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2. HYEALAr 9 72 s Ytz BEF 1A
g7 &45Es1E Btk KKM ol&9] $83§ AE gy
A3 F AN ] DY S 71 3EA Gt P33 A Ao
AEgc) o)L g &2 KKM A&, von Neumann &} &
2F P o} w348, Nash'9] HgAe, g3 71x R5HAYY, T
H¥Ae, Ky Fan o] A4HulR54], dBESAE, AFI2A1AE,
Ants} AHYEA S Fo AR Eo] Ut

1. A &

1094 3ol Blum 3} Oettli [4] & &3} 2 8¢ 7ot EAE @ 498
Al (equilibrium problem) & &3t}

(EP) z € X such that f(z,y) <0 forall y€ X,
A7l X £ Foid Aol f: X x X —» RE 3 s349 Aol
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Ao B g3t 2 7 & ke AR EA (quasi-equilibrium prob-
lem)& B4 = Ak

(QEP) z € X suchthat Z€ S(Z) and f(Z,2) <0 for all z € S(),

A71dM X ¢ f= oM 22er §: X — X & T FoA g
(multimap) o]t}

o @uto g g Auts} AH Y EA (generalized quasi-equilibrium prob-
lem) = &€ T3 Aolth:

(GQEP) ze X and y€T(Z) such that Z € S(Z)

and f(Z,9,2) <0 for all z € S(%),
A7INA X & S & Ao 2or Y EdE FAX JAPoIR, T: X —-Y
EOE Fold thgdsold, f: X xY x X > RE & F03 #5oln},

o2 EAEL BHE BES Bol X¥ste, dE 9, HIE
A, Nash d FRHEA, REFEA, F5HEA, AEFTHEA 53 2& A
o] At} E, o|AIZHR 9 919} T2 A3 FHPEA ] AolAE BHE IAFE
X &Y 7} 97398 33t ESRA B0 dR-Eolth. AAF 22 Blum
and Oettli [4] ¢} Noor and Oettli [26] & ».2}.

8, BA7F 2 YA =SS AR AHAE2E, 99 FIEAES 3
HE tjREo] KKM A8 E, H43 254 (minimax inequality), 98 7}
Z| #5372l E, Fan-Browder ¥ 4338 €, 259 EARZHE 2AE
Fa 9o, ool ZAJ} HE AEE RS &9 KKM o] <tolA A
2 FAR BAZ FHdvhe Rolth A= 1929 'd 2] Knaster-Kuratowski-
Mazurkiewicz [22] 9] & A (3] KKM €8 oA HIFEHE ©] o]&2,
1991 A0l B} [39] 7F KKM AP 2§82 A724] A& 8¢ v} 3t
2 =2 KKM 989 T2 FAEe] B ¥ N2 Fojdd we}, 2000 &
A2 o] o] KKM g9 o7 FAHEPFES $8&& A73= okt A
Ztsl= Zo| v A™E Zojtt. a2 HAlol) thdtei= Park [54, 89] & Kt

o] o]&2 1961d °]F9] Ky Fan 9] 489 =& [6-11] oA AYFEHF
ko] ESRRC Bt AAHANL, 258 FHE0] Bl AP IR
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GHZR] YRS AR EQUTE O FAAE JFAQL AL 1980 d] o] %9
Lassonde [23] & BS54 2] Ants}e} Horvath [15-18] 8] C-F3oll A 9]
AT 0)1FE A8 FaF A B USE ol A2 1990 0] It
o] Atz BEEF7 (G-ES33) o AdFolth

o] A =FoME, Qo] 4 AAE F, A/ FFEA ] 7|EF ]
1 Z IHA Ae FEo) G-EF5IFNA oJ2A e HEVE ROl
& Aotk KKM o]&9] JAPd F23 A E dlf£o] el FHA
o] YL 7HA3HA Yol 943 Ao 2 JPITe AL sghe o
o] o}d 4 glth

olg3t I EZE KKM A& 2l9% von Neumann, Nash, Fan, Brow-
der 52} 98 94334 Brouwer, Schauder, Tychonoff, Hukuhara, Kakutani,
Fan, Glicksberg, Himmelberg 59 5 d A g o] &3 4™ Eolth. olE ¢
o] ulAgsAs}, S Z AT, Ael& FolA AAAEE H|Fo WY I
the wlolA (718 Zeidler [114] & B} o] 2] RE=EA] FH|3R & & o
2t Azt

o] =& £ A& A E F 7HE 7123 A KKM A2 1 3 Fan-Browder
Y AT 59 $HE 7|2 3t} o] F GoA w2 EAHE IR e 4x
9] Aelee] T2 [91] & 27) i)

g ksl BEZ 7 (generalized conver space) T HH3] 3 G-EES
2t (G-convez space) (X, D;T) & & A3F X 9 & Fold ¥ D A,
Ae(D)7tn+19 A€ 7 W, X 9 & B2 T(4) o & 259
% ¢a: Ay — D(A) 7 @815, Q919 J ¢ Aol thatd g4(A;) € T(J) 7
A3t otk dyla, E ¢s 8 IFE 5 ATt

