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PRIMARY DECOMPOSITIONS IN 
NON-COMMUTATIVE LATTICES

Jong-Min Kim

1. Introduction

A partially ordered set P is 응aid to be inductive if every totally 
ordered subset has an upper bound. Then Zorn's Lemma asserts that 
every nonempty inductive set contains at least one maximal element.

A lattice is a partially ordered set L in which every subset with two 
elements has both a greatest lower bound and a least upper bound in 
L. The least upper bound (greatest lower bound) of the subset {a, b} 
of L is called the join of a and b (meet of a and b) and is denoted by 
a V & (a A 6).

A multiplicative lattice is a lattice L on which a binary operation 
(a, b) — ab from L x L into L, called multiplication, is defined for each 
pair of elements in L, and satisfies the following conditions;

(1) ab < a /\b for all a, b in L.
(2) a(b V c) = abV ac and (b V c)a = ba\/ ca ior all a, 6, c in L.

It is easy to show that a multiplicative lattice L also satisfies;
(3) a(b A c) < ab /\ac and (6 A c)a < ba A ca for all a, b, c in L.
(4) if a < & in L, then ac < be and ca < cb for all a, b and c in L.

A multiplicative lattice L is associative if a(bc) = (ab)c for all ele
ments a, b and c in L, and commutative if ab = ba for all a and b in 
L.
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A lattice L satisfies the ascending chain condition, abbreviated the 
ACC,迁 for every ascending sequence < <12 < ■ • • elements
of L there exists a positive integer n such that 臥=an for all k > n. 
The표 it is easy to show that the ACC, even in a partially ordered set, is 
equivalent to the maximal condition : That is, every nonempty subset 
S of L has a maximal element in S; more precisely, there exists an 
element m in. S such that if m < s for some s in S, then m = s. Note 
that the maximal element need be unique.

An element a of a lattice L is meet-irreducible, if a = 6 A c for b 
and c in L implies that either 6 = a or c = a, that is, if a is not the 
meet of two elements of L, each strictly greater than a.

The following result is easy to verify and its proof is an analogue of 
that in non-commutative rings.

Property 1. If a lattice L satisfies the ACC, then every element 
of L is a meet of a finite number of meet-irreducible elements of L,

A lattice L is semi-modular if, for all element a, b and c in L the 
relations b f\ c < a < c < bV c imply that there exists an element t in 
L satisfying 6 A c < t < 6 and a = (a V t) A c.

A lattice L is modular if, for all elements a, 6 and c i교 乙, a V c 
implies that a V (6 A c) = (a V &) A c.

For every ring R〉the lattice L(R) of all ideals of R partially ordered 
by set inclusion is modular. More generally, a power set of any set with 
set union and set intersection as binary operations and set inclusion 
as a partial order forms a modular lattice. It is easy to show that 
a modular lattice is also semi-modular (for a proof, see [4]), but the 
converse is not true in general.

In this chapter, all of the lattices under consideration are assumed 
to be associative and semi-modular unless o나lerwise stated and they 
also have a unique greatest element, denoted by e, and a least element, 
denoted by 0. If a lattice L is multiplicative, then these elements also 
satisfy ea = ae a and 0a = a0 = 0 for all elements a in L.

An element g of a multiplicative lattice L is right-primary if, for all 
a and b in ab < q and b q imply that an < g for some positive 
integer n . In the commutative case, there is no need to distinguish 
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between right- and left-primary elements, and a그 element with the 
given property will be called primary.

An element p in multiplicative lattice L is prime if, for all a and b 
in L, ab < p implies that either a < p or b < p.

Let a be an arbitrary element of a multiplicative lattice L and con
sider the following set N of elements of L

N = {bEL\bk<a for some positive integer k}.

Then, since the element a itself is in TV, N is nonempty subset of L. 
Hence, if L satisfies the ACC, then N contains a maximal element. 
Moreover, N is closed under the join operation. For, if b and c in 
N so that bk < a and c171 < a for some positive integers k and m, then 
in each term appearing in the expansion of (b V c)fe+zn either b appears 
at least k times or c appears at least m times so that each term is either 
less than or equal to bk or is less than or equal to cm. For instance, a 
term like bcbc • • • in which b and c appear alter요ately has either b at 
least k times or c at least m times. So, in any case, it is less than or 
equal to bk Vcm, which is less than or equal to a. Thus (& V c)fc+m < a, 
so b V c is also contained in N and thus N has exactly one maximal 
element, called the radical of a and denoted by Rad(a), Since Rad(a) 
itself is an element of the set TV, there exists a positive integer k such 
that

(1) (Rad(a))k < a.
Other useful properties of radicals which can be found in Lesieur and 
Croisot [4] are

(2) If a < b, then Rad(a) < Rad(b).
(3) Rad(aia2 . • - aQ = Rad(ai A * A aQ

= Rad(ai) A Radjaf) A • • • A Rad((시J.
Hence, in particular, Rad(an) = Rad{a) for all positive integer n.

(4) Rad[Rad{a)') = Rad{a).
(5) If p is a prime element, then Rad(p) = p.

If a lattice L is commutative, then a routine application of definitions 
will show that if q is primary element, then Rad(q) is a prime element. 
In this case, q is said to be p-primary where p = Rad(q). Without 



280 JONG-MIN KIM

commutativity, a Similar result can be obtained for left- and right
primary eleme효ts (See [4]).

Note that q is a primary element if and o이y i£ab < q and a g Rad(q) 
imply that b < q.

Let a and b be two elements of a multiplicative lattice L. If there 
exists a그 element c in L satisfying cb < a and such that xb < a for x 
in L implies x < then c is unique and is called the left-residual of a 
by b and is de그oted by a :/ br Similarly； an element d in L satisfying 
bd < a and such, that bx < a for x in L implies x < d is called the 
right residual of a by b and is denoted by a :r b. Needless to say, in 
commutative case, a 6 = a :r b for all a and b in L. A lattice L is 
left-residuated (right-residuated) ii a ：i b (a :r b) exists in L for every 
pair of elements a and b in L, and is residuated if it is both left- and 
right-residuated.

The following result is easy to verify.
THEOREM 1. If a multiphcatzve lattice L satisfies the ACC, then it 

is residuated.

