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FUZZY ALMOST PRECONTINUOUS MAPPINGS

G.I. Chae, S.S. Thakur and S. Singh

Abstract. The purpose of this paper is to introduce a new type 
of weakend fuzzy continuity called fuzzy almost precontinuous and 
investigate properties of it

1. Preliminaries

Let X be a set and I be the closed unit interval In 卩arfuzzy 
set /z £ X is defined to be a mapping 〃 • X -t I and we will denote 
it by /I G lx The fuzzy null set 0 and the fuzzy whole set 1 G Ix are 
fuzzy sets such that 0(x) = 0 and l(x) = 1 for all x G X, respectively. 
For a class E lx : a G A}, the union Vq£A入q and the intersection 
【\妇卜i are, respectively, defined by supa€A(A«} and infa^A{入◎}.

Let〉槌 卩, C T스. Then A is said to be contained in /z, denoted by 
A < /z, if A(x) < /z(x) for every x E X. The complement of A, denoted 
by 1 — A, is defined by (1 — A)(x) = 1 一 A(x) for each x E X. A fuzzy 
point xq of X is a fuzzy set in X which is taking the value 0 for all y 
E X except for x and taking /3 at x A fuzzy point xj of X is said to 
be contained in a fuzzy set A. denoted by E XAf (3 < A(x)

Definition 1.1.⑼ Let A, /z e Ix. Then
(1) A fuzzy point is said to be quasi-coincident with. A, denoted 

by 翊 Q 旗 if 月 + A(x) > 1,
(2) A is said to be quasi-coincident with 卩、denoted by A Q /z. if 

there exists a point x E X such that A(x) + 以工)> 1.
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Remark 1.1. It is shown in [9] that for any A,
(1) /z G Ix, A < /I if and only if A and 1 — /x are not quasi-coincident,
(2) 6 A if and only if xq is not quasi-coincident with 1 — A.

Let f : X —4 y be a mapping and let A € Ix, /z G Iy. Then /(A) G 
Ir such that /(入)(0) = 시。;) if 厂'(饥 丰 0 and 0, otherwise.
And 广"(〃)G Ix such that 广」(户)(z) = /z(/(x)) for all x E X.

We use in this paper the definition of fuzzy topology on a set X in 
the sense of [5], denote it by 丁(X), and the ordered pair (X, t(X)) 
is called a fuzzy topological space (fts, for short). “ € 丁(X) is called 
fuzzy open in X and the complement (1 — //) is called fuzzy closed in 
X・

Definition 1.2.
(1) Int(A) = V{〃 : M < A, G 丁(X)} is called the interior- of A.
(2) C1(A) = /\{/z : A < /z, (1 ―0) € t(X)} is called the dosure of 

A.

Let (X,t(X)) be an fts. Then n E Ix is called a (^-neighborhood 
(shortly, Q-nbd) of a fuzzy point 叫3 [이 (resp. pre Q-nbd ,^8. 12j) if 
there exists a p, E 7(X) (resp. A G FPO(X)) such that Q A < /z.

Definition 1.3. [1, 2, 10] Let x be an fts. Then A G Ix is said to 
be:

(1) fuzzy regular open if 入=Int(Cl(A)),
(2) fuzzy feebly open (= a-open )if A < Int(Cl(Int(A))).
(3) fuzzy preopen if A < Int(Cl(A)).
(4) fuzzy semi open if A < Cl(Int(A)),
(5) fuzzy regular closed if A = Cl(Int(A)),
(6) fuzzy feebly closed (三 a-closed )if Cl(Int(Cl(A))) < A,
(7) fuzzy preclosed if Cl(Int(A) < A,
(8) fuzzy semi cloesd if Int(Cl(A) < A.

