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LIMIT SETS OF PROJECTIVELY FLAT MANIFOLDS

KYEONGSU PARK

ABSTRACT. In this paper, we discuss various limit sets of projectively
flat manifolds and relationship between them.

1. Introduction

Let. M be a projectively flat manifold with or without boundary. We
fix a developing map D : M — RP™ and a holonomy homomorphism
p:m (M) — PGL(n+1,R). Let Q = D(M) the developing image and
I' = p(n1(M)) the holonomy group.

We endow a Riemannian metric on RP™. Since D is a local diffeomor-
phism, 3 admits the pull-back metric. Let M be the metric completion

of M. Let Mm be the ideal boundary of M, ie., Mo = M — M. Since
D is uniformly continuous, it has unique extension D : M — RP™. Let
Loo (M) be the image of M., under D, which is our first limit set (see
).

Next two limit sets are topological. Let Lg(M ) be the set of those
points y which is the end point ¢(1) of a continuous curve ¢ in RP™ such
that there exists a curve &(t) € M (0 <t < 1), D(&(t)) = c(t) and &(1)
can not be defined contimously in M (see [3]).

Let Lo(M) be the set of points y such that the inverse image of any
compact neighborhood of y under D has a nonempty and noncompact
component ([6] and [7]).

Now we discuss singular projective transformations. Let Pgl(n+1,R)
be the projectivization of the vector space gl(n+1,R). The projectiviza-
tion of an element 4 € gl(n + 1,R} is denoted by [A]. We define the
kernel K'[A] and the range R[A] of [A] by the projectivization of ker A
and imA, respectively. As a map [A] from RP™ — K [A] to R[A], we define
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[4][v] = [Av]. If K{A] is not empty, i.e., A is singular, then we call [A] a
singular projective transformation. Since dim ker A + dimimA =n+ 1,
dim K[A] = dimker A — 1 and dim R[A] = dimimA — 1, we have

dim KA + dim R[A] = n — 1.

Let T be a subgroup of PGL(n + 1,R) and I' the closure of I' in
Pgl(n 4+ 1,R). We denote by K(I'} the union of kernels of all singular
projective transformations in [. If T is a holonomy group of M, then we
define Ly (M) = K(I') n .

To define the last limit set we denote by L ;(I') the set of those points
where T is not equicontinuous. We define L;(M) = L;{T") N Q.

Our main Theorem is relationship between above five limit sets.

TeEOREM. Let M be a closed projectively flat manifold. Then
LDO(M) = LE(M) C LQ(M) C LK(M) = LJ(M).

Over all this paper, |z — y| means the distance between and y for
the given metric in context.
I wish to thank H. Kim for many helpful discussions.

2. Relationship between limit sets

It is easy to see that the limit set Loo(3) is independent of the choice
of a Riemannian metric on the projective space RP™. The following
Lemma is the first part of main Theorem.

LEMMA 1. Let M be a projectively flat manifold. Then

Lm(M) = LE(M) - Lo(M).

PRrROOF. Suppose that y € Lo, (M). There exists z M, such that
D(z) = y. Let z,, € M be a sequence converging to z. Let c(?),
(0 < t < 1) be a curve of finite length through .. Then ¢(1) = z. Since
(Doc)(1) =y and ¢(1) ¢ M,y € Lg(M).

Conversely, let y be any point in Lg(M). There is a curve e(t) (0 <
t < 1) in M which can not be extended continuously on M and (D o
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€)(1) = y. But the curve ¢ has the same length with D o & This means
that (1) is contained in M, and y is contained in Lo, (M ).

Suppose that y € Lg(M). Let e(t), (0 < ¢ < 1) be a curve in RP™ with
¢(1) =y and ¢ a lifting of ¢ so that (1) can not be defined continuously
on M. Let U be any compact neighborhood of y. There exists a such
that the curve segment &(t), (o < ¢ < 1) is contained in a component of
D~1(U}. This component is not compact. O

Let || || be the 2-norm on R"*! or on gl(n+1,R). If 4,, € gl(n+1,R)
converges to A and || Ayl = 1 then ||A]| = 1 and [A.] converges to [4] in
the topology of Pgl(n+1,R). Conversely, if y,, € Pgl(n+1, R) converges
to 7, then there are representatives 4,, and 4 in gi(n + 1, R) of v,,, and
7, respectively, such that |[A,.|| =1, |4|| = 1 and lim A,, = A. The
following lemma about singular transformations is a generalization of a
Theorem of Myrberg ([8]).

LEMMA 2. Suppose that v, € Pgl(n+1, R) is a sequence converging
to an element y. Let C be a compact subset of RP™ — (K (Y) UK {(y)u
K(y2}U---). Then v,, converges uniformly to « on C.

PrOOF. We choose representatives A and Ap, of 4 and 7,,, respec-
tively, so that ||Al| = ||4s) = 1 and limA,, = A. Let [v] € C and
o[l = 1. Tt suffices to show that -,, converges uniformly on a neighbor-
hood of [v].

Consider the continuous map

¢: glin,R}xR" — R»
(B, w} - Buw.

Since v is not an element in ker 4, [|Av|| > 2r for some r > 0, ie.,
(A,v) € $71(B(0,7)). There is a compact neighborhood U XV of (4,v)
such that ¢(U x V) is contained in the complement of B(0,r). Let
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R=sup{||Buw||BcUweV} For B,CcU andweV, we have

M \lﬁzll - llgzii H

B 1
 |Bull|Cw]|

|| Cw|| Bw — || Bw|Cul|

< LCul By - | BulBui + SliBelBu— |BulCul
< ZBullB -0

< 25 0jul.

