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SOME CHARACTERIZATIONS OF BEST
APPROXIMATION ELEMENT FROM
SUBSPACES IN LINEAR 2-NORMED SPACES

S. §. KIM AND S. S. DRAGOMIR

ABSTRACT. In this paper, we shall give new characterizations of best
approximation element n linear 2-normed spaces 1n terms of bounded
hnear 2-functionals and 2-hyperplanes.

1. Introduction

Let X be a linear space of dimension greater than 1, and let |-, -] :
X X X — R be a function with the following conditions:

N,) llz,y|] = 0 if and only if z and y are linearly dependent,
N

2) llz,yll = lly, =),
N3} |z, yl| = le|ilz, yll, where « is real,
Na) Nz +y, 2l < o, 2l + iy, 2|l

|-, |l is called a 2-normon X and (X, ||-,-||) a linear 2-normed space({6]}.

Let A, C be a subspaces of X. A bilinear functional f: AxC — R
is called a bounded linear 2-functional if there is a real constant K > 0
such that |f(z,y)| < K|z, yl| for z,y € X([12]).

For a bounded linear 2-functional we have

(
(
(
(
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Il = inf{K : |f(z,9)| < K||z,yll forall =z,yeX}

Additional properties of bounded linear 2-functionals may be found
in [4], [5], [9] and [12].

Let (X,]i-,-]l) be a linear 2-normed space and V (21,232, ...,Zn) be a
subspace of X generated by z1, z2,..., T, in X. Forall z, y € X,
define

llz + ty, 21I° — ||, I
2t

px{z, 2)(y) = lim,
for any real t and z € X \ V(z,y).

Theorem 1.1([1], [2]). We have some properties of p4 :

(1) p+(oz,2)(By) = aBp+(z, 2)(y) for af > 0.

(2) p£(x, z)(az + y) = aps(z, 2)(z) + pa(z, 2)(y) for all o € R.

(3) ps(z, )w+y) < (pa(e, (@) (2. (3, 2) W) 2 = pa(, ).

(4) pr (o 2)(—1) = pi (2, ) = —p- (3 2)(1).

(6) p4(z, 2)(z) = p—(z, 2)(z) = ||z, 2||*.

(6) (X,]||-,-]l) is smooth at x, € X \ {0} if and only if p,{z, z)(y} =
p-(z, 2)(y).

(7) zi.(exty) ifand onlyifp_(z, 2)(y) < —allz, 2If* < p4(z, 2)(y)
where L, is orthogonality([7]), that is, z 1,y means [|[z-+ty, z|| >
|z, 2|| for allt € R.

Let (X, |}-,-]|) be a linear 2-normed space. For a subspace G of X,
let [2,G] be the subspace of X generated by z and G, where z €
X\ G. Then for z € X \ [z,G], an element g, € G is called the best
approzimation element of x by G (with respect to 2) if

Iz = g0, 2l| < iz — g, 2]

for all g € G([10]). The set of all elements of best approximation of z
by G with respect to z is denoted by Pg,.(z), that is,
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Pz} = {90 € G: llz — go, 2ll < llz —g, 2]}

The following theorem gives a relationship between orthogonality
and best approximation in linear 2-normed spaces.

THEOREM 1.2. ([4]) Let (X, ||-,-]l) be a linear 2-normed space, G a
linear subspace of X, x € X\G and z € X\ [x,G]. Then g, € Pg .(x)
if and only if (x — g,) 1 .G.

In 1994 and 1990, 1. Frani¢([4]) and S. Mabizela([9]) gave some char-
acterizations of the best approximation in terms of bounded linear 2-
functions, respectively. Also, some results on approximation theory
in linear 2-normed spaces have been obtained by S.S. Kim, Y.J. Cho
and T.D. Narang([8]), S. Elumalai, Y.J. Cho and S.8. Kim{[3]) and R.
Ravi({11]). :

In this paper, new characterizations of best approximation in linear

2-normed spaces is given in terms of bounded linear 2-functionals and
2-hyperplanes.

2. Characterizations of best approximation

Let f be a non-zero linear 2-functional on X x V(z). Then we define
the 2-hyperplane H through the origin by

H={ze X|f(z,z) =0}.