In this paper, we will denote the family of all fuzzy open (resp. fuzzy 
regular open, fuzzy cy-open, fuzzy pre-open, fuzzy semi-open and fuzzy 
regular closed) sets in an fts X by t(X) (resp. FRO(X). FoO(X). 
FPO(X). FSO(X) and FRC(X)).
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REMARK 1.2. For an fts (X, 丁(X)), the following holds-
FRO(X) C 丁(X) C FaO(X) C FPO(X) (or, FSO(X))

Definition 1.4. [1, 2, 5, 10, 12] Let A G Ix. Then
(1) alnt(A) = V3 ： < A, /z G FqO(X)} is called the 사，-interior

of A (feeble interior /Int(A)),
(2) pInt(A) = V{卩：卩 W 人，〃 € FPO(X)} is called the preinterior 

of A,
(3) slnt(A) = V{0 :卩，M卩沱 FSO(X)} is called the semi interior 

of A,
(4) aCl(A) = A(^ : A < /z, (1 — w) G FaO(X)} is called cv-closure 

of A (feeble closure /Cl(人)).

(5) (4) pCl(A) = /\{〃 ：〉、J % (1 — d) C FPO(X)} is called 
preclosure of A.

(6) sCl(A) = /\(/z :人 M (1 — 0)£ FSO(X)} is called semi 
closure of A.

Remark 1 3. Let A, // g Ix. Then
(1) A G FPO(X) if and only if for every fuzzy points “ € 人，there 

exists 3 G FPO(X) such that xq E 8 < X [11],
(2) A G FPO(X) if and only if A — pint (A) [12],
(3) 1 — A G FPO(X) if and only if A = pCl(A) [12].

Definition 1 5. [1, 2, 4, 5, 8. 10, 11] A mapping f ： X Y is 
said to be:

(1) fuzzy continuous if /-1(A) G 丁(X) for each A G r(Y)
(2) fuzzy feebly continuous (fuzzy 사-continuous, fuzzy strongly semi 

continuous ) if 了一】(人)G FqO(X) for each A G t(K).
(3) fuzzy precontinuous if G FPO(X) for each A e t(F).
(4) fuzzy M-precontinuous (fuzzy pre-irresolute) if f 一1 (入)G FPO(X) 

for each A E FPO(Y),
(5) fuzzy almost continuous if 广」(人)G 丁(X) for each A G FRO(K).

REMARK 1.4. In the above Definition 1.5.
(1) fuzzy M-precontinuity of [7] and fuzzy pre-irresoluteness of [8] 

are the same mappings on any fts, and



164 G.I. CHAE, S.S. THAKUR AND S. SINGH

(2) fuzzy feeble continuity of [2] and fuzzy strcm믾y semicontinuity 
of [10] are also the same mappings and in [4] it was also renamed 
by fuzzy ^-continuity. So, from now on, we will call it a fuzzy 
Q-continuous mapping.

2. Fuzzy almost precontinuous mappings

Definition 2.1. Let X and Y be fts's. A mapping f ： X
Y is said to be fuzzy almost precontinuous (written as f,a.p.C.) 
if 尸(入)G FPO(X) for each A e FRO(M).

Remark 2.1. Every fuzzy precontinuous and fuzzy almost continu
ous mapping are f.a.p.C. But the converses may not be true, as shown 
by the following examples.

Example 2.1. Let X = {a, &}, Y = (x, y} and let A e /x £ Ir 
such that A(a) = 0.4, A(6) = 0.3, and 卩，成)=0.5, _/x(y) = Q.6, and let 
丁(X) = (0, A, 1} and t(Y) = {0, 国 1). Define / : (X, 丁(X)) -스 (匕 

T(y)) by /(a) = x and J(5) = y. Then f is fta.p.Ct. but not fuzzy 
precontinuous

Example 2.2. Let X = (a, b}, Y — (x, y} and let A G Ix, /z G 
Iy such that A(a) = 0.5, A(6) = 0.4, and fi(x) = 0.4.卩，(饥=0.4, and 
let 丁(X、) = {。，A, 1} and 丁(丫)= {0,仏 1)- Define g : (X. 丁(X))— 
(Y, ‘厂(丫))by g(0) = x and g(b) = y. Then g is f,a.p.C.. but not fuzzy 
almost continuous.

In general, the composition of /.a.p.C. mappings may be not f.a.p.C.. 
as shown by the following.