PROOF. Let a and b be two arbitrary elements of L. Consider the 
set N;

N = {c E L \ be < a}.
Then, N is clearly no프empty since a is in N. Hence by the ACC, 
N contains a maximal element c. 1£ bx < a for some x in L, then 
b{x V c) — V be is less tha효 or equal to a so that a; V c is contained 
in N and c < □; V c, and thus by the maximality of c in N, c == x V c, 
proving x < c. Hence, c = a :r b exists in L. A similar argument shows 
that a ：i b also exists in L and hence L is residuated.

The following properties of the residuals are easy to verify (for more 
details, refer to [4]).

(1.1) b{a :r b) <a and a < (a :r &) A (a :r a).
(1.2) b < c implies that a :r c < a :r b and 6 :r a < c :r a.
(1.3) («i A • • ■ A an) :r c =(血:r c) A • * • A (an :r c).
(1-4) a :r (&i V • • • V 6n) = (a :r &L) A - • • A (an :r bn).
(1.5) (a :r b) :r c = a :r be.
(1.6) a :r b = a :r (a V 6), and a :r b = e implies that b < a.



PRIMARY DECOMPOSITIONS IN NON-COMMUTATIVE 281

Similar properties hold for left-residuals.
Since ((a :r b) :z c) < a :r & implies that (b((a :r b) ：i c)c < a and thus 
b((a :r b) ：i c, it follows that (a :r &) ：/ c < (a ：i c) :r b. Changing the 
roles of the right- and left-residuals shows that

(1.7) (a :r b) = (a :/ c) :r b.
Further, the following proposition holds.

(1.8) a ：i (be) = (a c) ：i b.
In a multiplicative lattice satisfying the ACC, the radical of a pri

mary element takes a special form.
Proposition 1. Let q be a primary element, not equal to e, in a 

multiplicative lattice L satisfying the ACC, and let p = Rad^q). Then 
there exists an element t in L such that t q and p = qt.

PROOF. Let q be a primary element, p — Rad(q) and consider the 
set N of elements in L;

N = {q ：z 히 t g q}.

Since e is in TV, TV is nonempty and contains a maximal element p* = 
q for some fixed element t not less than or equal to q. Since 
p* = (q ：i t)t < q and £ q for g a primary element, it follows that 
p* < Rad(q) — p. Next, assume that be < p* and c p* for b and c m 
L. Then ct q and so p* = q 註 t M q c机 Thus, from the maximality 
of p* in N)p* = q :/ ct and since be M q y t = p* we obtain bet < q. 
So, it follows that b < q ：i ct — p*y proving that p* is a prime element. 
Since pn < q for some positive integer n, q < p* and p* is a prime 
element, p < p*. Hence, p = p* = q where t q. _

The following proposition gives relations between, (right-) primary 
elements and their residuals and radicals in a multiplicative lattices 
satisfying the ACC.

Proposition 2. Let q be an element in a multiplicative lattice L 
satisfying the ACC. Then

(I) q is a primary element if and only q -i r < Rad(q) for all 
r in L such that t 幺 q. If q is p-primaryf then q r is also 
p~primary where p = Rad(q).
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(2) q is a primary element if and only if q — q ：r t for alltinL 
such that t 冬 Rad(q).

PROOF. (1) If g is a primary element and if r then (q ：i r)r < q 
implies that q ：i r < Rad(q), Clearly, Rad(q r) = Rad(q). To show 
that r is a p-primary element, assume that be < q ：i r a즈 d q ：i r 
for b and c in L. Then &(cr) < q and cr q imply that 6n < g for 
some positive integer n and so 6n < :/ r, proving q ：i r is in fact a
p-primary element.

(2) If t Rad(q) for a primary element g, then t(q :r t) < g implies 
that q t < q and so q == q :r t. Conversely, if 6c < q and b 幺 
for b and c in L； then c < q :r b = q :r b = showing q is primary.

There is an interesting relationship between the radical of an element 
and an arbitrary element which is 교ot less than or equal to the radical. 
This relation can be applied to determine the structure of radicals.

Proposition 3. Let L be a multiplicative lattice satisfying the ACC, 
<md a and b be two elements in L such that a 丰 e and b 冬 Rad{a), 
Then there exists a prime element p in L such that a <으 b 丢 p and 
a ：i bk <p for all positive int^ers k.

PROOF. For a positive integer n, let = a ：/ bn. Then a < <
M bn < - • * is an ascending sequence of elements in L. By the 

ACC, there exists a positive integer k such that bk = bn for all n> k. 
Consider the set N of elements in L;

N~{dEL\bk<d and b 玉 Rad(d)}.

The끄 bk is in N. For, if not, the흐 b < Ka衩(皈): so bn < = a :z bk for
some positive integer n and thus bn+k = bnbk < (a ：i bk)bk < a, which 
means that b < Rad(a)y contradicting the assumption on b. Thus N 
is nonempty and again by the ACC, there exists a maximal element p 
in L. Then bk = a ：i bk < p and b p. To show that p is a prime 
element, assume that rs < p, but r p and s £p for some r and s in L. 
Then, p <rV p andp < s Vp, i.e., p is strictly less than both r Vp and 
sVp. So from the maximality of p in AT, we get that b < Rad(rVp) and 
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b < Rad(sVp). Thus bn < rVp and dm < sVp for some positive integers 
n and m so that &n+rn = bnbm < (尸 V 刀) (s V p) = rs V 叩 V 伊$ V 但흐 < p 
and thus b < Rad(p)^ contradicting the fact that p is i표 IV. Hence p is 
a desired prime element, and this completes the proof.

A prime element p is a minimal prime of a if p > a and for every 
prime element plp>pr > a implies that p =p/-

In commutative rings, if a prime ideal P contains an ideal A, then 
P contains a minimal prime ideal of A [6]. A similar result holds in 
multiplicative lattices satisfying the ACC.

To show this, note first that in such lattices, the assumption of the 
ACC can be used to show the existence of a greatest lower bound for 
every nonempty subset in the following way :

Let L be a lattice with a least element 0 satisfying the ACC, and S 
be an arbitrary nonempty subset of L. Since the element 0 itself is a 
lower bound for S〉it follows that the set N of all lower bounds for S 
is nonempty. Hence, by the ACC, N contains a maximal element m. 
Note that N is closed under the join operation. For, if and are 
in N, then. V < s V s = s for all s in S so that my V m2 is also a 
lower bound for S. This implies that N has a unique maximal element 
m, which is obviously a greatest lower bound for S)and denoted by 
AsesS・ In this way, a meet for the elements in an arbitrary subset of 
L can be defined by taking its greatest lower bound.

