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THE EXTENSION OF SOLUTIONS OF COMPLEX 
PARTIAL DIFFERENTIAL EQUATIONS

Jung Ho Park

고. Introduction

In the theory of functions of several complex variables, the following 
phenomenon occurs: There exists a region in Cn(with n > 1)5 where 
Cn is the space of n-complex variables, such that all functions holo
morphic in this region can be holomorphically extended to a larger 
Tegio교. A typical example for this extension phenom。교on is the Har- 
togs extension theorem for holomorphic functions of several complex 
variables. Consider holomorphic functions of several complex variables 
as solutions of the Cauchy-Rieman system 

or

( 으쓰__ 흐브= n

쓰 4, 으쓰 = 0 dx3 十 dy3

where w — u + zg = xg +、/—1 约,J = 1,2, , n.
Then the Hartogs extension theorem is in. fact about the extension 

of the solution of a first order system of partial differential equations
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with constant coefficients. In [5], such extension, phenomena for the 
sohitio효 of the system

票，•如"•• ,zn,w) (J = 1,2,•• - ,n)

were investigated and the system 
m n o
史史娉(时嘉=。(Z = 1,2,.•.，乙)， 

Z = 1 J = 1 J

where 厶須 are real analytic functions, was investigated by Son [6].
I표 this paper, we confine ourselves to the extension problem of 

the solution of the generalized p-independent linear partial differen
tial equations with one imknow교 function in a simply co그nected open 
set Q C Cn:

n
习■=(), l<i<p , l<p <n-l, 

J=1 3

where (y (⑵=ai3(zi^ ^2?' , ,，而)are given holomorphic functions in

2. Extension theorem용

We consider the following generalized p-independent linear partial 
differential equations with one unknown function in a simply connected 
open set Q C Cn:

n &眈
£工"芬一=0, l<i<p , 1 < p < n- 1,
3=1 ozi

where ? ^n) are given holomorphic functions in
Q.

The solvability is guaranteed by Begehr and Dzhuraev [1] with the 
following property.



THE EXTENSION OF SOLUTIONS OF COMPLEX 333

Proposition 2.1. Let Q be an open set in Cn. Consider the gen
eralized p~independent linear partial differential equations

fsjz) 石으 =0, l<i<p , 1 < p < n - 1. 
j=i 吗

If these equations are complete, that is, the commutators,

p
[Lfc, Lt] = LkLi 一 LiLk = £ / Lh (l<fc<Z<P),

whcvc L^u — —— 十〉: Ajj (z) —— — 0 and 入cltc constdTits} thcTi 
dz% j=p+i 。勺

these partial differential equations have a holomorphic solution in Q.

Theorem 2.2. Let Q fee a simply connected open set m Cn and K 
be a compact svbset of Q such that Q\K is connected. If for every 
f € Cq°(Q) there exists a solution v G Co°(Cn) of the inhomogeneous 
equations

n o2心쁘 = $ 
7=1 3

and the corresponding homogeneous equations

n a
£%(z)느 =0

are complete then every solution of the homogeneous system in Q\K 
can be extended to Q.

PROOF. Decompose Q with open sets Qi and Q2 satisfying the fol
lowing conditions,

(1) Qi U O,2 = Q,
(2) Q]「1 每「)K 手：©, and
(3) {K\(Qi n qJ} C Q左尹 © (k = 1,2),

then for 人;=1,2,愆 E K is compact in 愆 and QQ\(d A K) is simply 
connected.
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Let u be a solution of (z) ■誌=0 in Q\K and % be a
fimction of the class (带(QQ such that the restriction of 例;to a neigh
borhood of QnK equals to 1. Define

fc _ ( (1 一(pk)u in Qk\(Q* n K)
Uq=={0 i교

Then we 
/, where

have ttg £ 0°°(0^). Let Vk be a solution of ¥崩=、어丿⑵第: =

(-E；=1 ag舞 in d\(愆 n K) 

0 in Qk A K.

Put Uk ~ Uq~ Then 以 is a solution of £*=丄 c知(z)宏- —0 in 愆.

