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SOME CHARACTERIZATIONS OF BEST 
APPROXIMATION ELEMENT FROM 

SUBSPACES IN LINEAR 2-NORMED SPACES

S. S. Kim and S. S. Dragomir

Abstract. In this paper, we shall give new characterizations of best 

approximation element m linear 2-normed spaces m terms of bounded 

linear 2-functionals and 2-hyperplanes.

1. Introduction

Let X be a linear space of dimension greater than 1, and let ||-, -|| :
X x X t R be a function with the following conditions:

(Ni) |旧*/|| = 0 if and only if x and y are linearly dependent,
(n2)\\x,y\\ = \\y,x\\,
(N3) ||az,g|| = I이||z,g||, where a is real,
(N4) |傷 + ；,끼 玄 ||9；,히| + 他,끼|.

||-, -|| is called a 2-normon X and (X, ・||) a linear 2-normed 5pace([6]).

Let A, C be a subspaces of X. A bilinear functional f : Ax C R 
is called a bounded linear 2-functional if there is a real constant K > 0 
such that |/(x,?/)| < K^x,y\\ for x.y e

For a bounded linear 2-functional we have
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ll/ll = i교f{K : < K\\x,y\\ for all x,y E X}.

Additional properties of bounded linear 2-functionals may be found 
in [4], [5], [9] and [12].

Let (X〉||-, -||) be a linear 2-normed space and V(a：i,X2, ...,xn) be a 
subspace of X generated by …,xn in X. For all y £ X〉

define

( v X ||z +刼，히|2 — |旧, 끼2
P±(c,z)(g) = hm -------------- -- --------------

>0土 ZC

for any real t and z £ X \ 卩(⑦,y).

Theorem 1.1([1], [2]). We have some properties of p보 :

⑴ P±(ax, 2)(/知) = z)(饥 for 이3 > 0.
(2) p±(z, z)(ax + g) = ctp±(x, z)(x) + z)(y) for all a E R.
(3) p±lx,^)(y+y,) < S±(z,z)(a;))i/2S±(g,z)(g))i/2 = p±(%z)W).

(4) p+{x,z)(-y) = p+(-x,z)(y) = -p-(x,z)(y).
⑸ p+(q,z)(z) =阵(a;,z)(c) = \\x,z\\2.
(6) (X, II •, • II) is smooth at xo E X\ {0} if and only if p+ (x, z) (g)= 

p_(ar,z)(^/).
(7) x±2 (ax+y) if and only if p_ (x, z){y) < 一이 ]z, 끼卩 < p+(x,z)(y} 

where ±2 is orthogonality([7]), that is, x^zy means ||x+ty5 체 > 

||x, 끼I for allt E R.

Let (X, ||-, -||) be a linear 2-normed space. For a subspace G of X〉 

let 仪,G] be the subspace of X generated by x and G, where x € 
X \G. Then for z £ X \ an element go E G is called the best 
approximation element of z by G (with respect to z) if

脸 一 %, 끼 < I旧 一 "해

for all g E G([l이). The set of all elements of best approximation of x 
by G with respect to z is denoted by that is,
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Fg,z(时 = {goeG: \\x-go,z\\ < |恤 一 g, 깨}.

The following theorem gives a relationship between orthogonality 
and best approximation in linear 2-normed spaces.

Theorem 1.2. ([4]) Let (X, ||-, -||) be a linear 2-normed space, G a 
linear svbspace of X, x € X\G and z e X\\x^ G]. Then go E R구, 

if and only if (x - go)±zG.

In 1994 and 1990, I. Franic([4]) and S. Mabizela([9]) gave some char
acterizations of the best approximation in terms of bounded linear 2- 
functions, respectively. Also, some results on approximation theory 
in linear 2-normed spaces have been obtained by S.S. Kim, Y. J. Cho 
and T.D. Narang([8]), S. Elumalai, Y.J. Cho and S.S. Kim([3]) and R. 
Ravi([ll]). '

I교 this paper, new characterizations of best approximation in linear 
2-normed spaces is given in terms of bounded linear 2-functionals and 
2-hyperplanes.