AA7]qA, (D) € D ¢ Fotd FIF-EJF AA9 Jjtel, A, 2 HAH
Vo, V1, *+* ,Up = 7HAE ¥ BF n-BA (n-simplex) o1H, Ay & J € (A) 9
PEHE A, 9 & REFAE el F A = {ag,a1,- ,a,} 01 J =
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{ai, ai, -+, a5} C A, Ay = cofvig, vy, -+, v} ©1Th A7101A co &
ESEE VEhH, $2Z T'(A4) & Ty g 393 Jeh)7| = gt
53] X O D 4& A=k she Aol (X, D;T)E (X > D;) & Y
B, E X = D<l A$dde (X O X;T) & 23 (X;T) & vehdch
G-E5-339] d& g3 Zo] vFy Bt [43, 96) & ®ak

d 1. D& HAAES Agolgdt & W (A,, D;co) o] 7 3dg o
oltt. X7t & HEFe] ESHEIAYOIL D ¢ XY W, ¥ge] 4 €
(D)9 ESE I'y7t frE8E A4S 7KRES X o & 4o Fo14 9}
o4, (X, D;T) & Lassonde [23] 7} 323 8E32} (conver space) < &3
& o] Aot 3 e T Aol EEHFL 3 BEEF3ho] HANL I
o9 J-3HA et

9 2. X = D] T4 7} 7}% (contractible), £ T dwto g 2idA
(infinitely connected) (F, 419l n > 09l W3l n-A2) A BELAF ol T,
4ol A, B e (X)) thdtd A C Bo]AT, c I'p ¥ ), (X;T) = Horvath
(15-18] 7} =4 C-32 (== H-32H) o] 9t}

d 3. G-E5F7e] avte] T4 A EZE Pasicki ¢ S-71&F3}, Horvath
9] 9AHES-F 7Y, Komiya o] 8533}, Bielawski 9] @33 (simplicial) 2
3, Job 9] 9AHE-E-F3), Ben-El-Mechaiekh $°] =93 L-&3+9 B-%+
A4 EZF3L, Verma 9} Staché o] Awtd H-334 Kulpa o 9418 7z,
Forgo ¢} Jo6 &) P, 1-3t, Llinares 9] me-33t, Aronszajn 3} Panitchpakdi <]
ZEF A2 ¥3}, Takahashi o] B54& 7= AgF 5ol Aok

9 4. Kirk ¢ Reich-Shafrir o] J9)& 452 #2833} (hyperbolic met-
ric space) EX G-B5F o] €} ol FHE9 d 2= =537 Hadamard
A, 43I A& 7FA = Hilbert ball 5 2o] glod, o7y %42y F
e 4o F= #FA Fho| gt £ Park [101] & Bak

HTU G-BSEY A5Ae] 9@ AR § G-BE o] Uk G-2
533He] 71 8ol&2 [57, 63, 74, 86, 88, 91, 104, 105] el A g = it
olejol o= A8 ol & 1T B
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& G-E5FL (X D D)ol date, } I-BS22XEY Cc X & 99
o] N e (D)ol ti3lqd, N C Y ' 'y CY 7} H¥& Aot} & X 9 919
o B-E2AZY ol fetd Y o E5E (conver hull) [-coY & th23} Zo]
ot

FecoY =({ZCX:ZE€ XAT-ESHEZRHIH Z DY}

ol W, I-coY = J{T-coN: N € (Y)} 42 €A ¢ 5 A

& G-EHIL (X D D;T) M & 49 AFF f: X — R7Lelrfe
= [2|lAH= 5] (quasiconcave [resp. quasiconvex]) ]2t &, 9 9]9] r € R ol
et {x € X : f(z) > r} [resp. {z € X : f(z) < r}] 7} [-E=0] Hr}=
Aojct.

T, & AT X o) tiste £ X — R} shutedss [Areied)(lower
[resp. upper] semicontinuous (1.s.c.) [resp. us.c.))olg &, Q29 roj
et {z € X : f(x) > 7} [resp. {z € X : f(z) < r}]7} €A Aol @}
= Aotk

3. KKM A3

el G-EFF (X, D) ol ated, & KKM A F:D - XE &
£ A e (D)ol W3] Ty C F(A) 7 5= trpapolt).
& Ree 2 oA Yok

The KKM Principle. Let D be the set of vertices of A, and F :
D — A, be a KKM map (that is, coA C F(A) for each A C D) with
closed [resp. open] values. Then (,.p F(2) # 0.

9] fde]e “&3” A9+ 1929 A9 Knaster-Kuratowski-Mazurkiewicz
[22] o] §8]2A], Sperner’s Lemma & XA 8= ¢2™, Brouwer 9] 2%
HAYE FHste d 2300t “8d” A= 198739 Shih-Tan [106) 7
W.K. Kim [20] o] FAlell A} “L31” Z9-9t «dA” Aot XYL
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Lassonde [24] 7} A& B3loH, o}F A& $HE& H ol Park [103, 105] °]
B

KKM A&l x7]9] §8-2 Alexandroff-Hopf [2], Alexandroff [1] -9l
el glen, A 342 [103] ol e} Qi

o9 2 =54 e 22 G-EEF 3t #3 KKM FEE it
[91, 101]:

Theorem 1. Let (X,D;T") be a G-convex space and F : D — X a
multimap such that

(1.1) F has closed [resp. open] values; and

(1.2) F is a KKM map.
Then {F(z)}.ep has the finite intersection property.

Further, if

(1.3) N,epr F(2) is compact for some M € (D),

then we have (,.p F(2) # 0.

