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A GENERALIZATION OF THE
BATEMAN’S POLYNOMIAL F,(z)

INBYOK PARK AND TAE YOUNG SEO

ABSTRACT. We give a generalization of the Bateman’s polynomial

Fn(x) and also give two generating functions for the generalized poly-
nomal.

As noted in (3, p. 23|, the polynomial F,(2) satisfies the two oper-
ational equations

F.(D) sech z = sech = P,(tanhz),
Fo{D)x sech z = sech z Q,(tanhz},

in which D denotes the operator d/dx and P,(t), Qn(t) are the two

standard solutions of Legendre’s differential equation.
Bateman [3] obtained the generating relation

11,1 oo
_ 5, »+32 —4t n

and the pure recurrence relation
(2) n2F,(2) = —(2n — 1)2zFph_1(2) + (n — 1)2Fn_2 (2)

together with numerous mixed relations involving a shift in argument
as well as in index.
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From (1), Bateman {3, p. 24] deduced the following polynomial in
an elementary way and studied it quite extensively

3) Falz) = sFy(~n,m 41, 5(1+ 2 L1 1),

where ,Fj denotes a generalized hypergeometric function with p nu-
merators and ¢ denominators, defined by

(4) qu [al”“ s Op3 } Z (al)n (ap)n ,

611"' $ﬁq’ (61)1% n!

where (M), = A(A+1)...(A+n—1) = I'{(A + n)/T(A). In (3), note
that the variable z is contained in a parameter of the 35, not in the
argument. That the F,,(z) form a simple set of polynomials should be
apparent upon consideration of the nature of the terms in 3F5%.

In 1956 Touchard [6] introduced polynomials for which he did not
give either an explicit formula or a generating relation. Later that year
Wyman and Moser [7] obtained for Touchard’s polynomials a finite
sum formula and a generating function. Their generating function
was equivalent to Bateman’s (1) above. Carlitz [5] pointed out that

Touchard’s polynomials and Bateman’s F,(2) are essentially the same,
the former being

n=0

(=)™ (n])?Fa(l + 22)
22(1/2)n

Also in 1957, Brafman [4] obtained two generating functions for
Touchard polynomials, and one of these is equivalent to that of Wyman
and Moser and therefore to Bateman’s (1) above. Brafman’s other
generating relation is useful contribution to the study of Bateman’s

F.(2):

1 1 i1 = B2t
(5) 1By (-2__§Zslat)1Fl (§+§Z;l,'_t) _ZT.

n=0

In this note we are aiming at giving a generalization of the Bate-
man’s polynomial F,(z) and also providing two generating functions
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for the generalized polynomial. For our purpose we first introduce some

basic facts involved in (A)n and ,Fy : For k and n being integers with
0 <k <n,

(=1)*()n
(6) (Wn—k = m,

in which setting a = 1 yields

(—1)*n!
7 n—kl=-———.
(") (n— k)=t
For |z] < 1, we have the binomial expansion:
®) cayren 3 B
TL:O

It is also well-known (see {1, p. 284, Ex. 23]) that, for |2{ < 1 and
|2/(1 — 2)j < 1, we have

(9 o Fy {a, b;z} =(1-2)"%F la,c—b; B }

G T

First, before we go to our main concern, we will deduce the polyno-
mial {3) more systematically. From (1), using {8), we obtain

i ("Fo(z) = i (3)e(H2)(—)ktk(1 — 1)~ R+

n=0 =0 (k1)
| _ nZ::o Z% (%)k(j—)fkg)f:(% D
_ ii (%»(%;;;(—4)': (215;L+_1}1,§rkt,1,
from which equating th; CO;fﬁcients of t* yields
(10) Fu(z) = ,;, (3)i( 1(;:! ;;(*4)“ (2f(cn+_1 g!_k_
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Using the well-known identity

=2 (3), (55)..

we can deduce the following identity

_ (Dpx _ i+ 1k
(Do 2%R(1/2)kk!

Setting (7) and (11) in {10) leads to the desired result (3).
Now consider the polynomials

(11) (Qk + 1)n—k

(12) (e, z,y) =

_ym(d gL ml oz l—c—n
( )Ez)+2x)n3F2[ n, 5 — 5T, 1c n; :1
"

c 5 — 3T —m;
In [2, p. 14}, we find the following identity:

2
Fy [ a, b, ¢ 1} I'(e)T(f)T(s) 2 [ e—a, f~-a,s; 1] ’

e, f;7 | T T@l(s+bI(s+c° 2 s+b,s+¢

where s =e+ f—a—b—c Settinga=1/2—1/2z,b=c=-n,e=1
and f = 1/2 ~ 1/2x — n in the identity just above with the aid of (3)
shows us that ¥, (1,2,1) = F,(x), which implies that ¥n(c,z,y) is a
generalization of the Bateman’s F,(x).

Using (6) and (7), we get

—Pn (e, T, y)t"
(—m)k(3 — 32kl — e —n)i (=1)"(5 + 52)n y*t"
k!(c)k(% — -21-513 - ’Il)k (C)n n!
(= 39 + Jedn (1)
k!(c)k(c)n_k(n - k)’
(3 = 32)(3 + 3@)n (@) (=)™
ENe)p(e)nn!
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o~ (3 = §0)e(yt)® (5 + 38)a(=8)"
z{é AIEN }{E i, }

n=0

I 1 1 1
=15 (5 - §x; G yt) 11 (§ + §x;c; —t) ]

from which we obtain the first generating function for ¥, (c,z,¥) :

1 1 1 1'[1 cxy
(13) 1F1(2 Qazr,yt)f'(2+ ~; 6 ) Z

rn=0

For the next generating function for ¥, (¢, z,y), making use of (6)
and {7) again,

i (S)ntbnlc, z, y)t"

— izn: (_l)n( gx)n (— n)k(" - _x}k(l —Cc— )kyktn’

n=0k=0 k’(c)k(" - -.’E - n)k

RO r(C)n_(m = )1

=§:§i(—1)n(% f2h(5 + 5)n (C)"+’°yktn+k

— i i (_1)n+k(% - %m)k(i =+ ix)""k(c)nyktn

3
o
-
il

o

n=0 k=0 k’(c)k(c)nn'
S L t)kz(—1)"(§+n-%-(t))n<c+k)ntn’
k=0 n=0 \C/n

from which we get

() ntnlc T, )"
Z 1
(14y ™° "

co(l

1 1 1 .
_Zﬂb nom | A+dzetn
= oy (yt) 2F1[ e t .

n=0
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Using (9) we easily deduce the following:

1,1
5+ 5%, ct+m
2F1[ 22 c “t}
(15) il
11 5+ 5z, —n; 1
= (L) b, | 272N T2
(L+8)7= 2 1[ < 1+t]
From (14) and (15), using (7) and (8), we have

(C) n¥n (cs xz, y) &
7!
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where f(t) = (14t)~ %~ %% from which we obtain the second generating
function for ¥, (¢, z,y) :

o0

Z (c)ntnlec, z, y)t"
(16) =0 &

11
5 = 5L
><2F1[‘2 3%,

i

= (1+8)73785(1 - yt)"3+3

+ 5%, —yt

G (l-yt)(1+0)]
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