In particular, if a subset S consists of countably infinite number of 
elements sn)then its greatest lower bound is denoted by Ansn.

Consider a chain of prime elements 恥 2 P2 N …2 Pn Z …in 
a multiplicative lattice L satisfying the ACC. Then, by the argument 
above, its greatest lower bound Anpn exists in L. Let p = Anpn. To 
show that p is also a prime element, assume that be < p for b and c m 
L and b £p、Then b pn for some positive integer n and thus b 么睥 
for all fc > n since the given chain is descending. Therefore, for all k 
such that k > be < pk and b pk imply that c < p^. It is clear 
that, for m <ny > pn and c< pn imply that c < Hence c <p^ 
for all positive integers k and so c < p, proving p is indeed a prime 
element in L. Now let a be an arbitrary element in L such that a e. 
Then, clearly Rad(a) + e, and thus from Proposition 3, there exists a 
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prime element p in L such that a < p and 卩 尹 c・ As mentioned earlier, 
there is a minimal prime element p* of a such that p* < p.
To show this, consider the s^t P of all prime elements t in L such that 
a < t and t < p. Then p is in P and therefore P is nonempty. Define 
a new relation " <f in F as follows : for p± and p2 in P, Pi 으 P2 
if and only if < pi in. L. Then, since < is a partial order on L, it 
follows that <z is also a partial order on P. Moreover, P is inductive. 
To see this , let Q be an arbitrary totally ordered subset of P. Then 
q = /\teQt exists in L and it is also a prime element such that a < q 
and q < p. Therefore q is contained in P. Note also that a < t in L 
implies that t <f q m P for all t in Qy showing q is an upper bound for 
Q. Thus P is inductive and 웡o P contains a maximal element p* with 
respect to the relation 으 by the Zom's lemma. Then p* is a prime 
element such that a < p* < p. Suppose that px is a prime element 
satisfying a < < p*. Then pi is in P and p* <z p丄.Then, from
the the maximality of p* in P, p* = pi，This show that p* is in. fact a 
minimal prime element of a. Consequently, the following propositi。교 

has been proved.

Proposition 4. Every element in a multiplicative lattice satisfying 
the ACC has at least one minimal prime element.

Corollary 1. Let a e be an arbitrary element in a multiplicative 
lattice L satisfying the ACC. Then Rad(a) is the meet of all minimal 
prime elements of L.

PROOF. Let r = A{p € L I p is a minimal prime element of a}. If 
p is a minimal prime element of a, then a < p and he효ce Rad(a) < 
Rad(p) = p, Rad(a) < r. If Rad(a) 尹 r, then there exists a prime 
element pi in L such that a < pi by Proposition 3. Thus there exists 
a minimal prime element p oi a such that p < pi and r p, which 
contradicts the fact that r is a meet of all minimal prime elements of 
a. Hence Rad^a) = rt

As a matter of fact, the presence of the ACC in lattices provides 
more information about the structure of radicals in terms of the number 
of minimal prime elements.
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PROPOSITION 5. Let a be an arbitrary element in a multiplicative 
lattice L satisfying the ACC. Then a has only a finite number of min
imal prime elements.

PROOF. If a is a prime element, then a is the only minimal prime 
element of a, so there is nothing to prove. Therefore, assume that 
a is not a prime element and suppose that a has an infinite number 
of minimal prime elements p” Since a is not a prime element, there 
exists elements b and c m L such that be < a, b a and c 史 a. Then 
both a V b and a V c are strictly greater than a, and (a V b)(a V c)= 
(a V b)a V (a V b)c = a2 V ba V acV be < a \/ be = a < pt for all i. Hence 
each pz is greater than, or equal to a V & or to a V c. Note that either an 
infinite number of prime elements must be greater than or equal to 
a V />. Assume that this is true for aV b and let — a V 6. Note that 
each minimal prime element pz of a is also a minimal prime element of 
bl- Hence b± also has an infinite number of minimal prime elements, 
and bi cannot be a prime element. Therefore, if a has an infinite 
number of minimal prime elements, then there exists an element with 
the same property, which is strictly greater then a and continuation of 
this argument leads to a contradiction of the ACC in L. This completes 
the proof for Proposition 5.

Note that the unique represe효tation of a radical of an element a as a 
meet of a finite number of its minimal prime elements does not depend 
on any decomposition of a into meet-irreducible elements in a lattice.

A primary element q is a minimal primary oiaita < q and for every 
primary element a < < q implies that q = qf.

The following result proves the existence of a minimal primary ele
ment of an element whose radical is a prime element.

Proposition 6. Let a be an element in a multzplicative lattice L 
satisfying the ACC such that a e. Let p = Rad(a). If p is a prime 
element in L, then there exists a unique p-pnmary element q of a such 
that a n q 公P

PROOF. Consider the following set N of elements of L\

N = {tEL\a<t and a p}.
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Since q 丰 e implies that p e and e = a ：/ a p, it follows that a is 
in N and therefore N is nonempty. Hence, by the ACC, N contains a 
maximal element q. Then q > a and a ：i q p. Note that (a :/ q)q < 
a < p and a q p imply that a < q < p so that Rad(q) = p. To 
show that g is a primary element, assume that be < q and c q for b 
and c in L. Then since q is strictly less than q V c and q is maximal 
element in N« it follows from the properties (1.2) and (1.8) that

(a) a ：/ (^ V c) < 饱
(b) a ：i q< (a ：i (qV c)) ：i b.

Suppose that b p — Kad(q), i.e., V1 q for all positive integers 
n. Then p ：i b = p and from (a), (a :/ (g V c)) ：/ 6 < p 6 = p. 
However, a ：/ g p and thus (a ：i(Q V c)) ：/ 6 p by ( b ), which is a 
contradiction. Hence b <p = Rad(q\ showing q is indeed a p-primary 
element. If there is a /-primary element t such that a < t < q, then 
(a J q)q < a < t and a ：i q p = Rad(q) imply that q < t and 
thus q — t, which shows that q is a minimal primary element of a. 
The uniqueness follows form the fact that q코 A 如 is again a p-primary 
element if and 如 are both p-primary elements. This completes the 
proof for Proposition 6.