£52.9909 A = {ag, a1, ,an} € (D) ol N3t} & AL 642 A, —
T4 24 The2 B8 Ao) EABTE A9 0 <ig < iy < --- < if < n ol
Wsted,

pa(co{viy, viy, - -+ 03, }) CT{asy, @iy - -+ 105, }) N da(An).
F & KKM APol=22 | the-& |0t
Co{vio’viu e ’vik} - ¢;1(F({aio’ Qiyy~ " ’aik}) n ¢A(An))

k
c (JgaFay) N da(An)).
7=0
F(a;,) N ¢a(An) 2 T4 2 SHFEHT 94(A,) T2 B [, €9)
o2, ¢5(Fla;) N da(An) S A, o) B (32 D] F-2Ago) Brk
o] o v; > ¢4 (F(ai) N a(An)) = {vo,v1, -, v} o141 B8 & KKM A}

KeX

.
o
T
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’gojtt. webA] KKM el €3t

[¢a(F(a:) N da(An)) # 0
i=0
ol HH, ol I (o, Fla:) # 0 & ToAgth )24 R F&o] FHHUT

A 3R A $RIA T dojTh 0

G-E£5383e] 8L d8S 0 FAEL 28 A FRT) st 9
¢ &2 KKM A7t g2 2 397 B

°] Aeje) & et A7} 196199 tHEst 22 Ky Fan 9] 22X,
KKM o]&9] Aldtdo] e $88 Zojn, 4 #e] =50 7| 2
2 183 gioh

Corollary 1.1 (Fan [6]). Let X be an arbitrary set in a topological
vector space Y. To each xz € X, let a closed set F(z) CY be given such
that the following two conditions are satisfied:

(1) The convex hull of any finite subset {z1,2s, - ,Z,} of X is con-
tained in J;_;, F(z;).

(2) F(z) is compact for at least one x € X.
Then (,ex F(z) # 0.

°]RA& &3] KKMF Azt F-&n.

Granas {12] & th&3 22 KKM AME9] H&& EUH

(1) GEEA. S HEFTES P EZJAFCol st ¢: C - Ro| &

BEgsold

Glx)={yeC:4(y) < ¢p(x)}, z€C,

2 FoHE G : C — C = & KKM Aol |t
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(i) HF2AL s 2L 9 Bl tajod, prt BN @ whed

(seminorm) o}, f: C — E & & &<} 3k#h 28W

G(z)={yeC:p(f(y) —y) <p(fly) —2)}, z€C,

2 AHE G:C — CE & KKM Aol €t
(iil) AEF-TA. & WATL (H,(,)d & ESFEIL C o & &
f:C — Hdl ti3gty,

G)={yeC:(f(y)y—x) <0}, zeC,
2 e G: C — C& & KKM Agolth

olg} Z& EAES FE d oM KKM Fert #8382 44 olsid
ol &8 71X gele] KKM A3 239 $ARP Sl st = [29,
30, 32, 34, 38-41, 45, 48, 63, 74, 104, 105] & B2}

4. von Neumann 3 HA A=

G-B=33% {(X;, Di;Ti)bier ol W8k, 2 F X := [[, Xs & F9%
& ARG &, D =[l,,;D; et 3tA & i c I st m;: D — D =
A} dse} s4a). 22kl A € (D) o tiskd T(A) = [, Ti(m(A)) 2 73,
(X, D;T) =3 & G-B=-3zto] @t} [109] & Bt

B3] RE o tigtd X; = D; Q A9, X; o [-ESFEAEES F=
FEI X QoMY & D-ESF-ER5 ] Aok

KKM A2 12 XA von Neumann-Sion 323t (minimax) A&
G-E2E3 7oA 9] Arste vt go] etk

Theorem 2. Let (X;T') and (Y;I") be compact G-convex spaces and
f,g: X xY — RU{+oo} be functions such that
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(2.1) f(z,y) < g(z,y) for each (z,y) € X x Y;
(2.2) foreachz € X, f(z,-) is Ls.c. and g(z,-) is quasiconvex on Y ;
and
(2.3) foreachy €Y, f(-,y) is quasiconcave and g(,y) is u.s.c. on X.
Then we have

minsup f(z,y) < max inf g(x ).
V€Y gex zeX yevy

f=goln XY 7 ES3F7A W, 92 A& 2 & von Neumann 9]
AFA T 9 32 o237 Z2 Sion 9 A7t Aok

Corollary 2.1 (Sion [107]). Let X,Y be a compact convex set in a
topological vector space. Let f be a real function defined on X xY. If
(1) for each fixed x € X, f(x,y) is Ls.c. quasiconvex functiononY,
and
(2) for each fixed y € Y, f(z,y) is u.s.c. quasiconcave function on X,

then we have

min max f(z,y) = maxmin f(z,y).

AA=Z 1928 d9] von Neumann €] 2= Kakutani [19] 7} th&-34 o]
EH3

Corollary 2.2 (von Neumann [111]). Let f(z,y) be a continuous real
function defined for x € K and y € L, where K and L are arbitrary
bounded closed convex sets in two Euclidean spaces R™ and R". If for
every z9 € K and for every real number a, the set of all y € L such that
f(zo,y) < « is convex, and if for every yg € L and for every real number
B, the set of all x € K such that f(z,y,) > B is convex, then we have

max mip £(z, y) = min max £(z,1).
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0] A& von Neumann ©] '2AA1Z] Game ©]&9} 7128 F shtelH, 1
Ho] A8 A7 AlgHol @

von Neumann & 23t e]e) Pxjol o g 1yte] Artsl= (79, 83, 84,
91-04, 98, 100] 91 = 1}e} ITh

5. von Neumann 3 333 ¢

ZFojd FAF X = [Li, X & 999 il habed, Xi = [, X; & 5
3, m: X - X shrt s X — X7t A= E A Eeld @ ), m(x) =
zi, m'(z) = o* B YERR71 2 84Ak Foid 3,y € X o thate]

(yi, ) := (T1,** , Tic1, Yi» Tit1, " ** » Tn)

2 gt
©a3)9) KKM o] & ¢t A, Ky Fan 8 mxty2l 9] o33 2 Qutste 4
L :

Theorem 3. Let X = [].; X, (X;T') be a compact G-convex space,

and Ay, As,--- , A, n subsets of X such that
(3.1) foreachz € X andi=1,---,n, the set

Ai(x) = {y € X : (y;,2') € A;} is I'-convex and nonempty; and
(3.2) foreachye€ X andi=1,---,n, the set
Ai(y) = {z € X : (y;,2*) € A;} is open.
Then ;. Ai # 0.