For sufficiently large m and for any w € V N8",

[y 0] — y[w]| <

Aw Agw
lAw] [ Amw] H

2m R
< 2R = Al

Hernce ¥, converges uniformly to v on [V nS™. O

Now we compare last two limit sets, Ly(M) and L k{M). Let ¢; be
the unit vector in B"*"1 whose entries are zero but i-th one which is 1.

L.EMMA 3. For any subgroup T’ of PGL(n+1,R), L;(I') = K(I). In
particular, Ly (M) = Lg(3) for a projectively flat manifold M.

PROOF. Suppose that I' is not equicontinuous at . We can find a
positive real number ¢ such that for any §>0thereexist ycTand y €
B(z,8) with |yz — yy| > e Let vm be such a projective transformation
for § = 1/m. Through a subsequence, we may assume that v, converges
to 7.

Now we prove that z € K(v). Assume to contrary that ~ is not
singular or = ¢ K(7). By the Lemma 2, we can choose a neighborhood
U of x on which vy, converges uniformly to 7. Thus there exists N >0
such that m > N implies that |vmy — yy| < € for all y € U. There
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exists 6 > 0 such that |z — y| < § implies that vz — vy| < e. For any
y € B(z,8) NU and m > N we have

YmY — Ym@| < [ymy — vyl + vy — vz| + [y2 — Tmz| < 3.

This contradicts our assumption. Hence 7 is singular and z is an element
of K().

Conversely, suppose that z is an element in K (T'). There is a sequence
Ym € I' such that v = lim,, and z ¢ K(y). Let v = (ve), A = (Amis)
and A = (a;;) be representatives of Z, ¥Ym and vy, respectively so that
2207 =1, 3 (ams;)? = 1 and 2 (ai;)* = 1. We may assume that
v = e1. Since v € ker A, the first column of A is zero. We choose a
nonzero column of A, say the second column. Consider the line segment
v -+ tdeg, (~1 < ¢ < 1). The image of the line segment under A,, is

lm = (am;ll; v :am;n+1,1) + t‘;(a’m;IZu e :am;n+l,2)-

We emphasize that the origin of R™*? is not contained in {,, for all m,
For sufficiently large m, the radial projection of /,, almost covers a half
of an equator of §*. Therefore ~,,(B (z,d)) almost covers a full line
in RP™ for given 6. This implies that {¥m} is not equicontinuous and
x e L J(F) O

In the theory of the conformally flat structure, the following Lemma
was proved by Kulkarni and Pinkall ([6]). See also [7).

LeMMA 4. If M is a closed projectively flat manifold then Lo(M) C
L (M),

PROOF. Assume to contrary that Yy € Lo — Lj. We take a sequence
of positive numbers so that r,,, — 0. Let Vi be the noncompact com-
ponent of D=1 B(y, Tm). We choose any point z.,, € V. Since M is
compact, there are deck transformations g,, € m (M) such that g,,z,,
converges to a point z € M through a subsequence, if necessary. Let
Ym = Dz, Then y,, — y and p(ge, Jym = D{gmzm) — Dz. Since [ is
equicontinuous at y, for any € > 0 there exists & > 0 such that lz—y] < &
implies |vz —yy| < e for all v € I'. Tf m is so large that [Ym —y] < § and
10(Gm)ym — Dz| < € then

h(gm )y — D] < |p{gm)y — p(Gm)m| + |0(gm)ym ~ De|
< Ze.
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Therefore p{gm )y — Dx.

Let U be a neighborhood of # so that Diy is an isometry onto its
image. We choose a neighborhood W of z such that W c U. Since D(W)
is open, p(gm)y — Dz and {p(gm}} is equicontinuous at y, there is a
positive integer N such that m > N implies p(gm)B(y, 7m) C D(W). We
fix m > N. If gV, C W then gmVin is a closed subset of the compact
set W. Hence V., is compact. It is a contradiction. If gmVin ¢ W then

D(gmVin) = p(gm)D(Vin)
C o(gm)B(y,™m)
c D(W).
This implies that gV, € D7H(D(W)). Since W is a connected com-

ponent of D~1(D(W)) and gmVin N W # 0, we have gmVim C W. It is
also a contradiction. Our result follows. B

To get our main Theorem, we combine Lemma 1, Lemma 3 and
Lemma 4. It is & natural question whether Lg(M), Lo{(M), Ly (M)
are equal or not. The following two examples give a negative answer to
the question.

EXAMPLE 5. Let ¢ be the 2 x 2 diagonal matrix with diagonal ele-
ments 3 and 2. Let M be 2-torus R? — {0}/{o}. Through the natural
imbedding from R into RP”, we consider M as a projectively flat man-
ifold. Then Lo(M) = {[0,0, 1]} U &y and Ly (M) = £y Uy where Ty is
the line in RP? joining [1,0,0] and [0,1,0] and so on.

ExaMmpLE 6 ([2]). Let T be the subgroup of Aff(3), the group of affine
transformations on R?, generated by the following three elements:

p 0 00 1 0 0 1
_01/p00 {6101
L_()OlO’T—OOlO

0O 0 01 0 0 0 1

and
1 00 p-—-1
S_OlOl/p-l
10 01 0
0 0 0 1
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where p > 1. Let M be the affine space form R3?/T. It is easy to see that
7% is contained in Ly (M) but not in Lo(M).

As above, Lg (M) # RP” —R™ even though M is an affine space form.
But it is true in case of a Euclidean space form.

EXAMPLE 7. Let RP™ ! be the complement of R” in RP™! and M
a Euclidean space form. It is easy to show that L.,(M) = Lx(M) =
RP" .
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