Example 2.3. Let f : (X. 丁(X)) (K, t(V)) be the mapping 
defined in Example 2.1, then f is f.a.p.C. Let Z = (v, w} and r/ 6 
IZ such that r)(x) = 0.4, T)(y) = 0.4 and let 丁(Z) = (0, 77, 1}. Define 
g ： (匸 丁Q”)) 一소 (Z, 丁(zj) by g(x) = v and g(g) = w. 모hen g is 
also /.a.p.C. However, the composition go f ： (X, 丁(X)) — (Z, 丁(Z)) 
is not /.a.p.C., because Int(Cl((g o 广广(히')')) < (g o and thus
(g 0 /) 一 '(”)哒 FPO(X) for rj C FRO(Z). Note that / is not fuzzy 
precontinuous.
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THEOREM 2.1. Let f : X Y 姑 fuzzy precontmuous and g : Y 
Z is f.a.p.C., then g。f : X t Z gs f.a,p.C.

PROOF. Let A € FRO(Z). Then g~"(人)e t(X), because g is 
f.a.p.C. Since f is fuzzy precontinuous, /~1(^~1(A)) = (g ° /)~1(A) 
G FPO(X). Hence g。/ is f.a.p.C. '

THEOREM 2.2. Let f : X Y is fuzzy M-precontmuous and g :
Y Z is /.a.p.C., then g。f : X -스 Z is f.a.p.C

PROOF. Let A € FRO(Z), then 6 FPO(r). Thus 广“((厂】 (시) 

=0。f (入)£ FPO(X). Thus g。/ is f a.p.C.

THEOREM 2.3. Let f be a mapping front an fts X to an fts Y, then 
the folloromg are equivalent:

⑴ f is f.a.p.C.
(2) (1 一 L(" e FPO(X) for each 卩，€ FRC(Y).
(3) for each A G t(Y).
(4) pCl(f~^Cl(IntM))) < 厂以丿 for each 口 一仞 C t(Y).
(5) for each fuzzy pomt of X and p, G FRO(Y) containing

there exists X £ FRO(X) such that E X and A <
(6) for each fuzzy pomt xq of X and 卩，G FRO(Y) containing

there exists X £ FPO(X) such that xg G X and /(A) < /z.
(7) for each fuzzy pomt xp of X and // E FRO(Y) with /(x^) Q 

口，there exists A G FPO(X) such that Q X and /(A) < 卩.
(8) for each fuzzy pomt of X and q e FRO(Y) with f(由)Q f奶 

there exists X G FPO(X) such that 0柘 Q 入 and X < 厂'

PROOF. (1) (2). The proofs are obvious.
(1)二》(3). Let A E t(K), then A < Int(cl(A)) and hence /-1(A) < 

fT(mt(Cl(入))). From [1. Theorem~5.6-(b)^ Int(Cl(A)) e FROS。 

Thus (入))) g FPO(X) since f is f.a p.C. So. 广一】(시 <

/-1(Int(cl(A))) = pInt(/-1(Int(Cl(A)))) from Remark 1.3.
(3) => (1). Let A G FRO(V), then /一、(入)< plnt(fT(Int(Cl。)))) 

=by (3). So /-1(A) = pInt(/-1(A)). Hence 厂'(人)G 
FPO(X).
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(2) n (4)： Let (1 — /z) E r(y), then Cl(“)=卩，.Thus Cl(Int(/z))
< n and so /■_1(Cl(Int(^z))) < 厂'(卩).From ［1, Theorem 5.6-(a)j, 
Cl(Int(/z)) G FRC(K). So (1 -厂】(Clh曲)6 FPO(X) by (2). Thus 
〃Cl(/T(ClIn也))=/T(cimt(“))< 厂

(4) n(2): Let〃cFRC(Y),thenpCl(fT(G) = "Cl(fT(Cimt(G)) < 
了一'(卩、)・ Thus pCl(/-1(/z))=厂'(“)・ So (1-厂HQ) € FPO(X).

(1) 二추 (5): Let x(3 be a fuzzy point of X and /z G FRO(Y) with 
/(xa) E /x. Putting A = f~1 (/i), then by ⑴ A e FPO(X), G A and 
拦尸(〃). ’.