Z}z}te] X; 7} g5 G-E53%Y W, X = g9 G-ESF7o] It

von Neumann & 19| HAH A E 1937 30 th&3 o] 3=
), ol 9 R 39 gt 237 do-

Corollary 3.1 (von Neumann [112]). Let K and L be two compact

convex sets in the Euclidean spaces R™ and R", and let us consider their
Cartesian product K x L in R™™. Let U and V be two closed subsets of



Ants 253NN FPEAE 207

K x L such that for any zy € K the set Uy,, of y € L such that (zg,y) € U,
is nonempty, closed and convex and such that for any yo € L the set V,
of allz € K such that (z,y) € V, is nonempty, closed and convex. Under
these assumptions, U and V' have a common point.

6. Nash 334

A 3o 2RE & g T G-E5F0 #Ag Nash BFAHYE A&
o}.

Theorem 4. Let X =[], X;, (X;T) a compact G-convex space, and
fi,--+, fn: X — R continuous functions such that

(4.1) for each x € X, eachi=1,--- ,n, and each r € R, the set
{(ys,2*) € X : fi(y;, %) > r} is [-convex.

Then there exists a point x € X such that

fi(z) = ma.xf,(y,,x) for i=1,---,n.

von Neumann ©] H4Ht)g2]e] Hzo] BRYVE kst mPYAY
o) W ge] Aol B 19519) Nash ¢ Fejolch. thge] A& Ky Fan
UBEXEE R

Corollary 4.1 (Nash). Let X;,X5,- -, X, be n(> 2) nonempty com-
pact convex sets each in a real Hausdorff topological vector space. Let
f1, f2,- -+, fa ben real-valued continuous functions defined on X = [, X;.
Ifforeachi = 1,2,--- ,n and for any given point (&1, -+ , i1, Tiy1," "+ , Tn)
€ H;;Z X;, fi(zy, -+ ,&ic1,%i, Tiga, -+ -, Tn) IS @ quasiconcave function on

X, then there exists a point (T1,%3,--- ,%n) € [ I}, X; such that

fi(é\l)/x\?" 0T 7/x\n) = ‘.lerlEa%fz(El’ o 75:\i—1ayia§i+1)' T 7’x\n) (1 S 7 S n)-
HEX
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Nash ¥ o] 94302 ol Nobel ZA|8-42 W3k}, Wy He)e] uke]
¥kshe (79, 84, 03] o= vkt Qlch,

7. Fan-Browder @ 2534 g

XcYd o, & VKM F: X — Y 9 & 858 (fized point) zo €
XL x5 € F(xo) ] Hxe Holth. E3ly € F(z) & z € F(y) & Yele=
d, Fm:Y — X & % t}7FAMto] "t

& JF X <ol g o|F#AA (binary relation) R & I T
X — X2 3748 5 ded, 0 9= AYsted, 23 o3 e Ad
3t 2o Aotk

y € T(z) if and only if (z,y) € R.

A, F H 2o € X & FAMET : X — X 9] Sl (mazimal element) |
% F2E A T(z) =09 Afolnt
KKM A2 1257 o3 FHE A 4& § Aok

Theorem 5. Let (X, D;T") be a compact G-convex space and S : D —o
X, T: X — X two maps such that
(6.1) S(z) is open for each z € D; and
(6.2) foreachy € X, N € (S~(y)) implies Ty C T~ ().
Then either
(i) T has a fixed point o € X; that is xo € T(zy); or
(i) there exists ay € X such that S~(y) =

=3 AT (i) BHo= A9 y € X o Wt & 2 € D=2A

S~(y) By € S(z) QA Aol EABTET % Wk X = U, S(z) o
3 S(2)E G AYolth X & Swoln2 o9 {ay,ap - ,an} € (D)l
W) X = UL, S(a;) 7 Gk oAl @ A F : D —o X & F(z) =
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X\S(z), z € D, & Ae)std, (5.1) ZRE Z F(2) & 93 Aolt}. &,
() F(a) = X\|JS(@) = X\X =10
i=1 =1

olth. Mt {F(2)}.ep £ #EWAYE 7HAA areth
o], KKM A& 19 AF-&d we}, F 7 KKM AFgo] obd & 2m| gt
&, o4 {21,22, ,Zm} € (D> d s}t

m

F({zl’ 22, " 7zm}) ¢ UF(ZZ)
i=1
O]T;]- Cq—ﬂ—k] O-‘IBE]_ z, € F({ZI)ZQa e :zm}) E}\-] X2Ei= 1,- <., M 0]] 'CH'ES}-
o z, ¢ F(z) A Aol AT

z. ¢ F(z) < z.€5(z) < z €5 (2.)
olm=2 (52)2%H
z. € T({z1,22,+ ,2m}) CT T (z4)

dE At F, z, € T(x,) ©] Hol, BE (i) o] HHEH- g

(i) ol AYst= A%l A 58 Fan-Browderd Ss5ZEe2|e} F21,
(if) 7} A Bk B¢l StEdEal= 7849, ¢# 9 Fan-Browder #5373
g ol#l o) ME A2 5.4 04 B ule} o] FejFo] g B0l EH),
OJRAE AMY T 9] g o2 dutstdd o de=7t 3k 2lo] 1990 “‘«] Ben-
El-Mechaiekh 2] conjecture ©]t}. o]3 o] F-E2 o2 JHsHe ol [83] oA
B ule} o] @o] &elA e, gutE]] B2E ofF Kﬂéﬂ‘ﬂ UA &
t}.