2. Characterizations of best approximation

Let / be a non-zero linear 2-functional on X x V(z). Then we define 
the 2-hyperplane H through the origin by

H = {xeX\f(x,z)=Q}.

Theorem 2.1. Let (X, be a linear 2-normed space, f a non
zero bounded linear 2-functional on X x V(z) and H a 2-hyperplane 
through the origin, xo E X \ H^z G X \ [x, /f] and go G H. Then the 
following statements are equivalent:

⑴ 9o £ -Ph,z(^o)/
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(2) (a) For all x E X

H 쁪쁘辭加

- 为‘ -p+（牛m에"）/） （时,
(2.1)

*ROOF. (1) implies (2): Suppose that go E Ph,z(^o)- By Theorem 
1.2, (xo — %)丄zH. Let w = xo ~ go and x E X. The그 we have 
/(a:, z)w — /(w, z)x belong to H and 댱。w±^(/(o:, z)w 一 /(w, z)x). By 
Theorem 1.1,

P-(w,z)(f(x,z)w - /(w^z)x) < 0 < P+(W, z)w - /(w, z)x) 

for all s e X and z 6 X \ [x, H]. Since

P±(w, z)(f (c, z)w- /(w, z)x)

=/(^, ^||2 + p±(w, 2)(-/(w, z)x)

and wl.zHy if wis any non-zero element of X)then /(w, z)丰 0. Now 
we will consider two cases: /(w, z) > 0 and /(w, z) V 0.

Case 1. Suppose that /(w,z) > 0. Then we have

0 < /(a：,z)||w, 께2 +p+(z〃,z)(一/(zu,2g)

= JW,Z)||w, 끼|2 - p_(f(w,z)w,z')(x)

and so
EW (苧쓰씌*

\ 阮기|2 )

On the other hand, we have

0 > /(x,^)||w,2||2 +p_(w, z)(-/(w, z)x)

= J32시1%, 께2 _p+(f(w,z)s,z)(a；)
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and so
六 wx씨 쁘蟬勺 @).

Therefore, it follows that

」("，小(繼捋小).

Case 2. Suppose that /(w,^) V 0. For any x^y E X and z E 
x\v(E,

P-(*,z)(G = 一 p+(z,z)(-0)= 一。+(-*,z)(g) 

and
P—(—z,z)(g) = —p+(—z,z)( -3)= -舛(c,z)(g) 

hold. Since /(w, z) < 0, we have

o < f(x, z)||w, 끼|2 + p+(w, z)(-/(w, z)x}

= /(z,2시|叫 헤2 一 p_(/(w,2)w,^)(x) 

and so

Also, by the similar method we have

■EE+(삆案

Therefore,

阵 (쁪辭 z) (功 < J3 z) < 舛 (祟辭 z) ⑴.

Since go £ /(w, z) = /(%z) and so we obtain (a).
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Next, let u = f{xo,z){xo -德/||為-go,z^2. Then, by (a) 

/(c,z) < p+(u,z)(rr) < |g,z||||u,께

ami

> p_(u,z)(s) = -p+(u, 2)(-X)> 际 에 阪 히|.

Therefore, 니|s 께 < f (z, 2)/|槿, 헤 < |也, 께 and hence ||f|| < ||地 기 

On the other hand, we have

H f I] > f (地 z)〉P-(SZ)(司
7 一 1恤,끼I - ||% 刼| = 也，끼 I

and so we conclude that (b) holds.
(2) implies (1): From (a), for x G H

c (f(x0yz)(x0-g0) \ . (f(x0,z)(x0-g0) .
阵b阮工'z)(x)-°-°+( i&*。海一'z)(”)•

Therefore, it follows that

f(xo,z')(xo-go')

and so since /(xo, z)尹 0, {xo — g。)丄Therefore, by Theorem 1.2 
we have go e Ph,zM，

By Theorem 271, we obtai요 easily the following corollaries:

Corollary 2.2. Let (X, (•,十)) be a 2-inner product space, f a 
non-zero bounded linear ^-functional on X x H a 2-hyperplane
through the origin, x° £ X \ H, and z E X Wx^H], Then there exists 
go E H such that