Remark.
(a) Taking right residuals in Proposition 6 shows that the same q 

also satisfies a :r q
(b) In commutative rings, an ideal whose radical is a prime ideal

is called primary. *

2. Conditions for a primary decomposition

A lattice L is said to satisfy the primary decomposition property if 
every element a of L can be expressed as a meet of a finite number 
of primary elements q亀 of L. Such an expression is called a primary 
decomposition of a,

A primary decomposition a = gi A - * is a normal decomposition
of a if:

(1) No qt is greater than or equal to the meet of the remaining(加
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(2) Rad(qz) =4 Rad(q3) if i j.
It is well known that every primary decomposition can be reduced 

to a normal decomposition.
In general there can be more than one 표。！mal decomposition of an 

element a. However, the following are well-know효(see ［쉬):

(1) The number of primary components in any two normal decom
positions of a is the same,

(2) The set of radicals of the primary components occurring in any 
normal decomposition of a is unique.

The prime radical of a primary component which appears in any 
normal decomposition of a is called an associated prime element of a 
or a prime element belonging to a.

The following proposition gives a necessary and sufficient condition 
for a prime element to be an associated prime element for some element.

Proposition 7. Let a = qi A • ■ • A be a normal decomposition of 
an element a, not equal to e? m a multiplicative lattice L satisfying the 
ACC. Let p be a prime element in L・ Then p is an associated prime 
element of a if and only if there exist an element t in L and an integer 
i such that t < p = a ：i t and t < q3 for all i j.

PROOF. Assume that p is an associated prime element of a, say 
p = pi where p± = Rad(qi). If m = 1, then a — gi is a primary 
element and p ~ a \i t for some element f in L such that 力 g Q by 
Proposition 1. Hence, assume that m > 1. Since q = qa /\ •・• A 如 

is a normal decomposition, there exists an element b in L such that 
b W Ql and b is less than or equal to the meet of the remaii끄교g 幻 , ie, 
b J(E、一 -Agm. Then a ：i b = qx ：i b and q、:z b is api-primary element 
by Proposotion2, 당。p^° < qi ：/ b for some positive integer kQ. Clearly 
qi ：i b is less than or equal to :/ b) :r p±. If qi b — (qi :z b) :r pi, 
then qi b = (qq ：i b) :r pi = ((pi :r pi) :r Pl =(Q1 -i b) -r P? by 
(1.5) and thus q\ :/ b is equal to (q】：i b) :r for all positive integer 
fc. Then, in particular, q〔 b = (q〔 :/ b) :r 但:。=끄 e since ：z b
and thus b = eb = (ql J b)b < g, contradicting the choice of b. Hence 
qi ：i b is strictly less than (贝:/ b) :r pi, so there exists an element c in
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L such that
c <(Qi :z b) :r pi and c g q고 云 b.

Then pi(d>) < 如 but cb qi so that qi cb < pi by Propositi。교 2. 
But pi (c&) < qi also implies that px < ：i cb. Thus Pi qi -i cb = 
(qi ：z 6) ：z c = (a :z &) ：z c = a ：/ c6 by (1.8). Hence pi ~ a ：i cb and 
cb ^qi but cd < if z > 1.

Conversely, let p = a ：/ t for some t in L such that t qz, t < q3 if 
j *二切 Then p =(Qi ：z t) A* * • A(qm :/1) = ^ ：/1 is a-primary element 
and so p = Rad(p) = Rad(qt :/ i) = p2. Therefore, p is an as웒ociated 
prime element of a. This completes the proof for Proposition 7.

Corollary 2. Let a and L be as in Proposotion7. Then Rad{a)= 
a ：it for some element t in L such that t qz for all i.

PROOF. For each i, pz = Rad^qC) = a ：i tz for some element ti in L 
such that 4 M 贝. Hence, Rad(a) = Rad(qi A • — A 如)=Rad(qi) A 
-• “\Rdd(qm) =(Q -i ti) A • • • A (a ：/ £m) = a ：i where t = i2 V • • • Vtm. 
Thus t W 如 because ti g qz and tz <t for all i.

Before presenting conditions under which the primary decomposi
tion property holds in lattices； it is useful to provide an example to 
demonstrate that the ACC assumption even on a commutative lat
tice is not sufficient for the existence of primary decomposition of all 
elements.

It is easy to construct a lattice L which is multiplicative, associative 
and commutative satisfying the ACC. However, note that the meet- 
irreducible element 0 is not a primary element, since < 0, b 0, 
but an = a 0 for all positive integer n. Thus, unlike the situation 
for commutative rings, a condition besides the ACC is necessary to 
guarantee the existence of primary decompositions. The following are 
three major conditions which appear on the literature to guarantee the 
existence of primary decompositions under some assumptions.

(1) Ward and Dilworth [7].
(WD) : Given two elements a and 6 in a lattice, there exists a 
positive integer n such that

<zn A < ab.
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(2) Barnes and Cunnea [1],[5].
(BCZ) : Given two elements a and b in a lattice, there exists a 
positive integer n such that

bn A (a :r bn) < a.

(3) Barnes and Cunnea
(BC) : Given two elements a and fe in a lattice, there exists a 
positive integer n such that

(a V bn) A (a :r 6n) = a.

For convenience, the statement that every element of a lattice has a 
primary decomposition will be denoted by N. Ward and Dilworth have 
proved that the condition (WD) is equivalent to the condition (N) m a 
commutative, associative and modular lattice satisfying the ACC, and 
Lesieur has proved the same result for an associative a교d semi-modular 
lattice [3], and Kurata [2] and McCarthy [5] for a non-associative lat
tice. The condition (BCZ) and (BC) were discovered by Barnes and 
Cunnea [1] in a commutative Noetherian ring, and the equivalence of 
(N) to the condition (BCZ), in a residuated lattice satisfying the ACC, 
and (N) to the Condition (BC) in a modular and residuated lattice 
with the ACC, have been proved by McCarthy [5].

The main result in the this paper is to present another conditions, in 
addition to those listed before, on a (non-commutative) semi-modular 
lattice satisfying the ACC under which every element has a primary de
composition. Those conditions are applied to a direct construction of a 
normal decomposition without use of a meet-irreducible decomposition 
(See Property 1).

To avoid repetitions, the following condition is denoted (*):
(*) If a and b are two arbitrary elements in a lattice, then there 

exists a positive integer n such that

6 A (a ：/ b)n < a.

To show that the condition ( N ) is equivalent to the condition (*), 
the following impotent result due to Lesieur [3] is needed.
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Leaieure’S Lemma. Let a be a meet-irreducible element of a semi- 
modular lattice L. If a /\b — c /\b for b and c in L with a < cy then 
b < a.

