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w-LIMIT SETS FOR MAPS OF THE CIRCLE
SEonG Hoon CHO

ABSTRACT. For a continuous map of the circle to itself, we give neces-
sary and sufficient conditions for the w-limit set of each nonwandering
point to be minimal,

1. Introduction

Let 8! be the circle. Throughout this paper f will denote a continuous
map of the circle to itself. For any positive integer n, we define f! = f
and f*t1 = fo f*. Let f° be the identity map of the circle. Let
AP(f), P(f), R(f),T(f), A(f) and £{ f) denocte the set of almost periodic
points, periodic points, recurrent points, «y-limit points, w-limit points
and nonwandering points of f, respectively.

A subset Y in §! is called invariant if f(¥Y') C Y, and strongly in-
variant if f(Y) =Y. Suppose ¥ C 8! is non-void, closed and invariant
relative to f.

If ¥ has no proper subset which is non-void and invariant relative to
f, then Y is said to be a minimal set.

J. C. Xiong [4,5] proved that for any continious map g of the interval,
the following conditions are equivalent.

(1) I'(g) = AP(g).
(2) The period of each periodic point of g is a power of 2.
In this paper, we obtain the following theorem for maps of the circle.

THEOREM 5. Suppose that f. is a continuous map of the circle. Then
the following conditions are equivalent :

(1) T(f) = AP(f).
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(2) For every z € Q(f), the w-limit set w(z, f) of & is minimal.

In 1986, L. Block and E. M. Coven [3] proved that for a continuous
map g of the interval, if z € A(g)\ R(g), then w(z, ) is infinite minimal,
and if x € Q(g) \ R(g), then w(z, g) need not be minimal. We have the

following theorem for maps of the circle.

THEOREM 6. Suppose that f is a continuous map of the circle. Let
R(f) be closed, x € Q{f), f*N(z} = p € F(f") and z € int(W;) for
some . If x € Q(f)\ R(f), then w(z, f) is infinite minimal.

2. Preliminaries and Pefinitions

Let f be a continuous map of the circle S to itself. The orbit Orb(z)
of z € St is the set {f*(z)|k =1,2,--}. A point z € S is a fixed point
of f if f{x) =z and we denote the set of fixed points by F(f). A point
x € §' is a periodic point of f provided that for some positive integer n,
f™(x) = z. The period of z is the least such integer n. We denote the
set of periodic point of f by P(f).

A point 2 € §! is a recurrent point of f provided that there exists a
sequence {n;} of positive integers with n; — oo such that f™(z) — =,
or equivalently, f"{z} — z. We denote the set of recurrent points of f
by R(f).

A point z € 5! is called a nonwandering point of f provided that for
every neighborhood U of z, there exists a positive integer m such that
f(UYNU # 0. We denote the set of nonwandering points of f by Q(f).

A point z € S is almost periodic point of f provided that for any
¢ > 0 one can find an integer n > 0 with the following property that for
any integer g > 0 there exists an integer r with ¢ < < g + n such that
d{f"(x),x) < ¢, where d is the metric of S*. We denote the set of almost
periodic points of f by AP(f).

J. C. Xiong [4] investigated the set AP(g) of almost periodic points
of a continuous map ¢ of the interval and proved the followings.

AP({g) = P(g) if and only if 2(g) = P(g), and AP(g) is closed if and
only if R(g) is closed. Also, if g has a periodic point of period which is
not a power of 2, then AP{g) — P(g) # # and R(g) — AP(g) # #, and if
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the period of each periodic point of g is power of 2, then R(g) = AP(g).
Therefore the period of each periodic point of g is power of 2 if and only
if R(g) = AP(qg). .

A point y € 8! is called an w-limit point of 2 € S provided that
there exists a sequence {n;} of positive integers with n; — co such that
f™(z) — y. We denote the set of w-limit points of z by w(z, f). Define

A(f) = Upesr w(z, f).