픖쁘謂勺 血 忻=1・
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Corollary 2.3. Let (X, ||-, -||) be a smooth linear 2-normed space, 
f a non-zero bounded linear 2-functionol on XxV{z), H a 2-hyperplane 
through the origin, xo C X \ H, z £ X \ [皿 H] and go G H. Then the 
following statements are equivalent:

(1) 9o € Ph,zM\

d，•八 c (/*^)(^0 — 9o) 、\ /、 „ J H ril Lf("W2시
⑵/(¥)=〃+(』" 如께2 刁⑴ 血 航 =|& _揭히「

Let (X, II*, -||) be a linear 2-normed space, G a linear subspace of X, 
x E X \ G and z £ X \ [z, If R구,之(必) has at least one element for 
every x € X, then G is said to be proximinal ([1이).

Lemma 2.4. ([10]) Let (X)・||) be a linear 2-normed space and H 
be a 2-hyperplane through the origin. Then H zs proximinal if and only 
if there exists a non-zero x E X such that 0 G Ph,z (^)-

From Theorem 2.1 and Lemma 2.4, we obtain easily the following:

Theorem 2.5. Let (X)||-, -||) be a linear 2-normed space, f a non
zero bounded linear 2-functional on X x V{z) and H a 2-hyperplane 
through the origin. Then the following statements are equivalent:

(1) H is proximinal;
(2) For non-zero u E X and z E X \

(a) p-(sz)(z) < f(x, z) < p+(u, 2)(X) 
仞明i = im, 끼i.

Corollary 2.6. Let (X)・||) be a smooth linear 2-normed space 
and H a 2-hyperplane through the origin. Then H is proximinal tf and 
only if there exists a non-zero u E X such that z) = q+(sz)(n) 
for all x E X and ||/|| — 히"

3. A variational characterization of best approximation

In this section, we will give a variational characterizations of best 
approximation element.
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Theorem 3.1. Let (X, -||) be a linear 2-normed space, f be a
non-zero bounded linear 2-functional on X x V(z) and a non」ro ele
ment w € X. Then the following statements are equivalent:

(1) The following inequality holds,

(3.1) p_(w,z)(a:) < /(X,z) < p+(w,for all rr G A,

(2) The element w minimize the quadratic functional Ffz : X ―) R 
defined by

FfM = 11% 헤2 - 2f(w, z).

PROOF, (i) => (ii): If w satisfies the relation (3.1), the효 we have 
/(w, z) = ||w, 께2 for x = w. Now, let u E X. Then we have

Ffz(u) - FfM = Ils 헤2 — 2/(% 2)+ ||也, 기|2

> 11% 끼|2 - 2p+(w, z)(u) + ||w, 께2

> II", 히|2 一 2|出, 이 ||w, 께 + ||叫 끼|2

= 이% 께 一 脸，에)2 >0,

and so w minimize the functional Ffz.
(ii) => (i): Suppose that w minimize the functional Ffz. Then we 

have
Ffz(w + Xu) - Ffz(w) > 0

for all tz G -Y and X E R. On the other hand, since jFjz(w + Au)— 
Ffz (w) = ||w + Aw, z||2 — ||w, 이|2 — 2A/(iz, z) we have

2X_f(%z) < II徵 + 入% 끼|2 _ II叫히|2 (3.2)

for all 七 £ X and X E R. Now, we assume that A > 0. Then by (3.2) 
we have

/ ||t0 +入% 께2 一 ||叫 刼|2
f(u, z) < --------- Tk一-- for all u E X,

zA
which gives /(zz, z) < p_|_(w, z)(u) for A —> 0+ and all u E X, Putting 
(—”)instead of % we have /(w, z) > 一/)+(叫 z)(—zz)) = p-(w, z)(u) 
for all u E X. Therefore, we have the relation (3.1).
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By Theorem 3.1, we obtain the following:

Corollary 3.2. Let (X, |",*||) be a linear 2-normed space and f 
a non~zero bounded linear 2-functional on X x V(z) and a non-zero 
element w e X. Then w is a element of smoothness of X and it 
minimizes the functional Ffz if and only if

f (x,z) = p_|_(w,^)(x) for all x E X.
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