A 525 F th23} 72 Fan-Browder 3 & A&t

Corollary 5.1. Let (X, D;T') be a compact G-convex space and S :
X —o D, T: X — X two maps such that
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(1) foreachz € X, N € (S(z)) implies Ty C T(z); and
(2) X ={IntS(z):2 € D}.
Then T has a fixed point o € X.

Corollary 5.2. Let (X D D;T) be a compact G-convex space and
S : X — D a map such that
(1) for each z € X, S(z) is nonempty; and
(2) for each z € D, S~(z) is open.
Then there exists an T € X such that T € I'-co S(Z).

TS WEAE 5.1 = 5.2 9 31a3tE Heojh

Corollary 5.3. Let (X;I') be a compact G-convex space and T : X —o
X a map such that
(1) for each z € X, T(z) is I'-convex; and
(2) X=U{IntT-(y):y € X}.
Then T has a fixed point.

W& 5.3 S 2 H-E] Browder 9] 1968 d9] th2 A= H4A =}k

Corollary 5.4 (Browder [5]). Let K be a nonempty compact convex
subset of a topological vector space. Let T be a map of K into 2X | where
for each x € K, T(z) is a nonempty convex subset of K. Suppose further
that for each y in K, T~ (y) is open in K. Then there exists =, in K such
that zy € T(z).

Browder 9} 919} A2l 280t o4 1961 39 Fan [6) &) =8 (== A
2ddol #g oujAE (lemma) &4 KKMF ReEle} Sx]9o) 2 gy yE
dl, 2% $HlA Brouwer #5432 o o9 =HS At} Browder
Fan o] 25 Hausdorff. $]3 €] 37k thale] 259 A7E AL AL Fn)
5o
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Browder [5] & 9] A& thAMEe] B3R E, A4 E,
BRSAE, gAY GRS AbolY 5 UHE AAH R tFE b
ARt

%8 Fan-Browder 3§ A 2]E% #4] Borglin and Keiding [3] # Yannelis
and Prabhakar [113] & 8] B A4S} SLS] EAY §8&& BT

350 4L AEE G-BEETULE FY3t wEAD 529 AU v
£ derk

Corollary 5.5. Let (X,D;T’) be a compact G-convex space and S :
X — D, T: X — X two maps such that
(1) S~(z) is open for each z € D;
(2) for each z € X, N € (S(z)) implies 'y C T(x); and
(3) foreachz € X, z ¢ T(z).
Then there exists an T € X such that S(Z) = 0.

Fan-Browder @ $-$ 24 2)9 Stia4 o] 2@ AN ATE B =
EE (29, 39, 48, 53, 61, 73, 83, 85] o= 1}t Utk

8. Ky Fan 3 A H41-54

Fan-Browder ¥ -5 H Q258 v 2L 3493 AthP4 (analytic
alternative) & ddl, ol d /I FFEFAEE Hdste dl A7 |
o}

Theorem 6. Let (X,D;T") be a G-convex space, f : D x X — R
and g : X x X — R two extended real valued functions, and o, 8 € R.
Suppose that

(6.1) {ye€ X: f(z,y) > a} is open for each z € D;

(6.2) foreachye X, Ne€ {({z€ D: f(z,y) > a}) implies
'y C{z € X:g(z,y) > B}; and

(6.3) {y€ X : f(z0,y) < a} is compact for some z; € D.
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Then either
(a) there exists a §¥ € X such that f(z,9) < « for all z € D; or
(b) there exists a T € X such that g(%,7) > B.

A7 6 2258 Ky Fan 2 H %54 (minimax inequality) &} o}
2GRkl #8 T AL F Atk
Theorem 7. Under the hypothesis of Theorem 6, if a = 8 =

sup{g(z,z) : € X}, then
(c) there exists a § € X such that

f(2,9) <supg(z,z) forall z € D; and
zeX
(d) we have the minimax inequality

inf sup f(z,y) < sup g(z, z).
veX zeD zeX

Y 79 d=xE b3 22 1972°39] Ky Fan JA g R-5 2otk

Corollary 7.1 (Fan [9]). Let X be a compact convex set in a topo-
logical vector space. Let f be a real function defined on X x X such
that:

(a) For each fixed z € X, f(z,y) is a Ls.c. function of y on X.

(b) For each fixedy € X, f(z,y) is a quasiconcave function of z on X .
Then the minimax inequality

minsup f(z,y) < sup f(z, z)
VeX zex zeX
holds.
o]AL oJH FA & Sion o HAHNAT Y EAL & volgl Aojgkk B
=2 '

Ky Fan 3 H&HWF-F40] @ B249] a5te] A7) st (39, 42,
46, 48, 50, 63, 64] 8 xe}.
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9. T4 G-BSFBNAY FEHRAE

FG-EEFNH(XOD;D)EYE AL USE W & I G-2
(locally G-convez space) T LG-32tolgt -8k (X, UY) £ & £72F
Bo2x DE XA 22, F2AHY 3 71A (Ve 7t SR8, 49
Jreld ddtd, CC XNHT-ESd {z e X : CnNW[z] #0} = [-&E
Eo] gt} 7o Wz] = {2’ € X : (z,2') € V3 } °lth

F 943 X Yol ugtd, 3 7RG F @ X —o Y 7T alBleds
(upper semicontinuous, u.s.c.) °1gk § Y 9] 91)¢] 231 A3 C o Het
F-(C)={z € X : Flz)NC # 0} 7} X ¢] 23! R3] H= Aol &
F 7} 2t (compact) 8t &2 1 X F(X)7tY o & <ol 238
7+ o