A point y € 5! is called an & -limit point of x € ST if there exista
sequence {n;} of positive integers with n; — oo and a sequence {z;} of
points in §! with x; — z such that f™(z;) = y for all i > 1. We denote
the set of a-limit points of z by a(z, f).

A point z € S§? is called an y-limit point of y € ST if x € w(y, f) () @

(v, f). Define T(f) = Upest {wle, f) Noa (2, ) .
For a fixed point p of f and a side S, the one-side unstable set of p is

W (p, f, 8} = Nuli>ofxwy,
where the intersection is taken over all s-half-neighborhoods U7 of p. Let
p be a fixed point of f¥ and S; a side at f*(p) for each i. We denote W
by W*(fi(p), f~,S;) for each 1.
3. Main results

The following lemmas appear in [1], [2], [4] and [6].

LEMMA 1 [1]. Suppose that f is a continuous map of the circle S
to itself. Then

P(f) C AP(f) C R(f) CT(f) € R(f) C A(f) C Q).

LEMMA 2 [4]. Suppose that f is a continuous map of the circle S* to
itself. Then ¢ € AP(f) if and only if z € w(z, f) and w(z, f) is minimal.

LEMMA 3 [6]. Suppose that f is a continuous map of the circle. Then

A(Q(f)) = AT(f)) =T(f).
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LEMMA 4 (2]. Suppose that f is a continuous map of the circle. If
z € Sf) has a finite orbit, f*(z) = p € F(f™) and z € int(W;) for
some i, then x € R(f).

Proof of Theorem 5 (1) = (2) : Suppose that I'(f) = AP(f). Let
z be any point in Q(f), and let y be arbitrary point in w(z, f). Let
z € wly, f). Then there exists a sequence of positive integers n; — oo
such that f™(y) — 2. Since y € w(z, f), there exists a sequence of
positive integers m; — oo such that f™¢(z) — y. Hence f™"i(z) — 2.
Thus z € w(z, f). Hence w(y, f) C w(z, ).

Since y is arbiturary point in w(z, f), it suffices to show that y €
w(y, f). Since x € Q(f), w(z, f) C A(Uf)). By Lemma 3, y € w(z, f) C
I'(f). Since I'(f) = AP(f), y € AP(f). By Lemma 2, y € w(y, f).
Hence w(z, f) C w(y, f). Therefore w(z, f} = w(y, f) and w(z, f) is
minimal.

(2) = (1) : Suppose that for any = € Q(f), w(z, f) is minimal. Let
y € I'(f). Then by Lemma 3, y € A(R(f)). There is z € Q(f) such
that y € w(z, f). Since w(z, f) is minimal, w(y, f) = w(z, f). Hence
y €w(y, f). By Lemma 1, y € Q(f). So w(y, f) is minimal. Thus, by
Lemma 2, y € AP(f). Therefore I'(f) < AP(f).

COROLLARY 1. Suppose that f is a continuous map of the circle.
Let R(f) be closed. Then the following conditions are equivalent :
(1) R(F) = AP(f).

(3) For every x € Q(f), the w-limit set w(x, f) of = is minimal.

Proof of Theorem 6 Suppose that R(f) is closed. Let z € int(W;)
for some ¢ and z € Q(f) \ R(f). Since R(f) is closed, by Lemma 1,
I'(f) = R(f). By Theorem 5, w(z, f) is minimal. Now we show that
w(z, f) is infinite. Assume that w(z, f) is finite. Since w(zx, f) is closed
and invariant, w(z, f) = Orb{z, f) by definition. Then Orb{z, f) is finite.

Hence Orb(z, f) is finite, a contradiction.

The set ©(f) of nonwandering points of f is always closed and invari-
ant and P(f) = P(f™) € Q(f™) C Q) holds for all n. It is well known
that R(f) = R(f") for all n. Therefore we have the following corollary.
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COROLLARY 2. Suppose that f is a continuous map of the circle.

Let R(f) be closed, z € QUf), f*N(z} =p € F(f¥) and z € int(W;) for
some i. Ifz € Q{f*)\ R(f), then w(z, f) is minimal.
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