THEOREM 2.1. Let (X, |\-,-|l) be a linear 2-normed space, f a non-
zero bounded linear 2-functional on X X V{(z) and H a 2-hyperplane
through the origin, x, € X\ H,z € X \ [z, H] and g, € H. Then the
following statements are equivalent:

(1) go € PH,z(xo);
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(2) (o) Forallz € X
f(xm Z)(.’Eo - go)
P~ ( 120 — go, 2] ) =)

f(xm z)(xo "' go)

%o — go, 2l|°

(2.1)

< 7(z.2) < ) (@), ana

®) - 7l = L2

20 — go: 211"

"PROOF. (1) implies (2): Suppose that g, € Py ,(z,). By Theorem
1.2, (€0 — go) L. H. Let w = z, — g, and z € X. Then we have
[z, 2)w— f(w, 2)x belong to H and so wl,(f(z,z)w— f(w,2)z). By
Theorem 1.1,

p—(w, 2)(f(z, 2)w — f(w, 2)z) < 0 < py(w,2)(f (=, 2)w ~ f(w, 2))
for all z € X and z € X \ [z, H]. Since
P (’UJ, z) (f(xv z)w - f(w$ z)x)
= f(z, 2)llw, 2{? + px(w, 2)(- f(w, 2)z)

and wl,H, if wis any non-zero element of X, then f(w,2) # 0. Now
we will consider two cases: f(w,2) > 0 and f(w,2) <O0.

Case 1. Suppose that f{w,z) > 0. Then we have
0< flz, 2w, 2% + py (w, 2)(~f(w, 2)z)
= f(x,z)]lw, 2"2 - P_(f(w, zjw, Z)(LL‘)

and so

f@2) 2 p- (T2 ) o)

llw, 22
On the other hand, we have
02 f(z,2)||lw, 2]|* + p— (w, 2)(~f(w, 2)x)
= f(z,2)[lw, 2] - p4(f (w, 2)w, 2) ()
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and so

f@a) <o (L2202 2) @),

w, z(?°
Therefore, it follows that

o (%};‘i) @ < f@2) < oo (f0 07 2 ) @)

flw, 2II* °

Case 2. Suppose that f(w,z) < 0. For any =,y € X and 2z €
X\V(z,y), ~
p—(z,2){(y) = ~p4(z,2)(—y) = —p+ (-7, 2)(¥)
and
p—(—=,2)(y) = —p+(—2,2)(—y) = —p+(z, 2)(¥)
hold. Since f(w,z) < 0, we have

0 < f(z, 2)ljw, 2lf* + pu(w, 2)(~ f(w, 2))
= f(x’z)"w’ 2"2 - p——(f(wa z)wa Z)(.’B)

[(@:2) 2 p- (f i) ).

I, 21’

Also, by the similar method we have

f(e,2) < p+(f L2 ) @)

llw, 2’

and so

Therefore,

p- (L2 ) < 1o o) < o (L2200 2 ) o).

lfw, 2|* 7

Since g, € H, f(w,2) = f(xo,2) and so we obtain (a).
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Next, let u = f(Zo,2)(Zo — go)/||Zo — go» 2lI*. Then, by (2)
f(z,2) < p1(u, 2)(2) < ||z, 2lllu, 2]
and
f(z,2) 2 p—(u, 2)(x) = —p4(w, 2)(—2) 2 liz, 2l}ju, z]-

Therefore, —||u, 2|} < (=, 2)/l|z, 2}} < |lu, 2{| and hence || f| < llu, 2|
On the other hand, we have

f(u,2) _ p(u, 2)(w)
N2 T2 2 el

and so we conclude that (b) holds.
(2) implies (1): From (a), for z € H

p_(f(mo,Z)(xo —go)’z) () <0 < py (f(:ro,z)(xo —go)’z) (2).

”-To “90,21“2 ”:Do - 90,3“2

= llu, 2|

Therefore, it follows that

Heodlon=0) |
o — go, 2l

and so since f(xo,2) # 0, (Zo — go).L.H. Therefore, by Theorem 1.2
we have g, € Pg .(z,).