FHZol Ax= “d@” 399 KKM A 25E HHRFHol&d vet

= B AEEol AR dAFE 1Y F A}Th g7l E 2 F Blay
rgs AERE 712

& g=zte) [101] 9] FAgloltk

Theorem 8. Let (X, D;T') be an LG-space and T : X — X a compact
u.s.c. multimap with nonempty closed I'-convex values. Then T has a
fixed point xo € X; that is, z¢o € Txo.

o] A, vtefol] JoJe] N € (D)ol 3t 'y C DO, T & D ¥
AMg -85 g 7HAE FE3H, o] X AANA -85 #<
7HAA] ol |t

A7 89 FE&AL RBol7) 93led, Himmelberg [14] 7} =& o 7id
< £tk 3 JAHEFL E 9 7 Fohd FEJF Y 71 Hel 25 (almost
convez) 12t T2, E9 43 09 499 22XV &Y 9 499 /@ F-ERE
{y1, 00, ,vn} o LA, T2 BEFSE Y o FIFEIR {212,
zn} ol EATE Aotk d99 i =1,2,--- ,ndll HEA z; -y, € Voln
co{z1, 22, ,2,} C Y o]t}
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A E9 @ REAT XM A 25 2RAGY &Y, X & @
G-2E33b0] 57 & 4 AL WASAT. Wby, G-BEINY B A2
& g Zopdl Rolo, o AL A 91e) o) & 3P S The @
o) Ak

A

Corollary 8.1. Let X be a subset of a locally convex Hausdorff topo-
logical vector space E and Y an almost convex dense subset of X. Let
T : X — X be a compact u.s.c. multimap with nonempty closed values
such that Ty is convex for ally € Y. Then T has a fixed point.

ol ee 8.19) X = Y Q B4 497} thgel Aol

Corllary 8.2 (Himmelberg [14]). Let X be a nonempty convex subset
of a locally convex Hausdorff topological vector space E and T : X — X
a compact u.s.c. multimap with nonempty closed convex values. Then T
has a fixed point ¢ € T(zp).

AAZ o] Agle JAE & ¢33 Brouwer, Schauder, Tychonoff, Hukuh-
ara, Kakutani, Bohnenblust and Karlin, Fan, Glicksberg -] #5832
£ E3sln ok 2 FoME F 483 AL APl #F R FFH
29 1941 39] Kakutani ] o}2-3 22 Fglolck

Corollary 8.3 (Kakutani [19]). If z — ®(z) is an upper semicontin-
uous point-to-set mapping of an r-dimensional closed simplex S into the
family of closed convex subset of S, then there exists an zyg € S such that
zp € O(zp).

EE 0)AR FAUA A2

Corollary 8.4 (Kakutani [19]). Corollary 8.3 is also valid even if S is

an arbitrary bounded closed convex set in a Euclidean space.
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Kakutani ¥ von Neumann 9] :x}Adon|AE e} FAHNAE ] 73k
FTHE 271 A% 202 99 F HEE Brouwer 25 AT ZHE o]Fo]
Wt '

LR A RFH ol B9 BUshe Wuigt BojojA 4 HY &
e Yol EXAE FVI=E AV SAE-L DAL [54, 89, 90, 97, 101] ol
A 2 FeUES A4 ¢ US Aolth 3 oS Ui FY A=UE AT
7} @A X3 Folrh.

10. BiIERFAE

A 6 e A7l 79 Ky Fan 3 255248 ¥4 o3 2 ¥
25249 go) EAYYE Qe
Theorem 9. Let (X;T') be a compact G-convex space and p,q : X X

X — R and h: X — R functions satisfying
(9.1) p(z,y) < q(z,y) for each (z,y) € X x X, and q(z,z) <0

for all z € X;
(9.2) for each z € X, q(z,-) + h(-) is quasiconcave on X; and
(9.3) foreachye X, p(-,y) — h(-) is Ls.c. on X.
Then there exists a yy € X such that

p(z, %) + h(y) < h(z) for all z € X.
o] AEls £ B ST AES I3t e, 2 F @3 ¢y
A F R E7]1= gt

Corollary 9.1 (Hartman-Stampacchia {13]). Let K be a compact
convex subset in R" and f : K — R" a continuous map. Then there exists
ug € K such that

(f(uo),v —ug) >0 for v € K,

where (-,-) denotes the scalar product in R".
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-E342] 9.1 285 Hartman and Stampacchia £ oJ® 8] 43 €193 nj
E&sE3 4 #¥E Dirichlet ZAZEAES (2F3) #5 Lipshitz A%
AEe] S g o] Wit HAZ ©] BEAE 9.1 -2 Brouwer ¥
338 e FA ot

A9} E42 9.1-2 1967 Wl Browder 7} th2-3 2o] 331tk

Corollary 9.2 (Browder [5]). Let E be a locally convex Hausdorff
topological vector space, K a compact convex subset of E, and T a con-
tinuous mapping of K into E*. Then there exists an element uy of K such
that

(T(up),u—up) >0
forallu € K.

71X E*E E9 A33 Hdols (, )& E* s E9 94 Alol9)
pairing °]t}.

Browder 2] 2] 3 F-FHol&& u|E3 o8 Folo S&HUH

REFFH) a3 B ATFEE (28, 31, 33, 35, 37, 56, 77 ] J2H,
Bk QukHQl HEle) MBERE A0 Be BHLe 1289 AL 1) uia.