PROOF. First, observer that chb < a < c< c\/ b. If c A fe = a, and 
thus a <b. Then q、J b = b and cA(aVfe) = cA& = aA& = a, but 
a < c. Hence, from the meet-irreducibility of a, a V 6 is equal to a so 
that b < a. Next, if c = cV6, then b < c and so a/\b = cA6 = &, hence 
b < a. Finally, assume that c/\b V a and c < cV&. Then, from the semi
modularity of L、there exists an element i in L such that cNb <t<b 
and a = (a V i) A c. But, then, since a is meet-irreducible and a < c, it 
follows that aVt = a)sot<a and thus t<aA&<cA6<£, which is 
a contradiction. This completes the proof of the lemma.

The following theorem is one of the main result of this paper.

Theorem 2. Let L be a semi-modular, multiplicative lattice satis
fying the ACC. Then the conditions (N) and (*) are equivalent.

PROOF. First assume that the condition (N) holds in L and let a 
and b be two arbitrary elements in. L. Let q = qq A •…/\q% be a primary 
decomposition of a where each qz is a primary element. Assume that 
the q* are arranged so that b < q.…,b < qm for m < k, and b qt 
if z > m. Then a ：/ b = (qx :z 6) A - • • A (gm ：i 6) A (务“사一고 1 b) A • ・ ・ A (q% ：i 
b) =(Qm+i :/ fe) A • • • A ：i 5), and each b < Rad0) for 
i > m by Proposition 2. So there exists a positive integer n such 
that (贝：i b)n is less than or equal to qz for all i > m. Then, clearly 
(<z :z 6)n < A - • * A , and thus

& A (a ：/ 6)n < Qx A • • • A A 如+i A • • • A q% =但

which proves that the condition (*) holds. Thus (N) implies the condi- 
tion(*). To show 나le condition (*) implies the condition (N), it suffices 
by property (1.1), to prove that if a is a meet-irreducible element of L, 
then a is a primary element. Assume that a is meet-irreducible, be < a 
and c a for b and c in L. By the condition (*), there is a positive 
integer n such that

(a V c) A (a :/ (a V c))n < a.
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Then be < a implies that b < a ：z c = a (aVc), so < (a ：/ (aV c))n 
and thus (aVc)Abn < a, (aVc)A&n 史 a/\bn. However, a/\bn < (aVc)A&n 
for all positive integers n so that

(a V c) A bn — a A bn.

But aVc > a, i.e., aVc is strictly greater than a. Then, by the Lesieur5s 
Lemina, bn < a, proving a is a primary element. Hence, the condition 
(*) implies the (N) in L.

Note that, in the proof of Theorem 2, the positive integer n was 
chosen so that (a :/ b)n < 如+丄 . Therefore, aV (a ：i b)n <
a V (如+i A - • • A ql> =如+i A …A q% since each > a . Also note 
that b < Qi A • • • A implies aVd<aV(QiA---A gm)=力 A • • • qm. 
Hence, it follows that (a V b) A (a V (a :/ b)71) is less than or equal to 
Ql/\・-• AA• - •/\qk = a and so (aV6) A(aV(a ：i b)n) = a. Conversely, 
if a = (aVb) A(aV(a &)n) < a, which is 나比 condition (*) and thus the 
condition(N) holds in L. Hence, the following result has been proved.

Corollary 3. Let L be a semi-modular, multiplicative lattice sat- 
isfyi^g the ACC. Then the following conditions are equivalent:

(1) L satisfies the condition (N);
(2) L satisfies the following condition :

(**) Given two elements a and b in L, there exists a positive integer 
n such that

a ~ (a V b) A (a V (a b)n).

It is well known that if 7? is a commutative Noetherian. ring, then 
the lattice L(R) of all ideals of J? is modular (and hence semi-modular 
)and satisfies the condition (N) and thus the condition (*) by [6] and 
Theorem 2. Hen.ce,

Corollary 4. Let R be a commutative Noetherian nng and let A 
and B be ideals of R. Then, there exists a positive integer n such that 
(A + B)n(A+(A：B)n)=A.

Without using the primary decomposition in Noetherian rings, the 
following Krull Intersection Theorem can be obtain (see [1]).
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COROLLARY 5. Let R be a commutative Noetherian ring and M be 
an ideal of R. Set A = DnMn. Then A = AM.

PROOF. By Corollary 4, there exists a positive integer n such that 
AH (AM : A)n is contained in AM. Clearly, M is contained in AM : A, 
so A = A A Mn is contained in An {AM : A)n, which show that A is 
contained in AM. The reverse inclusion is obvious.

A similar result holds in a lattice satisfying the condition (*).

COROLLARY 6. Let L be a residuated lattice satisfying the condition 
(*), and let a be an arbUrary element of L, If Anan exists in L, and 
x E L is less than or equal to Anan? then x = ax.

PROOF. By (*), there exists a positive integer n such that

x A {ax ：i x)n < ax.

Note that ax < ax implies that a < ax ：i x so x < x an < x /\ (ax ：i 
x)n < ax. But ax < x is always true and so x = ax.

Corollary 7. Let L be a multiplicative lattice satisfying the ACC 
and the condition (*). If a and x are dements ofL such thatx < Anan^ 
then x — ax.

Proof. The con이usion follows from the fact that Anan exists in L 
for every element a and from Corollary 6.

Corollary 8. LetL be a semi-modular, multiplicative lattice satis
fying the ACC and the condition (N). If c = A&JaV砂)，then c = aVbe.

PROOF. Note that a V &c < c is always true since a < c and be < c. 
Since the condition (N) holds i교 L, it follows that the condition (**) 
holds in L by Corollary 3. Hence, there exists a positive integer n such 
that

a V 6c = [(a V be) V c] A [(a V be) V ((a V be) :/ c)n].

Since be < a V be, b < (a V be) ：i c} we have bn < ((a V be) ：i c)n and 
hence aV bc> cA [(aV be) V bn] = c A [(a V bn) V &c] > c A (c V be) = c. 
Therefore, a V 6c > c and thus c = a\/ be.
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The following result gives a direct relationship between the conditio끄 

(WD) and condition (*) in all (left-) residuated lattices (not necessarily 
satisfying the ACC ).