(5) n (6). Let be a fuzzy point of X and 卩 € FRO(K) containing 
/(X/3). Then by (5) there exists A G FPO(X) such that & X and A
< So 知 G A, /(A) < 了(广MG) <

(6) 二추 (1)： Let 卩 G FRO(丫) and let 知 be a fuzzy point of X such
that x(3 € Then /(【以)G f (/-1(/x)) < 卩,So by (6) there exists
A G FPO(X) such that xp E X and /(A) < /z, that is, G A <
Thus by Ramark L3-(L),厂'Qj) E EPO(A^). So f is 了qpC

(1) 二> (7): Let be a fuzzy point of X and 卩，G FRO(K) such that 
f{xp} Q 阳 Then 厂'(尙 G FPO(X) by (1) and x° Q 厂丄(心 Taking 
A = 厂 1(〃)，then A G FPO(X), 跄 Q 人 and /(시 =

(7) =) (8): Let be a fuzzy point of X and 卩 G FRO(V) such that 
/(x^) Q /z, then by (7) there exists A C FPO(X) such that 짜j Q 入 and 
/［시 M 卩，. Thus we have A < /-1(/(A)) < 厂以).

(8) n (1): Let 卩 g FRO(y). To show 尸［卩)e FPO(X) we use 
Remark 1.3-(1). let xp be a fuzzy point of X such that G
Then f(x^) e /z. Choosing the fuzzy point 叩项)，then Q 件
So by (8) there exists 5 € FPO(X) such that %i_j)Q 6 and f(8) <

Now Q 8 implies that 归(1_©)(3：)十 A(x) = 1 一 0 十 卩，(e) >
1. It follows that € A < /~x(^). So by Remark 1.3-(1). /-1 (//) G 
FPO(X). Thus f is /.a.p.C.

Definition 2.2. ［이 An fts X said to be fuzzy semi regular if for 
each A € 丁(X) and for each fuzzy point x(j of X with x卩 Q A, there 
exists 卩，€ 了(X) such that 知 Q 以 and 卩，< Int(Cl(/z)) < A.

THEOREM 2.4. Let f : X Y be a mapping from an fts X to a 
fuzzy semi regular space Y, then f is f.a p.C.s if and only if f 姑 fuzzy 
precontmuous.
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PROOF. Necessity: Let be a fuzzy point of X and A G r(F) 
such that /(X/3) Q A. Since Y is fuzzy semi regular, there exists 卩，€ 
t(K) such that Q 卩，and 仇 < Int(Cl(/i)) < A. Since Int(Cl(/z)) 
G FRO(M) and f is f a,p.C , by Theorem 2.3-(7) there exists /妇 G 
FPO(X) such that Q /妇 and /(^i) < Int(Cl(/i)). Thus 所 G 
FPO〔X) such that 如 Q 〃 and f (/妇)< A. So by [11, Theorem 3.4| f 
is fuzzy precontinuous.

Sufficiency is obvious and is thus omitted.

THEOREM 2.5. Let f be a mapping from an fts X to an jts Y. If 
the graph mapping G f : X X xY of f is f.a.p.C., then f ts f.a.p.C.

Proof Let 〃 e FRO(y). 나LS = 1 A = (G/)-1(l 
x 卩).Since 1 x // = 1 x Int(Cl(/z)) = Int(l x Cl(^)) = Int(Cl(l x 
从))，1 x /z € FRO(X x 丫). Since G§ is f.a.p.C.. /-1(/z) = (G^)-1(l 
x /i) G FPO(X) Hence f is f,a.p C.

F匚om the above. We have the following implication diagram*

f m p.C
U

f.a.C. n /.p.C n f.a.p.C.

f.C 二》 f.a.C.

where f.m.p,C . f.a.C., /.p.G., f.a p C , f.C. and f.a.C. denote fuzzy 
M-precontinuous [7. 8], fuzzy ^-continuous 이, fuzzy precontinu
ous [10], fuzzy almost precontinuous, fuzzy continuous [51 and fuzzy 
almost continuous [1：.
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