11. AFSA |

39 99 ¥ 1A A= o3 gk

Theorem 10. Let X be a compact convex subset of a topological
vector space £ and f : X — E a continuous function. Then for any
continuous seminorm p on E, there exists a point y, € X such that

p(yo — f(w)) < p(z — f(y)) for all z € X.

o] B2l Ky Fan [8] 14 HRHE Aoz, £3 4Faaqee 2ele
o, ¥5He) FAY} IS IR QUH AV B 1)
2RS4 g=9Uch
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d& EW, &7} 2L Schauder ¥-F QA 9] &4o] 9t

Corollary 10.1 (Fan [8]). Let X be a nonempty compact convex set
in a normed vector space E. For any continuous map f : X — E| there

exists a point yo € X such that

llvo — f(wo)ll = mip |z — f(wo)ll-
(In particular, if f(X) C X, then y, is a fixed point of f.)

oAl BAE Wrle) =R 02 [27, 36, 44, 47, 49, 51, 58, 65, 66,
69, 76, 80, 87] ] AT,

12. Qs JAE P EAE

FFA MY TFEE 7HXA FE G-22F701M 9] oW A FEA (QEP)
o 9] EAE e ol B 4 Uk

Theorem 11. Let (X;TI') be a compact G-convex space, and let S :
X —o X be a map with nonempty I'-convex values and open fibers (that is,
S—(z) is open for each z € X ) such that S : X —o X is u.s.c. Suppose that
¥ : X x X — R is a continuous function such that v(z,) is quasiconvex

and

Y(z,z) >0  for all z € X.

Then there exists an Z € X such that

ze€S(x) and ¥(z,z)>0  for all z € S(Z)

o] Lin and Park (78] ¢] ¥ Azgjo|c}.
ol gk FAMEE Ale VR Bl ddo] & 7 glon, o] A Be) £
< F38}hr] npgh.
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3+ Hausdorff A HEIEZY (t.v.s) E 9 & Fobd 23 X 7} (Klee
[21] @ ©Jm|o)A) 3-8 15 (admissible) ol2t &, X ¢ 99 A#HAFER
g Ko ES 97 09 9ol 2w Vo digtd & vt ¢ 45T
S h:K o X7} EA%E =3tk ZE € Kol i3t 2 — h(z) € V °I
3, h(K)E B9 & $849 38 Lo T3

2% 7] Hukuhara ¢ Nagumo £ 3 F4ESFHE T o9 5
BB %0 3875 PE AT 34750 A3 HEER d2E0<p<
19 wi9] I, [7(0,1), Hardy F3t H?, [0,1] clX 8] 7HEAMEES] T2 79
F3+ 5(0,1), o® Orlicz I3+, Schauder 7|4 & 7HAE ultrabarrelled
e E7E 5o Jth E F-norm & £ F e A3H9EE0 499 &
BEragtol 3 YA E 3k o9 ¢, BE FAESQ FERE
< 3875 dol A Aot

B} (68, 89, 90, 93] & tha 22 5 AAE A, °)& Himmel-
berg [14] ¢ A& A 3% Aotk

Theorem 12. Let E be a t.v.s. and X an admissible convex subset of
E. Then any compact acyclic map F : X —o X has a fixed point z € X;
that is, z € F(z).

o 7)o A Bl &AM (acyclic map) ©12F & AWAS (us.c.) olFA F
ohd &3l ¥ §AAFEL JHAE AP E 7tk & @ f3E3te] HIEd
o)} & g2l 5 Agol &3 reduced Cech homology groups 7} 25 @€l
To g o Y& Eet

A9 A 12 22 F o2 - 48l JAFHEA (GQEP) ¢ 89
EAAEE =tk

Theorem 13. Let X and Y be admissible convex subsets of t.v.s. E
and F, respectively, S : X —o X a compact closed map, T : X — Y a
compact acyclic map, and ¢ : X XY x X — R an u.s.c. function. Suppose
that
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(13.1) the function m : X x Y — R defined by
m(z,y) = m&x) é(z,y,s) for (z,y) e X XY
sedS(z

is L.s.c.; and
(13.2) for each (z,y) € X X Y, the set

M(z,y) = {u € §(z) : ¢(z,y,u) = m(z,y)}

is acyclic.
Then there exists an (Z,y) € X x Y such that

% € S(8), § € T(2), and $(,5,%) > 6(,5,5) for all s € S(&).

ol= Hz} (93] o & Aeelth. Fe] 129} 13 0] BAYL AFsjct, 108
1249 FHEE BA) A7 [52, 56, 59, 60, 62, 63, 70-72, 75, 81, 95] ol
ke At

13. AHold 27 (43) AH3 e A= 3%

9] A el -2 Brouwer ¥-5% 2], Sperner oH]A ], KKM ¢
ge} FAolth. [54, 63, 89, 90, 103] & H.a}.