Theorem 3. Let L be a (left-) residuated lattice. Then the condi
tions (WD) and (*) are equivalent.

PROOF. Assume that the condition (WD) holds in L and let a and 
b be two arbitrary elements in L. Then there exists a positive integer 
n such that (a j b)n A b < (a :/ b)b. But (a ：i b)b < a and so (a，：i 
b)n A b < a, and the condition (*) holds. Thus the condition (WD) 
implies the condition (*) in L. Conversely, assume that the condition 
(*) is true in L and choose a positive integer n so that, for a and b in 
L , b A (ab :/ b)n < ab. Then ab < ab implies that a < ab b> hence 
an is less than or equal to (ab ：i b)n and thus A & < 아)) which is the 
condition (WD). This completes the proof for Theorem 3.

In Theorem 1, it has been proved that the assumption of the ACC 
implies that every multiplicative lattice is residuated. The following 
theorem asserts that the conditions (BC‘)and (*) are equivalent in 
such lattices.

Theorem 4. Let L be a multiplicative lattice satisfying the ACC. 
Then, the conditions (BC) and (*) are equivalent.

PROOF. Assume that the condition (BCZ) holds in L and let a and 
b be arbitrary element in L. Then there exists a positive integer n such 
that

(a ：i b)n A [a :r (a :； 6)n] < a.

Observe that (a :/ b)b < a implies that b < a 'r (a ：i b) < a :r (a ：i 6)n. 
Thus, & A (a ：/ b)71 < a, which is the condition (*). Conversely, assume 
that the condition (*) holds in L: if a and b are arbitrary elements 
in L, then b /\ (a ：i b)n < a for some positive integer n. First, by the 
ACC, we can choose a positive integer k so that a :r = a .r for all 
positive integers t such that t > k. Next, by the condition (*), choose 
a positive integer m such that

(a :r bk) A [a ：i (a :r < a.
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Now bk(a :r bk) < a implies that bk < a ：i (a :r &fc). Set n = km. 
Then a :r bk = a :r bn and bn =(砂)< [(a 訂(a :r bfc)]m so that 
bn A (a :r 6n) < [a :丄(a :r A (a :r 砂)< a, which is the condition 
(BCZ). Thus the condition (*) implies the condition (BC‘)in L. This 
completes the proof for Theorem 4.

It is well known that the condition (BC) is equivalent to the con
ditions (N) and (WD) in a modular lattice satisfying the ACC [5]. 
However, it has not been known whether or not the condition (N) im
plies the condition (BC) even in semi-modular lattices. The following 
theorem and its corollary settle this matter.

Theorem 5. Let L be a mvlUplicative lattice satisfying the ACC, 
Then? the conditions (BC) and (**) are equivalent.

PROOF. Assume that the condition (BC) holds in L and let a and 
b be two arbitrary elements in L. Then, there exists a positive integer 
n such that

a = [a V (a ：/ b)n A [a :r (a :/ &)n].

Since (a ：i b)b < a, b < a :r (a ：i b) we have b < a :r (a ：i b)n so that 
[a V (a ：i b)n A (a V fe) < a. Since the reverse inequality is always true, 
it follows that a = [a V (a ：/ b)n] A (a V &), which is the condition (**). 
Thu몽 the condition (BC) implies the condition (**) in L . Conversely, 
assume that the condition (**) holds in. L and let a and b be arbitrary 
elements in L, By the ACC, there exists a positive integer k such that 
a :尸 b* = q :笋 for all positive integer n such that n > k. Next, using 
the condition (**), choose a positive integer m so that

a = [a V (a :r bk)] A [<z V (a ：i (a :r &fc))m].

Then bk(a :r 砂)< a implies that bk < a ：i (a :r 砂)and thus bkrn =
< 血：i (a :尸 b”)]m . Let n = km. Then a :r b71 a :r bk and 

thus (a :r bn) A (a V bn) < (a :r bk) A [a V (a :j (a :r < a. But 
(a :r bn) A (a V bn) > a is always true, so a = (a :r bn) A (a V &n), 
which is the condition (BC). Thus the condition (**) implies that the 
condition (BC) in L. This completes the proof for Theorem 5.
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COROLLARY 9. Let L be a semt-modular, multiplicative lattice sat
isfying the ACC. Then the conditions (N), (WD), (BC，(*) and (**) 
are all equivalent in L,

PROOF. Note that the following equivalences already have been 
proved : (WD) if and only if (*) in Theorem 3, and (N) if and only if 
(*) in Theorem 2, and (N) if and only if (**) in corollary 3, and (*) if 
and only 迁 (BC‘) in Theorem 4, and finally (**) if and o외y if (BC) in 
Theorem 5. Hence, all the conditions are equivalent in L.

3. Construction of a primary decomposition

In this chapter, let L be a (not necessarily commutative) multi
plicative, associative and modular lattice satisfying the ACC and the 
condition (*).

It has been proved that L under these assumptions satisfies the 
condition (N). In the proof of this, the fact that every element of L can 
be expressed as a meet of a finite number of meet-irreducible elements 
of L was used. In this chapter, a direct construction, of a primary 
decomposition will be given without use of the irreducibility of elements 
in L. For this purpose, a condition under which a prime element is 
a minimal prime element of some element is given in the following 
proposition.

PROPOSITION 8. Let a be an arbitrary element ofL such that a 7^ e, 
and let p be a prime element of L. Then p is a minimal prime element 
of a if and only if there exists an element q in L such that a < g, 
Rad(q) = p and a ：i q p.

PROOF. Assume that there exists an element q in L satisfying a < q, 
Rad(q) = p and a q p. Let n be a positive integer such that 
:P" W q. If Q itself is a prime element a®d Q녀二 聲 then a ：i = a, since 
(a ：i pn)pn < a and pn g a. But then a q < a ：i pn = a < p, which 
is a contradiction. Hence, assume that a is not a prime element, and 
suppose that there exists a prime element p* such that a < p* < p, 
that is a 7^ p* and p* 关 p. Then a ：i pn < p* pn = p* < 饱 but 
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a Q P and a q < a ：i pn which is a contradiction. Hence, p 
is a minimal prime element of a.

Conversely, assume that p is a minimal prime element of a. Note 
that p e. For, if not, then Rad{a) = p = e implies that a = e, which 
is not the case. Consider the following set N of elements in L;

N = {t E L \ a <t and a ：i t p}.

