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ON NULL SCROLLS SATISFYING
THE CONDITION AH = AH

JIN SUK Pax AND DAE WON YOON

ABSTRACT. In the present paper, we study a non-degenerate ruled
surface along a null curve in a 3-dimensional Minkowski space E3,
which is called a null scroll, and investigate some characterizations of
null scrolls satisfying the condition AH — AH, A € Mat(3,R), where
A denotes the Laplacian of the surface with respect to the induced
metric, H the mean curvature vector and Mat(3, R) the set of 3 x 3-
real matrices,

1. Introduction

The theory of Gauss map concerning with mean curvature vector plays
an important role in the study of immersed submanifolds in Euclidean
space and pseudo-Euclidean space, and it has been investigated from the
various viewpoints by many differential geometers (1,2,3,4,7, 11].

On the other hand, Baikoussis and Blair [2] studied ruled surfaces
in Fuclidean 3-space E3 such that its Gauss map (7 satisfies a special
condition,

(1.1) AG = AG, A€ Mai(3,R),

where A denotes the Laplacian of the surface with respect to the in-
duced metric and Mat(3,IR) the set of 3 x 3-real matrices. Also, for
the Lorentz version Choi [5) investigated the ruled surfaces with non-
null base curve in a 3-dimensional Minkowski space E? satisfying the
condition (1.1). Furthermore, for the mean curvature vector &I , Chen
[3] completely classified ruled surfaces in E™ satisfying the condition
AH = AH for some A € Mat(m,R).
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Let v be a null curve with null frame F' = {X,Y,Z}, which will
be briefly denoted by (v, F). Then (v, F) is called a (proper} framed
null curve with null frame F. A non-degenerate ruled surface M in a
3-dimensional Minkowski space E3 along « parameterized by

#(s,) = 7(s) + 1Y (5)

is called a null seroll. It is a time-like surface. Furthermore, for a Cartan
framed null curve vy with Cartan frame F = {X,Y, Z} the ruled surface
is called a B-scroil [6]. On the other hand, Kim and the second author
[9] studied the ruled surfaces with pointwise 1-type Gauss map in E? and
obtained a new characterization of minimal ruled surfaces. In [7] Kim,
Kim and the second author obtained the complete classification theorem
of ruled surfaces with 1-type Gauss map in E7* and also characterized
the extended B-scroll with Gauss map. Recently Choi, Ki and Suh [4]
obtained the following result: Let M be a null scroll along the framed
null curve with (proper) frame field. Then the Gauss map satisfies the
condition (1.1) if and only if the mean curvature is constant.

In the present paper, as an improvement of those situations in [4], we
investigate null scrolls and B- scrolls satisfying the condition

(1.2) AH = AH, A€ Mat(3,R),
and prove the following theorem :

THEOREM. Let M be a null scroll along the framed null curve with
(proper) frame field. Then the mean curvature vector H satisfies the
condition (1.2) if and only if the mean curvature is constant.

COROLLARY. Let M be a B-scroll along the framed null curve with
(proper) frame field. Then the mean curvature vector H satisfies the
condition (1.2) if and only if the third curvature is constant.

2. Preliminaries

Let E™ be an m-dimensional pseudo-Euclidean space with signature
(s,m — s). Then the metric tensor g in EY* bas the form

g= —i:dmf + i dx?,
i=1

i=s+1
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where (x1,%2,...,2,) is a standard rectangular coordinate system in
ES*. In particular, for m > 2, EP* is called Minkowski m - space. A
vector X in BT is said to be space-like if (X, X) > 0 or X = 0, time-
like if g{X, X') < 0 and nullif g(X, X) =0and X # 0. A curve in E™ is
called null if its tangent vector field is null along it.

We will recall the notion of cross product in a 3-dimensional Minkowski
space E3. There is a natural orientation in 3 defined as follows : an or-
dered basis F' = {X,Y, Z} in Ef is positively oriented if det[ XY Z] > 0,
where [XY Z] is the matrix with X, Y, Z as column vectors. Let w be the
volume element on E$ defined by w(X,Y, Z) = det[XY Z]. Then given
X.,Y € E3, the cross product X x Y is the unique vector in E$ such that
X xY,Z)=w(X,Y,Z) for any Z € E2.

We shall consider a ruled surface along a null curve in a 3-dimensional
Minkowski space E3. A basis F = {X,Y,Z} of E3 is called a (proper)
null frame if it satisfies the following conditions :

(21) g(XvX):g(KY):Oa g(X,Y):‘—l,
94X, 2y =g, Z) =0, ¢(Z,2)=1,

where Z =X x V.

Let v = (s} be a null curve in E}. For a given smooth positive
function ky = ko(s) let us put X = X(s) = ko~ '+. Then X is a
null vector field along v. Furthermore, there exists a null vector field
Y =¥ (s) along v satisfying ¢(X,Y) = - 1. Here, if we put Z = X x Y,
then we can obtain a (proper) null frame field F' = {X,Y, Z} along 7.
In the case, the pair (v, F) is said to be a (proper) framed null curve.
Then, a framed null curve (v, F) satisfies the following Frenet equations:

X'(s) = k1(s)X(s) + ka(s)Z(s),
(2.2) Y'(s) = —k1{s)Y () + k3(s) Z(s),
Z,(S) = k3(3)X(S) + kg(S)Y(S),

where k; (i = 1,2,3) is an i-th curvature for 4. It follows from the fun-
damental theorem of ordinary differential equations that a framed null
curve (v, F) is uniquely determined by the functions k(> 0, k1, ko, kg
and the initial condition.



