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HARMONIC MEROMORPHIC STARLIKE FUNCTIONS
JAY M. JAHANGIRI

ABsTRACT. We give sufficient coefficient conditions for a class of
meromorphic univalent harmonic functions that are starlike of some
order. Furthermore, it is shown that these conditions are also nec-
essary when the coefficients of the analytic part of the function are
positive and the coefficients of the co-analytic part of the function
are negative. Extreme points, convolution and convex combination
conditions for these classes are also determined. Finally, comparable
results are given for the convex analogue.

1. Introduction

A continuous function f = u + iv is a complex-valued harmonic
function in a domain D C C if both u and v are real harmonic in
D. In any simply connected domain we write f = h + g, where h
and g are analytic in D. A necessary and sufficient condition for f to
be locally univalent and orientation preserving in D is that |h'(2)| >
|g’(2)| in D. See [1]. There are numerous papers on univalent harmonic
functions defined on the domain U = {z : |2| < 1} (see [1], [3], [4],
(7], and [8]). In [6], Hengartner and Schober investigated functions
harmonic in the exterior of the unit disk U = {z : |z| > 1}. In particular,
they showed that a complex-valued, harmonic, orientation preserving
univalent mapping f, defined on U and satisfying f(co) = oo, must
admit the representation

1) f(2) = h(2) +9(2) + A log|z|,
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where h(2) = az+ Y oo ganz™", g(z) =Bz + > g 1 baz™™, 0< |8 <

la, and a = J./f, is analytic and satisfies |a(z)| < 1 for z € U. Since
the affine transformation

af — ﬂ_f — Qa, +m
a2 - |82

is again in the class (e.g. see [6]), we may let a =1 and 8 =0 in
the representation (1). We further remove the logarithmic singularity
by letting A = 0 and so focus our attention to the family 3, of all
harmonic orientation preserving univalent mappings which have the
development

(2 £(2) = h(z) + g(2)

where

(3) h(z)=z+» anz™, gz)=) bnz™™.
n=1 n=1

We call h the analytic part and g the co-analytic part of f = h + g.
Denote by > 7,(7), 0 < v < 1, the subclass of }_,, consisting of
functions f of the forms (2) and (3) that are starlike of order « in U.
A necessary and sufficient condition for such f to be in > 3,(7) is
(see [2]) that for each z, |z| =r > 1, we have

(4) b%arg(f(reia))z'y, 0<v<1l, z=re?, 0<0<2m, r>1.

Also denote by T3;(7), 0 < v < 1 the subfamily of }_3,(7) consisting of
functions f of the form (2) for which the functions h and g are restricted
by

(3) h(z)=2+ Zanz_" , 9(2)=-— zbnz'", an >0, b, >0.
n=1

n=1

For 0 <m < 72 <1, 353(72) C 3(n) € 35(0) and T(r2) C
Ts(m) C T3(0). Jahangiri and Silverman [5], among other things,
proved the following theorem which we shall use in this paper.
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THEOREM A. Let f be of the forms (2) and (3). If

(6) Zn(lanl +{bn]) <1

n=1

‘then f is orientation preserving and univalent in U.

In [5] it is also proved that the condition (6) is sufficient for f to
be in 3_7,(0). In this paper we extend the above results to the general
case Y 3,(7), 0 <~ < 1. We also show that our coefficient condition is
necessary for f of the form (5) to be in 7 (7). Finally, we characterize
the extreme points for 7;;(y) and prove the closure properties under
convolution and convex combinations.

2. Coefficient Bounds
THEOREM 1. Let f be of the forms (2) and (3). If

(7) Dl +lanl +(n—7)ba] <1-7,

n=1

then f is harmonic, orientation preserving, univalent in U and f €
THn, 0y <L

Proof. We observe that, by Theorem A, f is harmonic, orientation
preserving, and univalent in U since Y 7, (7) € 35, (0) for 0 <y < 1.
Now it remains to show that the condition (7) is sufficient for f to be
‘in 377, (7)- By (4) we must have

5 (argf(rei®)) = Im 2 logf (re™))