Since a < a and a ：/ a = e p, it follows that a is contained 
in N、so N is nonempty and it contains a maximal element p by the 
ACC. Then a < q and a ：i q p. Note that since (a ：i q)q < a < p 
and a p for p a prime element, it follows that q < p so that 
Rad(q) < Rad(p) = p. Also note that ii be < q a교d c q for b and 
c in L, then b < p. Now c q implies that g V c is strictly greater 
than q and thus a ：/ (q V c) < p by the meiximality of q in N. Since 
b(q V c) = 6g V 6c < bq V q = q, a ：z q < a b(q V c) = (q ：i (q V c)) ：i b 
by Property (1.8) and thus (a :/ (q V c)) ：i b p. Therefore, if b g 饱 

then p ：i b = p, which is a contradiction. Thus b < p. Now； assume 
that Rad(q)丰 p. Since Rad(q) < p and p is also a minimal prime 
element of q、it follow윰 that Rad(q) < p A t where £ is a meet of the 
remaining minimal prime element(s) of q. Let k be the smallest positive 
integer such that (Rad(q))k < q, i.e., (Rad(q))“ q if n < k. If k 1 
其hen Rad(q) = q so that tp < t /\p = q and t p imply that p < 
and thus p = So a ：i p a 'i q p. Assume that A; > 1. Then
切(Raa(q))*T < (t A p)(Rad(q))k~1 = Rad{q))k < q and t p imply
that p(Rad(q))*T < q. By (*) and (WD) from Theorem 3, there exists 
a positive integer nY such that pni V(/?ad(q))fc~1 < p(Rad(q))k~l. Then 
(RQd(q)LpS <qand thus (tp)(Rad(q))k~2p^ < (Rad(q、)、)f)B < 
q and t p imply that “5 < q Again by the condition
(*), there exists a positive integer such that

Pn2 A (Red(q))k~2 < p(Rad(q))k~2,

and hence

(Rad(q))J2矿2R” < ［矿2 A (氏岫0))卜2［矿I < 0(&d(q)产2矿1 < q 
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Continuing this way, there exist positive integers ni,n2,---，妬_i such 
that

(Rad(q))*-(kT)矿 Ji .. .0儿2矿1 < q

Then form

以伊…. . -pn2pni) < (Rqd(q))(p^T .. .矿H’s) < q

and i p, we get pni+n2+ +m。—1+1 < q、which means that p < Rad{q). 
Since Rad{q) < p is true, it follows that Rad(q) = p, which contradicts 
the assumption Rad(q)尹 p. Therefore, q is an element in L such that 
a < q, Rad(q) = p and a ：i q p. This completes the proof for 
Proposition 8.

Lemma 1. Let L be a residuated lattice. Then
(1) For all elements a, b and c m L, (a ：i 6)(& :/ c) < a 乂 c.
(2) If p is a prime element in L, a ：/ (b A c) p and c ：i d p7 

then a ：i (b /\ d)区 p.

PROOF. (1) Note that (a ：i b、)(b :丄 c)c < (a :丄 b)b < a implies that

(a ：i b) (b ：i c) < a ：i c

by the definition, of hft-residuals.
(2) Observe that

(a ：i (b A c))(c :/ d)(b A J) < (a j (b A c))[(c ：i d)b A (c :/ d)d\
< (ft ：i (b Ac))(6 Ac) < a

implies (a :/ (b A c))(c ：i d) < a ：i (b A d). Now the conclusion follows 
from the definition of a prime element.

Corollary 10. If p is a minimal prime element of an element 
a 7^ e, then there exists a p-prrmary element q in L such that a < q 
and a q £p.
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PROOF. By Propositi。그 8, there exists a교 element in L such that 
a < q\ Rad（q"） = p and Q ：i g' g p. Then by Proposition 6 in Chapter 
1, there exists a p-primary element q of qf such that 矿 M g g P- Since 
（a ：i 矿）（矿：z q） < Q ：z q by Lemma l.（l）,it follows that Q ：z g g 饱 Now 
a < q follows from the facts that a < qf and 矿 < q.

Now, assume that, in addition to the ACC and the condition （*）, 
L satisfies the modularity condition. Let a be an arbitrary element of 
L, not equal to e. To show that a has a primary decomposition in L, 
first let pn,.・. be the collection of all minimal prime elements of 
a. Recall that by Proposition 5,the number of such prime elements is 
finite. For each there exists a p^z -primary element qiz such that a 
< qii and a :/ qu g pu by Corollary 10. Set gi = Qu A • • • A qlkl. If 
a qi = e, the그 q < a by Propositi。그 6 and thus a = qi ~ quA- • “\q니m 
is a normal decomposition of a. If Q i qi * e, then using the condition 
（*） choose a positive integer n such that

（1） Qi A （a :/ Qi ）n < a.

Let pn, , • • ,p2fc2 be the set of all minimal prime elements of a q侦 
Observe that 卩& W Pij f°r all i and j since a :/ q\3 g and a :/ q^3 < 
a ：/ Note that each is also a minimal prime element of
（a :/ 9i）n. For, if there exists a prime element p such that （a ：i qi）n < 
p < pm then cl ：i qi < p. Since p& is a minimal prime element of 
a ：i qi, p = and he교ce is in fact a minimal prime element of
（a ：i qi）”. Therefore, by Corollary 10 , for each i = 1, ••- , there 
exists a P2z"Primary element 纺 in L such that （a ：i qi）n < and 
（Q :z ?i）n :z s》M P2z- Since g Ply for all i and j and Rad（s2i） = P2t, 
it follows that, s& 幺 q、= J\ …N q& for all i.
Note that, a :/ （qq A %z） W P2t for all z, since

（Q -I ?l）n :』s& <（a ：i qi）n :/（Qi A 52z）
=e A ［（a ：i qi）n ：i （宴 A
=ki :z（91 A S2z）］ A ［（a ：i qi）n ：i （?i A s2z）］
=（Q1 A （a ：i Qi）n） :z （幻 A s2i）
<a 盘（qi As2z）
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implies that (a ：/ ?i)n :/ < a ：i (q〔 A and (a :/ qi)n :/ %z g 但2z
by the choice of $勿・ Note also that,for all z = 1, ...,A；2,