536 Jin Suk Pak and Dae Won Yoon

Let (v, F) be a null curve with null frame F = {X,Y,Z}. A non-
degenerate ruled surface M along y parametrized by

2(s,£) = 7(s) + Y (s)

is called a null scroll. 1t is a time-like surface.

A framed null curve (v, F') with kg = 1 and & = 0 is called a Cartan
framed null curve and the frame F is called a Cartan one. Furthermore,
for a Cartan framed null curve v with Cartan frame ¥ = {X,Y, Z} the
ruled surface is called a B-scroll.

It is well known that in terms of local coordinates {x;} of M the
Laplacian can be written as :

(2.3) v16lg?

dxi )

\/@Zﬁm‘*

where G = det{g:;), (¢*) = (gi;) ™" and (g.;) are the components of the
matrix on M with respect to {z;}.
3. Proof of Theorem

Let «v = ¥(s) be a null curve in Ef and ¥ = Y (s) be a null vector field
along 7. Then, the null scroll M is parametrized by

x = xz(s,t) = v(s) + Y (s).

Therefore, from the Frenet equation {2.2) we have the natural frame
{z4,z:} given by

5 dx
T = 3s = koX — k1tY 4+ kstZ, @ = £ =Y

Accordingly, the induced pseudo-Riemannian metric on M is obtained
by

glzy,z,) = 2kokit + (kat)?,  g(2s,7) = —ko and  g(zs, ) = 0.
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Thus, using (2.3) we show that the Laplacian A of M can be expressed

as ([4)

2
@1y A-=9_ 9 kQ(k2t+ka1)a

2,2
ko 959t gz + gz (st +2k°k1t)

The Beltrami equation Az = —2H gives

Aot == () 0 - ()7

where H (s,t) denotes the mean curvature vector field of M. To compute
the Laplacian AH of the mean curvature vector field H, we need the
following :

OH ks
B (kg) Y
or2H Qkokg,ké + 2k6k2 2
= Y -
550t { K +k1(k0) } ks k;o) 2
0% H
e =
It follows from (3.1) that
k2\¢ ks
3.2 AH = Y +2 H.
@2) (@)Y ()

We assume that the mean curvature vector field H of the null scroll M
satisfies (1.2). Then, it is clear from (1.2) and (3.2) that

() 14+ ()42 =2 {5 () + () "}y +2(2)’

for the parameter ¢{. Hence we can obtain

R e O

0

00 (DA rea()s
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For simplicity, we put & = %’; Differentiating (3.4), we get
(3.5)
KAZ + k(AZ) = 2k ks X + %(4kok’2 + dkkok”
— AkELK — dkoky bk + 2k3kokT)Y + 10K°K' Z.

On the other hand, the Frenet equation (2.2) gives

(AZ) = AZ' = ks AX + k3 AY,
from which together with (3.3), (3.4) and (3.5), we have
(3.6) ksk?AX = BY +CZ + DX,

where we have put

1

B
kg

(4k2kok" — AK2KLK — dkoki k%K'), C = 8Kk, D =2k*ks.

Differentiating (3.6) and multiplying kskk’ to the equation thus obtained,
we have

3.7
&0 K kL ksk® AX + 2k2E%K P AX + B3R (AX)
= (kk'k3C + kk'k1ksD + kk'ks D)X
+ (~k&'kykaB + kk'koksC -+ kk' ks B')Y
+ (kk'k2B + kk'koks D + kk'ksC') Z.

Multiplying kk'k} and 2k3k™ to (3.6) respectively, we have the following
equations

(3.8) K kiksk® AX = kk'K,DX + kK k3 BY -+ Ek'k5CZ,
and

(3.9) W2k2KPAX = 2ksk'2DX + 2ksk'?BY + 2ksk"*CZ.
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Furthermore, from the Frenet equation (2.2) we have (AX) = AX' =
k1 AX + kp AZ, which implies using (3.4) and (3.6)

(3.10)
k3K (AX) = kikskk' DX
+ (krkskk'B + dkoksk k)Y + (ki kskk'C + 2k2kok°K) Z.

Thus, by combining (3.7)-(3.10), we have
g ’ .
(3.11)
{kk'k5C — (kk'k} + 2k3k’?)D + kk'ks D'} X
+ {{—2kK'k1ks — kk'ky — 2ksk'?)B + kk'kaB' + kk'kokaC — 4k3kak*k'2}Y
+ {kk'k3B — (kk'K} + 2ksk'® + k1kakk'}C + kK ksC' — 263kak%k'}Z = 0.
3 3 3

Since X, Y and Z are linearly independent, (3.11) yields
(3.12) kk'k2C — (kk'kh + 2kak')D + kk'ks D' = 0,

(3.13)
(2kk'k1ky 4 kK k5 + 2k3k'®) B — kk'kaksC — kk'ks B + 4k3kak*k'? = 0,

(3.14) kk'k3 B —(kk'k+2ksk'® + k1 kskk')O + kk ksC' — 2k2ko kK = 0.

From the equation (3.12) we can easily find k%2 = 0, that is, k is
constant. Of course, in this case the equations (3.13) and (3.14) are
automatically satisfied. On the other hand, the mean curvature a —
v |g(H, H)| is %01 Thus if the surface satisfies the condition (1.2}, then
the mean curvature o is constant. The converse is quite straightforward.
Hence, we complete the proof.

Proof of Corollary. We know that the zero curvature kg of B-scroll is
1. By means of Theorem we can easily obtain the required resuit.
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