F3] B2 AREC] KKM AMZe] AMdghe ¢old 22 29 (compactly
closed) A% =& @522 &3 (finitely closed) oz, = 10 )
THT €9 AFe=, e Aol Aol e, o) A B2 a1 %
Aol guld o= B8 94 (compactly generated topology) & 84
o2 A48 97 (finitely generated topology) & 2o 24 Fo] 18] A}
FE AL Bart ok o] AR KKM ]9t X B A S|4
= 7R 0|t} 2419 AES X FBL =FSA LAE ol
< AHdEe] ZFE o] gt
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@9 Tian [110] o] =4 Aold B3] AMEE 7HAE (transfer closed-
valued) KKM Aol &3l G-E5F A9 KKM Hle] EohE o)
T3 o] dojRtk:

Theorem 14. Let (X, D;TI") be a G-convex space and F : D — X a
map such that

(2.1) N,ep F(2) =N,ep F(2) [that is, F' is transfer closed-valued);
(2.2) F is a KKM map; and

(2.3) Nyeym F(2) is compact for some M € (D).
Then we have (\,.p F(2) # 0.

olA& MA KKM ¥let X2 B& A Sl 231 gk (€3 3] WAl
o] Mojd &3 [E8d] #o2 A Art Bo] Yehta ot ol E9,
Fan-Browder 3 A& 5 & oS3 Zo] ¢utstdrh

- Theorem 15. Let (X,D;TI") be a compact G-convex space and S :
D — X, T:X — X two maps such that
(15.1) U,ep S(2) = U,ep Int S(2) [that is, S is transfer open-valued);

and

(15.2) foreachy e X, N € (S~ (y)) implies "'y C T~ (y).
Then either
(i) T has a fixed point zo € X, that is, zy € T(xy); or

(i) there exists ay € X such that S™(y) = 0.
08 FEYER 022 o= AZs] ¥yiF Ut o] FH S He
WE-L [104] & wsieh.

14. d¥istE S¥d =3

Fe] BE HEBol BHY Fzhe] G494 EE 2o A HE AL /X
I Y-S FEIA}L ol ¥ A =3 (compactness condition) T Z3A|
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2 23 (coercivity condition) ©] A&l 7 A&, AR F2 A3 ol F
AR AE SoRI|= sk
& G-ESEL (X O DI X9 & FEJ3 Yol didted, (Y, Y N
D;T") ol (X D D;I) 9 & G-2E5FES2lg &L, 4 A e (YND) ol
3t [V(A) :=T(A) NY & E w, (Y,Y N D;I') AAo| 3 G-E=EF 3o
43S 704,
& G-2532 (X D DiT) ol nﬂfs}oq, S ok el ey 24
€ 7F= KKM A9 dubx &8 derh

Theorem 16. Let (X D D;TI') be a G-convex space, K a nonempty
compact subset of X, and F : D_—o X a multimap such that
(16.1) mzeD F(z) = nzeD F(z);
(16.2) F is a KKM map; and
(16.3) for each N € (D), there exists a compact G-convex subspace
Ly of X containing N such that

Lyn(|{F(z):z€ LynD} C K.
Then KN({F(z) : z€ D} #0.

g 23 (16.3) 2 S. Y. Chang o] A& AH8-3laL, £210] 10'd EA 1
FAI vk e, #2040k o] A& ALE-3h ALEE o] Vel Y] A3

o7& 771 [63, 91] oA ARG AT 22 FX ¥MYL sUE, U2
3} 22 Fan-Browder & #5432 & d&=ot

Theorem 17. Let (X D D;I') be a G-convex space, K a nonempty
compact subset of X, and S : X —o D, T : X — X multimaps. Suppose

that
(17.1) for eachz € X, M € (S(z)) implies T'yy C T(z);

(17.2) K c U{Int S~(z) : z € D}; and
(17.3) for each N € (D), there exists a compact G-convex subspace
Ly of X containing N such that
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Ly\K c | J{Int $~(2) : z € Ly N D}.
Then T has a fixed point.

15. /AQHQ o AY

1983'd & NATO-ASI, Montreal o} 713l Ky Fan #} A. Granas |
Zdg 31, KKM 929} o8 714 8- ¢A IR 282 F=2 9439
BF3ke] BE=%t tig A7l AFEd, 19839 o]Fol= Lassonde 9
E-=F3F (convex space) o] @72 diA7}F vlAAcH([23]. L H = Horvath 9|
C-33t (£ H-33Y) (15-18] o] vehdoll et = B2 A1dE0] Ky Fan 9]
AHE [6-11] F 28] AHES C-F3He] A2 Szt A7l FASHA
At gl = o8 sREo] o wet g8 7HA] 3 E53NE A
Zrjila 2o B3 78 IPska AT

1991 ¥ 9] Halifax 3]9]oA] 1L 0|22 A& A522 KKM ©]&°]
2 BEoh(39]. 2 ¥ 19923 AL, U UCLA & HE Felued, 2 9
o 24 ks BETN) ES A HA ole & 2 o] 19
e F¢lo] B AAnAEE AR Foj RolH, o] FF74 I3l 7|E
o] KKM ol&¢] tj2e] Asg Fasis o Add AU 94 =itk 2
Holx, 018 T3t e 2FH MAste 259 o] =2 vEhd R
2 P vlo] g

19933 o3 guist EEF 7] o|&2 4&EF, M. P. Chen, L.-J. Lin,
2%l vhAe] PR E ol B2 =Rz AU o] A7 g2 1|
=, Au, eaEgE o}, T elolg, HEY, T, TAE ToE IF
A3, ol o8] Yol A o7 He] Bhal=Ee] FA7F Hof kot o] A
Bat] BEF7olY C-Ftoll A A-ste Aol G-EFF3NA o F st

AL oA, diF-E9 83 AFHE0] o]Fo] B ¥ FHFNA
s AL gusigen, Bt 343 G-ES5E9 BT KKM
2o N2 A% Bo] dojFHTE 21U T o}F F2 HH Y T &

Nl

o
=
=
-
3
o]
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g ATE AS3he olE0] Brhe AMdo] dEMRT o= o] F
A77F FE AASE T, o 22 BEDTE 8o A1,
82 F UL 2] 27|E 7tk

o] =F9] I &L Internatinal Workshop on Applied Analysis and
Optimization (AAQ’2000), Aug. 23-31, 2000, Danang, Vietnam 2] 237
do=z ¥y E o Ao}
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