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A GENERALIZATION OF THE 
BATEMAN'S POLYNOMIAL Fn(x)

Inhyok Park and Tae Young Seo

Abstract. We give a generalization of the Bateman's polynomial 
Fn(x) and also give two generating functions for the generalized poly
nomial.

As noted in [3, p. 23], the polynomial 死(z) satisfies the two oper
ational equations

Fn(D) sech x = sech x F农(t&nha:),

Fn(D)x sech x = sech x Qn(tanhrr),

in which D denotes the operator d/dx and Pn(t), Qn(i) are the two 
standard solutions of Legendre^ differential equation.

Bateman [3] obtained the generating relation

(1十据[*,宀膈斗

and the pure recurrence relation

(2) Fn{z) = — (2n — l)zFn—i{z) (n — 1)%L—2(2)

together with numerous mixed relations involving a shift in argument 
as well as in index.
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From (1), Bateman [3, p. 24] deduced the following polynomial in 
an elementary way and studied it quite extensively

、 1
(3) EJ2) = 3 一宠+ 1,-(1 + 1, 1； 1))

厶

where pFq demotes a generalized hypergeometric function with p nu
merators and q denominators, deE프ed by

(4) PFq
oi,・.. , Otp； _ 5、(%)m . • •(Qp)n 必 

庆:…J%； n=o (伉)n …(0q)n n*

where (A)n = A(A + 1)... (A + n — 1) = r(A + n)/r(A). In (3), note 
that the variable z is contained in a parameter of the 3形，not in the 
argument. That the Fn(z) form a simple set of polynomials should be 
apparent upon consideration of the nature of the terms in 3说.

In 1956 Touchard [6] introduced polynomials for which he did not 
give either an explicit formula or a generating relation. Later that year 
Wyman and Moser [7] obtained for Touchard's polynomials a finite 
sum formula and a generating function. Their generating function 
was equivalent to Bateman's (1) above. Carlitz [5] pointed out that 
Touchardpolynomials and Bateman5s are essentially the same, 
the former being

(—1 尸(e!)2 死(1 + &)
2-(l/2)n '

Also in 1957, Brafman [4] obtained two generating functions for 
Touchard polynomials, and one of these is equivalent to that of Wyman 
and Moser and therefore to BatemanTs (1) above. BrafmanJs other 
generating relation is useful contribution to the study of Bateman^ 
Fn(z):

(5) iFi(l - % i； 0『 G+¥、t) = § '뿌•
In. this note we are aiming at giving a generalization of the Bate- 

man's polynomial Fn{x) and also providing two generating functions
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for the generalized polynomial. For our purpose we first introduce some 
basic facts involved in (A)n and pFq : For k and n being integers with 
0 < fc < n,

(6) * = ，

in which setting a = 1 yields

(_1)*机！ 

(-心“

For \z\ < 1, we have the binomial expansion:

OO / \ 
• (—z負

n=0

It is also well-known (see [1, p. 284, Ex. 23]) that, for \z\ < 1 and
\z/(1 — z)\ < 1, we have

⑺

(8)

(n — fc)!

끄孝.

,、 산」*;
⑼ 2码 2 =(1 — 2厂勺码

C；

First, before we go to our main concern., we will deduce the polyno
mial (3) more systematically. From (1), using (8), we obtain

£ Sjz) = g (払(丄扫A—4)"(1T)-(아*) 

n=0 n—0
- OO 8

0!)2

=、厂(*)左(宇)先(_4)"2A； + 1)七氏+左 

n=0 fc—0 ' f

_ 气' Si (*)k(푱즈)*:(—4)" ⑵i +

n=0 fc=0

from which equating the coefficients of tn yields

F (z) = 立 (城。专즈*(~~4)* (2k + l)n-A:

fc=0

(妇)2

(10)
(fc!)2 (n — fc)!'
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Using the well-known identity