By Theorem 2.1, we obtain easily the following corollaries:

COROLLARY 2.2. Let (X,(-,-]-)) be a Z-inner product space, f a
non-zero bounded linear 2-functional on X x V(z), H a 2-hyperplane

through the origin, 2, € X \ H, and z € X \ [z, H|. Then there exists
go € H such that

£, = (i, L5 Ee o)1) ang = L2

O 20 — gor 22 2o = go, 2Il°
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COROLLARY 2.3. Let (X, ||-,-||) be a smooth linear 2-normed space,
f a non-zero bounded linear 2-functional on X xV(z), H a 2-hyperplane
through the origin, z, € X \ H,z € X \ [z, H] and g, € H. Then the
following statements are equivalent:

(1) 9o € PH,z(mo);

(2) f(fﬂ, %) = py (f(x()) z)(mo — go) , z) (33) and ”f“ — |f(xo, Z)|

o — go, 2112 €0 = gos 2I|

Let (X, ||-,-]|) be a linear 2-normed space, G a linear subspace of X,

z € X\Gand z € X\ [z,G]. If Pg,.() has at least one element for
every x € X, then G is said to be proziminal {[10]).

LemMa 2.4. ([10]) Let (X, ||-,-|) be a linear 2-normed space and H
be a 2-hyperplane through the origin. Then H 1s proxziminal if and only
if there exists o non-zero x € X such that 0 € Py .(x).

From Theorem 2.1 and Lemma 2.4, we obtain easily the following:

THEOREM 2.5. Let (X, ||-,||) be e linear 2-normed space, f a non-
zero bounded linear 2-functional on X X V(z) and H a 2-hyperplane
through the origin. Then the following statements are equivalent:

(1) H is proximinal;

(2) For non-zerou € X and z € X \ V{(z,u),

(a) p—(u, 2)(@) < f(2,2) < pi(u,2)(x)
() A = Hu, 21|

COROLLARY 2.6. Let (X, |-,-||) be a smooth linear 2-normed space
and H a 2-hyperplane through the origin. Then H is proziminal 1f and
only if there exists a non-zero u € X such that f{z,z) = py(u,z)(z)
forallz € X and ||f|| = ||u, 2]

3. A variational characterization of best approximation

In this section, we will give a variational characterizations of best
approximation element.
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THEOREM 3.1. Let (X, |-,-|{) be a linear 2-normed space, { be a
non-zero bounded linear 2-functional on X x V (2} and a non _cro ele-
ment w € X. Then the following statements are equivalent:

(1) The following inequality holds,
(31) P—(w, Z)(.’L’) < f(xv 2:) < ,0+('w, Z)(&'}) forall xeX,

(2) The element w minimize the quadratic functional Fy, - X — R
defined by

Fy,(u) = |lu, 2l|% — 2f(u, 2).

ProoF. (i) = (ii): If w satisfies the relation (3.1), then we have
f(w, z) = ||w, 2||? for = w. Now, let © € X. Then we have

Fy, (u) = Fy, (w) = Jlu, 2]|* — 2f (u, 2) + [Jw, 2|
2 Jlu, 2] = 204 (w, 2)(w) + [fw, 2|

2 flu, 2[|* ~ 2k, 2{|l|w, 21| + llw, 2]®

= (. 21l = flw, 211)* 2 0,

and so w minimize the functional Fy,.

(ii) = (i): Suppose that w minimize the functional Fy . Then we
have

F(w+ M) = Fy, () 2 0
for all u € X and A € R. On the other hand, since Fy, (w + Au) —
Fy, (w) = [lw+ du, 2|2 — [[w, 2|2 — 2Af (1, 2) we have
22 f(u, 2) < Yw + A, 2| — |Jw, 2 (3.2)

for all u € X and A € R. Now, we assume that A > 0. Then by (3.2)
we have

”w + Aua 2"2 — Hu’, 2112
flu,2) < i

which gives f(u, 2) < pi{w, 2)(w) for A — 0% and all » € X. Putting
(—u) instead of u, we have f(u,z) > —pi{w,z)(~u)} = p_(w, z)(u)
for all w € X. Therefore, we have the relation {3.1).

forall uwe X,
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By Theorem 3.1, we obtain the following:

COROLLARY 3.2. Let (X,||-,||) be a linear 2-normed space and f

a non-zero bounded linear 2-functional on X x V(z) and a non-zero
element w € X. Then w is a element of smoothness of X and it
minimizes the functional Fy, if and only if

1]
12]
(3]
4]
f5]

6]
7]

[8]
{9l

flz,2) = pyp(w, 2)(x) forall zeX.
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