Because, in 「1 K,诺=0 and / = 0 imply

Also in Q%\(d Cl K)> we have

6 z、aUk F / x9(u^(pku-vk)貯)有=时)一E—

V， f、du , e也五으) 쓰=頂知(％ -京"—宛一-京&底 

7=1 3 3=1 3 J=1 J
n Ttr r\

= 艾& 伝) 느 - MW 即虹茏

3—1 丿 J=1 J
Tl r、 "■ QE/ \ 9<Pk V、 /、眼k
知(z)u瓦--21 a祐(z)祁

3=1 吗 J=1 吗

= 0 — 0 + / — f = 0.
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From the assumption of the theorem, there exists a solution v^； € 
Co°(Cn) such that 切挡注勺(£}쁘~ = f and so, Vk is a solution of 
£岩=\ Q”*) 쁘 = 0 in Cn\supp <pk because f\c^\SUpp 啊 = 0.

Since G 饶°(《酔)，we have %； = 0 for large enough \z\.
By the uniqueness of analytic continuation,七左=0 in the unbounded 

component Ak of Cn\supp 甲知 Put Ak A (Qk\supp ipQ = The즈
玖 is nonempty open set such that z% = 0 and u = Wq. Thus we have 
Uk ~uin Bfc. Since Q 血、(Qr；「1K) is simply connected, we have Uj^ =u 
in Q八(Q左 A K).

Define
(Uy — [7*2 in Q上 n Q?U = II Uk in H。2)・

Then [7 is a solution of £二=、恥佃) 으芝~ = 0 in Q and U = u in. Q\K. 
We complete the proof.

We, now, apply this result to another differential equation 整=°・

Generally the equation 으; = S however, has no holomorphic solu
tion in Q so we cannot apply the uniqueness of analytic continuation. 
But Krantz and Park [4] proved the following efficient lemma.

Lemma 2,3. Let Q be open in Cn and f € C°°(Q). Suppose that for 
all w E Q. there exist an open neighborhood U of w with U U Q and 
constants C > 0, R > Q such that 시 M C으? Pz E U, then f is 
a holomorphic function in Q.

PROOF. On U)since the inequality,

f 쓱告 (…沪 **$( …泸,

a. a.

is satisfied,〃:隸(z — w)a converges on the open ball V = {z E 
Cn : \z — w\ < R})since Z7 A V C V, ”4미伝 — w)°" converges to
f on U nV. Moreover 17 A V C being open and w E U nV imply 
that / is holomorphic in Q.

Applying this to above equation, we can get the following result.
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Theorem 2.4. If a (7°° solution u of ~ 0 satisfies the same 
conditions with Theorem 2.2 and Lemma 2.3, then u can be extended 
to Q.

PROOF. The condition of Lemma 2.3 makes u satisfy the uniqueness 
of analytic continuatio교 and so it can be proved similarly with the proof 
of Theorem 2.2.

Above two theorems dealt with homogeneous partial differential 
equations then how about the inhomogeneous cases? We can get an 
answer about this question as following.-

Proposition 2.5. If a C°° solution 幻 Qf 응壹 = 0 satisfies the same 
conditions with Theorem 2.*)then the solution of the inhomogeneous 
equation 응으 =can be extended to Q.

PROOF. Let be a solution of 票=/ in Q\K and be a solution 
in Q. Putting — — vy we get

dv _ d(vi —幻2)

dz dz
=票一票=0 in Q\K 

dz dz

That is, is a solution of 票=0 in Q\K. 、

By the result of Theorem 2.4, v can be extended to the whole Q.
Since is a 뒁olution in Q and = v + V2, can be extended to a 

solution of 整=/ in 0

References

[1] H. G. W. Bergehr and A. Dzhuraev, An mtroduction to several complex varz- 
ables and partial differential equations^ Pitman Monographs and Surveys in 
Pure and Applied Mathematics 88, Addison Wesley Longman, London, 1997.

[2] L. Hdrmander, An introduction to complex analysis zn several variables, Noth 
Holland, Amsterdam, 1973.

[3] L. Hormander, The analysts of hnear partial differential operators Vol. I, 
Springer Verlag, Berlin, 1983.

[4] S. G. Krantz and H. R, Parks, A primer of real analytic functions, Birkhauser 
Verlag, Basel, Boston, Berlin, 1992.



THE EXTENSION OF SOLUTIONS OF COMPLEX 337

[5] L. H. Son, Extension of the solution to the system of partial differential equa
tions of several complex variables, Colloquia Mathematica Sodietatis Janos 
Bolyai, Functions, series, operators, Budapest (Hungary) 35 (1980), 767-772.

[6] L. H. Son, Extension problem for the solutions of partial differential equations 
in Rn, Complex Variables 18 (1992), 135-고39.

Department of Mathematics
Pusan National University
Pusan 609-735, Korea