(a)2n = 22n a + 1 
~2~

we can deduce the following identity

(11) (2k + n ⑴끄W = + ：成
(*⑴弘-22fc(l/2)fefcr

Setting (7) and (11) in (10) leads to the desired result (3).
Now consider the polynomials

(12) 妃c,E = l그学|±1끼2 疤
（C）n

-n, I - 1 - c - n- '
1 1 y •

°，2 —砂—-

In [2, p. 14], we find the following identity:

3F2
r(e)r(/)r(s)

e, /; J 一 r(a)r(s + b)r(s + c)3
r(e)r(/)r(s)定 e-a, f -a, 

s + b, s + c; '

where s = e + f~a~b — c. Setting a = 1/2 — l/2x, b = c = —n, e ~ 1 
and f = 1/2 — l/2x — n in the identity just above with the aid of (3) 
shows us that 1) = Fn(x^ which implies that is a
generalization of the Bateman's Fn(x).

Using (6) and (7), we get

n!
■^^n(c,x,y)tn

n=0
- 立 支(~~n새* _ 方3派(1 _ c _ 心 (-1)"(* + 她)n yh* 

n=0 fc=0
00 n

fc!(c)fc(| n)k (c)n

_(3 - 捉)k(* + 刼)71;(_])저-*气供)橄1。
_ JR k!(c)k(c)n_k(n-k)!

_ 吏气匚(* - *时”* + 捉)n(0)*(7)"

n—0 k~0

n!

fc!(c)fc(c)nn!
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g
G -扣)左(擠* \ f G +刼)孔(一*严I 
一F志一他「府-一j

=iFi G ~ *c；班)iFi G+膈c； 一')，

from which we obtain, the first generating function for ?/>n(c, x,y):

功/1 1 A K. / 1 , 1 八宁、如(C,W)痔
(13) iFr I - - -x-c-,yt\ (2 + 2X;c; / =〉」---- 斗-----

、敦 丿 \ 丿 n—0

For the next generating function for ^n(c, rr,y), making use of (6) 
and (7) again,

元(c)竺加c,"泪

n=0 _ Ml 芸2 (—1)"(* + 韧)n(TZ)k(* 一扣)《:(1 — C —”)七卢痔 

n—0 fc=0
oo n

n!

n! fc!(c)fc(j - - n)fc

_、厂(―])財*信-齢巩烏 + 妙爲-以昂/痔
—j云 引.(C)k(C)niS— ')!

_ V' V5 (_1)"(3 _ + 救:)n(c)n+k“k广+k
籍j 祖斯商

=£ 復二M.(" £(一1)"(* +蛔爲(c+対〃痔 

k=0 虹 71=0 ”!（。爲

from which we get

?시

立(c)r/0e(c, x,y)tn

(14) n=0
=玄 鱼二料끄(班)%咒 

n一< n!n=0

* + 扑 c + n; _ t 
c；
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Using (9) we easily deduce the following:

I + c + n; 一 七
2^1

(15)
* + ―Tl\ t

c； 1 + t

From (14) and (15), using (7) and (8), we have

史（C）疽垢（GW）提 

n=0
* + —71；七

C； 1 + t
k

n!

n\

=•用) 丈復흑까侦 M 

n=0 '
=fit} O V 信一捉)n(*+ *：成(班)”(—£_
— (n - fc)!fc!(C)fc \ 1+*

顷)如^蒙业匚(一自)*

=六疙 9"业 (-差J 克 &二흠쓰으列

=f(t)(l -讯)T +初 V 信—沁烏+ 炒( 诚2
~f{)( 이 ) 裡 k\(c)k 〈 (l-^)(l+t) 

n\
k

where /(f) = (l+t)~i~ix, from which we obtain the second generating 
function for 切:

(16)

五 ©迎쏙쯔业 =（I +1）—A 捉（1 _ 班）T+耘

X 2^1
专—韧，* +扣;____ _诞____

C； (1 —就)(1 + t)
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