@@ _ o AR)
=R T eBRE 2T

Or equivalently, we must have
(8) |A(2) + (1 — 7)B(z)] — |A(2) = (1+)B(z)| = 0.
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Substituting for A(z) and B(z) in (8) we obtain

|4G) + (1 =B - |A(2) - @ +1B)
= |0 =) + 2k (2) + T= )90 — 2G|

~ [+ h(z) - 2k (2) + T M9 +29 )|

o0 0
=|1-7|+ Eanz—"] +z- Znanz‘"
n=1

n=1

+ Q- b+ nbnz‘"l
n=1

n=1

[o.e} 00
- I(l + )z + Zanz“”] —z+ Znanz’"
n=1 n=1

+ @+ baz] = 3 mbaz|

n=1 n=1
00 oo
= |(2 -7z + Z(]l ~y—n)az"" + z(l -+ n)bnz-”)
n=1 n=1

o0 [o o]
- Ifyz + Z(l +y+n)az™" + Z(l + 4 - n)bnz—’?l

n=1 n=1
00 [o]

>2 -7zl = Y (n+7 = Dlaallzl™ = Y _(n — v+ 1)|bn][2|™"

‘n=1 n=1
o0

o0
—vlzl = Y+ 7= Dlanllz| ™ = > (0~ + 1)lballzl ™

n=1 n=1
=2(1 -zl = Y 2n +Mlaallzl ™ = Y 2(n = y)fballz| ™"
n=1 n=1
=2l2l{1 -7 — >_[(n +7)lan| + (n = 7)Ibal]lz| 7"}

n=1
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2 2{1 —-Y- Z?:l[(n +'7)|an| + (n - 'Y)lbn”}
>0, by (7).

We next show that the above sufficient condition for starlikeness is
also necessary for functions in 7 (v).

THEOREM 2. Let f = h + g where h and g are of the form (5). A
necessary and sufficient condition for f to be in T3 () is that

(9) > [(n+7)an+(n—7)ba] <1 -7.

n=1

Proof. In view of Theorem 1, we need only show that f ¢ 735(v) if
the coefficient inequality (9) does not hold. To this end, we have, if f
is starlike of order 7, then

prosr.on
h(z) +9(2)
2= Nanz " =30 bz
2H Lo 02— Lty baz
R’ S i NAnz ™ =3 nbpz T~z — Y o0 yapz ™
Z4Y 18z =Y 0 by

= Re

+ Re Z';z.ozl 7bnz_n
oo
24+ a2 =) bz

— Re (1 - 7)z - Zf:]_ (n + 7)anz_n - Z';.zozl(n - 7)bnz—n
Z4Y o G2z =) 00 b2z

> 0.
For z = r > 1 the above expression reduces to

L=y = T (4 7)an + (n—hdr™ A(r)
Re I S P —— =B ="

If the condition (9) does not hold, then A(r) is negative for r sufficiently
close to 1. Thus there exists a z, = r, > 1 for which the quotient %%%
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is negative. This contradicts the required condition that g(: >0, and
so the proof is complete. O

We next give a distortion result.
THEOREM 3. If f € T(7) for 0 <y <1 and |z| =7 > 1, then

r=(=-rt <@ S+ Q-
Proof. Let f € T3;(7). Taking the absolute value of f we obtain

f(@=]z+ Y anz™™ = bnz"|

n=1 n=1

00
<r+ Z(an +bp)r "

n=1

<r+ Y (an+bn)r?

n=1

<t S [+ Van + (n—7)balr?
n=1

..<. T+ (1 _7)7'—1 [ by (9)1

and

@ =12+ anz™" =3 baz™"|

n=1 n=1
>r- Z(an + by )r ™
n=1
>r— Z(an + by)r?
n=1
>r =Y [(n+7)an+ (n—7)bp)r?
n=1
2r—Q1-yrt, by (9). o
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3. Extreme Points

For f = h+g as in (5) the family 77 () is locally uniformly bounded.
In this section, we use the coefficient bounds obtained in Section 2 to
examine the extreme points for functions in 7(7y) and determine the
extreme points of the closed convex hull of 73;(-y) denoted by clco T3 ().

THEOREM 4. f € T;;(v) if and only if f can be expressed as

(10) f= Z(xnhn + yngn)

n=0

where z € U, ho(z) = 2, hn(2) = 2+ 12277, go(2) = 2, gn(z) =

n+4y
z— ;1;3%2‘" (n=1,2,3, ..}, Yomop(@n+yn) =1, z, >0, and y,, > 0.
In particular, the extreme points of clco Tyx are {hn}, {gn}, (n=
0,1,2,..). :

Proof. Note first that for functions f of the form (10) we may write

F(2) = (@nhn + yngn)

n=0

1—
’Yz

n+-y

)
= Zoho + Yogo + Z[mn (Z +

n=1

= Tn + Yn)Z + Tpnz "~ : z ",
nz:%(n yn) ,,,Z::ln+7 n Z — Yn

Then, by (9),

;[(n + 'y)(;:;mn) +(n— ’y)(i—i—:—yn)]

=(1-1) Z(xn + Yn)
n=1

= (1=~ (o) <17
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and so f € T3;(v).

