and hence

/B(1+s)n u(e )¢ (z)dz _/ u(z, 7)¢(x)dz

Br
t
> / / \VulP~2|Vu|dzds — c(t — 7)%
eR T JBa+e)r

where

[

ot NE ol e
/B IRCIOLE /B (e, (@ — G (¢ = )F et =)

Taking 7 = t; and sending j to infinity, we see that

/ u(z, t)¢(z)dz > / du — L — ctda,
B(1+e)r Br eR

Then taking ¢t along s;, we find that

/ dl/Z‘/ du forall R>0.
Bate)r Bp

Since this inequality holds for all R and e, letting € — 0 and inter-
changing the role of p and v we conclude that v = g. This completes
the proof. 0
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