(2) a ：i (qi A(aV s2i))幺临

By the modularity of L, a < qi implies that(QiA(aVs2i)) = aV(giAs2i), 
so a ：i(Qi V (a A踢))=a :z (aV (g】_ As^)) =(Qi A阻)W P2z, which 
proves the inequality (2). Since $脳 <으 eNs%, 으 it follows that p》% = 
Rad(s2z) < Rad(a\/ s^i) < Rad(p2z) = and thus Rdd(oN = p&・ 
So, again by Corollary 10, for each i = 1, •…「汹 there exists a p^z 
-primary element q臨 such that

(3) « V S2i < q& and (a V s力)：i q& 宅但w

Note that each 四 is a prime element. The inequalities (2) and (3) 
imply that a ：i (qi A qg) g by Lemma 1.(2). Thus qi A q” A • • • A

= Qu A- - • AQ1fc1 A- • • Aq2fc2 is a meet of primary elements satisfying

a ：i(91 A ^21 A • • • A q2k2) 乂 Rad(a :/ 幻)=P21 A • • • /\ 卩2切，

because of the facts that a :/ (知 A q*) g 响 and a :/ (qy A q%) M a 
(91^^21 A - •・ /\物做)・ Ha ：i(Q1A921 A - - ■ Ag2fc2) = e, then a = q/q"、 
, , ■ A q^k2 — 911 A • • ■ A qikx A * • • A 喚" is a primary decomposition for a. 
If Q -l(Qi A^21 A - - • A^2fc2)丰 % then Qi Ag2i A - •・Aq2加 is strictly greater 
than a. Then the same argument as before can be applied to obtain 
P3t-primary elements q3z such that a ：i(Qi Ag2i A - • • A %蜘 A ?3i) g 70, 
where p^z is a minimal prime element of a :/ A q^i A • • • A 也刀栃). 

Continuing this argument, a descending sequence of elements in L can 
be constructed in the following way :

如=幻=qn A…/\如杭)

and more generally, an_(_i = an A gn+i5 where qn+i is the meet of all of 
the primary elements of a ：i an as found above, if a ：i an e. Then, 
since the sequence {an} is descending, it follows that the elements 
cl ：i an form an ascending sequence and hence, by the ACC in L, there 
exists a positive integer n such that a ：i an — a ：i 臥 for all positive
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integer k > n. I£ a ：i an e, then a an has a minimal prime element 
p, but a ：i an+i p by the construction of the element Qn+i・ Thus 
a Qn = e, which means a ~ an = • * Agn, where qz =
is a primary decomposition for a.

It remains to show that a = qi A • • • A qni where q* = %投］、…N 
is a meet of -primary elements q財，Pz3 is a minimal prime element 
of cl ：i(Qi A ■ • • A gz-i), is a normal decomposition for a. Recall that the 
elements 如 %，and pZ3 satisfy the following properties :

(4) a ：i A %「) g pZ3 for all J = 1, • • • and i > 2,

where ptJ is a minimal prime element of a :/ = a (gn A • • • A
A • • • A 务一 1一也t). First, note that pZJ 丰 pst for all j and t if 

s. For, assume that s > z and recall that a ：i (但一丄 A q%3) g but 
Q -z («z-i A qZ3) < a ：z as_i < pst for all j and t. Also, by construction, 
Py 丰 Pzk if j 手 虹 Thus pZJ = pst for z s or j 丰 since the 
radicals of distinct primary components are different. Next, suppose 
that some q勺 is greater than or equal to the meet of the remaining 
primary components appearing in the decompositio교 of a. We claim 
that the product q^i • • • gn g Rad(qz：f) = p%3. If not, then for some s > 
i + 1, < pZJ since % is a prime element. Then qs = qs± A • • • A q3^s <
Ptj implies that, for some t, qst < pZJ. Therefore, pst = Rad(qst) < pZ3. 
However, this contradicts the facts that a 盘 明 =a ：i(Qi A - - • A^z)去 
a효d a ：i az < a ：i as-i < pst. This proves that 务+i • • • Qn W Rd(qQ = 
Aj- Let qz/qzj be the meet of the remaining primary Components in %， 
after deleting q顽 Then (gl+i - .. gn)(?iA-・< 知.Since 
q巧 is & primary element and 如+i •…g Rad(q» it follows that qx A 
• , • Aq2-i A(gz/刼)< qtJ. Since the prime elementspzt are all distinct for 
i = 1, • * • it follows that, for t j,(如产 g 刼 and q忧区 Rad(q小 
Thus (<?i A - •・ /\务一1) /\ (贝/知)< q小(qJs)(qi/\ …/Wt) < q小 and 
E%，3 幺 Rad((h) Therefore, az-i = gi A • • • A %_丄 < q© But then 
az-i = A q13 and thus a ：i az~i = a ：i (ai-i A q的)g p%3 by the 
inequality (4), contradicting the fact that pZJ > a ：i(為-1・ Therefore, 
for all i and j,顿 cannot be greater than or equal to the meet of the 
remaining primary component ina = qE\・../\，1厢/\.・-AgniA-.・/\争心. 
Thus the following 나leorem has been proved.
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Theorem 6. Let e be an arbitrary element in a modular, mul
tiplicative lattice L satisfying the ACC and the condition (*). Then the 
given construction yields a (automatically normed) primary decompo
sition of a in L.

References

[1] W.E. Barnes and W.M. Cunnea, Idealdecomposthon tn Noetherzan rings, Can. 
J. Math 17, 1965, pp 178-£184.

[2] Y. Kurats, On an additive ideal theory vn a non-associative 尸mg, Math. Zeit 
88, 1965, pp. 129-135.

[3] L. Lesieur, Sur les derm-groupes reticules satzsfazsant a une condition de chatne, 
Bull.Soc. Math. France 83, 1955, pp. 161-193.

[4] L. Lesieur and R. Croisot, Lesteur L.f and Crozsot, R., Gauthier - Villars, 
Paris, 1963.

[5] P.J. McCarthy, Primary decomposition zn muliUphcatzve lattices^ Math. Zeit. 
90, 1965, pp. 185-189

J6] D. Noethcott, Lessons on rings, modules and multvphcitieSj Cambridge, 1968.
[7] M. Ward and R. P. Dilworth, Residuated lattices, Trans. Amer. Soc. 45, 1939, 

pp. 335-354.

Department of Mathematics
Kyungnam University
Masan 631-701, Korea
E-mazl: uj01kim@kyungnam.ac.kr

mailto:uj01kim@kyungnam.ac.kr