Conversely, suppose that f € T3j(v). Then we write f(2) = z+
Y1 Gn2 ™™ =307 by Z™™ where ay, >0, by >0, and 307, (e,
+'1’—:;an] < 1. Setting z,, = '{—f}an and y, = %bn n=12,..), 0<
To<land yo =1—2o — Y o7 (Tn+yn), we get f(z) = 3 oo o(Tnhn+
Yngn) as required. O

4. Convolution and Convex Combinations

In this section, we show that the class 73;(7) is invariant under con-
* volution and convex combinations of its members.

For harmonic functions f(2) =2+ Y oo anz ™ — Y oo b, 2™ ™ and
F(2) =z+ 3,2 Anz™" — 3 o> | B,Z™™ we define the convolution of
fand F as

(11) (f*F)z)=f(z)xF(z) =2+ E QnApz™" — Z bpBp,z ™.
n=1 n=1

THEOREM 5. If f and F belong to T;;(y) so does the convolution
function f * F.

Proof. Let f(2) =2+ 3 2 1anz™™ — 300  b,z"" and F(z) = z +

n=1
Y1 Anz™™ =Y 2 Bpz™™ be in T}(7y). Then the convolution of f
and F is given by (11). Note that A, <1 and B, < 1since F € T3}(7).
Therefore we can write

D [(n+7)anAn + (0~ 1)baBa] < Y [(n+7)an + (n = 7)ba].

n=1 n=1

The right hand side of the above inequality is bounded by 1—y because
f € T3;(7)- Thus f * F € T (y) by Theorem 2. O

THEOREM 6. The class T;(vy) is closed under convex combination.
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Proof. Fori=1,2,3,... suppose that f;(z) € T3;(7) where f; is given
by

oo [oo]
fi(Z) =z+ Zainz—n - Z'binz_n, a;, > 0) bi,, > 0.
n=1 n=1
Then, by (9),
(12) D ln+7ai, +(n—7b ] <17

n=1

For Zfil t; = 1, 0 < t; <1, the convex combinations of f; may be
written as

Y otifilx) =2+ (Ztiain) z " - Z (th 1,,.)
i=1 n=1 \i=1

n=1

Then, by (12),
Yot [ +7) (225 tias,) + (n — ) (52, tabi,)

—zt {Z[(n+7)azn+(n ) zn}<zt(1 7)=1-17.

i=1 n=1

Thus Y2, t:£i(2) € T3 (7). -

5. The Convex Case

A function f of the form (2) is said to be convex of order v, 0 <y < 1
in U if for each 2, |2| =r > 1, we have

0 0 {0\ 9
—_ —_— 2 > — i .
ag(arg{aef(re B>y, z=re”, 0<6<2n

One can apply this necessary and sufficient condition for convex func-
tions, much like the characterization for starlike functions led to Theo-
rems 1 through 6. The results for the convex case are found to be similar
to those given in Theorems 1 through 6, with an extra “n” added to
the coefficient conditions. For completeness, we state an analogous of
Theorems 1 and 2.
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THEOREM 7. A sufficient condition for f = h + g of the forms (2)
and (3) to be convex of order vy, 0 <y <1, inU is that

o0

> nl(n+7)lan| + (n = 7)ball <1-7.

n=1
This condition is also necessary when the coefficients of h and g are

restricted by the conditions in (5).

6. A General Case

If we impose no restrictions on « and 8 in functions f of the form
(1) and have only the logarithmic singularity removed, we have

(13) f(z)=az+ Z anz™ " + Bz + Z bpz—m.
n=1

n=0

In this case, we can still use arguments similar to those given to prove
Theorems 1 through 7 to obtain analogous results. Here, we only state
the results parallel to those of Theorems 1 and 2. The rest follow
similarly.

THEOREM 8. A sufficient condition for functions f of the form (13)
to be starlike of order v, 0 < v < (|a] — |8])/(la| + 18|), is that

3 [ +Mlanl + (. = Mlbal] < (1 =7l = (L +)BI.

n=1

This condition is also necessary ifa > 8 >0, a, > 0, and b, < 0 in
(13).
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