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ON THE FINITE DIFFERENCE OPERATOR 血(")

Gyungsoo Woo, Mi-Na Lee and Tae Young Seo

Abstract. In this woik, we cunt>iuer a finite difference operator L'j^ 

corresponding to

Lu := ~(uxx + iiyy) in Q, u — 0 on dQ,

in Sh2 !. We derive 나le relation between the absolute value of the 

bilinear form 2^2 (u, on Shz 1 x Sh2 】and Sobolev noinib.

1. Introduction and preliminaries

Let Q, ~ I x I. where I = [0, lj, and let h = -*、where TV is a 
nonzero positive integer. The knots are given by the points x? = ih(i = 
0,1,... , TV) and the zth- subinterval is denoted by lz :— ⑦—1J니(2 = 
1,2, ••-Let {§}銘]be the set of local Legendre- G auss [L G ] points 
(see [1]) such that & =也一1 + *. With &)= 0 and & 二二 L define 
as the space of continuous piecewise linear functions on the unit inter
val whose restriction on each subinterval = 0,1, • , N)
is linear satisfying the zero boundary conditions. The basis func
tions for Sh、\ are given by the usual hat functions {(眼}纭】satisfy
ing (眼(&)=義,> I = 0,1, • • • , N + 1. The two dimensional space 
S^i I is defined by the tensor product of two one-dimensional spaces
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S%,1 . The basis functions {%(#,;)/ = 1,2,…,N2} of ShzA are 
given by y):=《％(£)©&), 〃 = k + N(l — 1). We will denote 
aN °이 bN if there are two positive constants a, /3, independent of N、 
such that for all N, 0 < oiaN < bN < (iaN. Let {化}?、be such 
that uz :二 Z£(&), i = 1,2, * • • JV, where & is the local LG points 
in /. Then the one dimensional second order central finite difference 
operator corresponding to —?/' is given by

[LNH]k ：= R： {—쁠느 +十 U一) 四 一 쁘勺
h* + 眼一1 hk \hk hk~i / /妩一i

where hk := ^+1 一 肅(k = 0,1,- • , TV).

2. Main results

In this section we will compare the finite difference scheme defined 
in the spacecorrespondnig to

Lu := —(uxx + Uyy) in Q, = 0 on dCl.

with the usual Sobolev norm of u.
Let {?"}，=] be such that

膈丄=闻：=”(/%), % = (&,&),卩,=k 十 Q — 1)N、

where P件 is the local LG points in Q.
The finite difference operator corresponding to L on i can 

be written as

[L NZ 씨 k I * ~ --- ---- { 一 으*+侦 + ( -A-
」 力…裁hk ■ \hk

+ 2 ° (丄,
hi + hi \hf 十

Define the bilinear form on Sh2 X x as

N 
〃V2(% 少) ：= 九2 "〃V2씨砧 .

* _柘}

応丄_\ ]
源_

(2.1)
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Let, for Ui and 如 in C, define

/(* 外,2)：= + 二(02 — W)(而 一 ^1),

筋 hy
4 _ 1 4 _

g(01 足2)：= 妇如 + 7-(^2 一 *)(如一S西)
3^0 /妇 o

One can easily verify that

(2-2) Re(g(u，i,?」，2)) ~ f(*,班)，

|lm(g(*,u，2))| < C/(wi,«2),

where C is a positive constant.
Note that the bilinear form 1^2 (u,v) defined in (2.1) can be written 

as, using the changes of indices and boundary conditions,

(2-3)
v)

=h 奂血"2。) + £ Sfi，严 

7=1 z=2 "

十 g(—~~UN-1,))]
亠h立皿心2)+ £

z~l J=2 '

亠 g(—S N、—Uz)yv-l)j

For the continuity, we need a simple lemma.

LEMMA If f is a, linear function on 0, 이: then there are positive 
numbers C" = 1,2, such that

Cl /\("시 1 < 느으U(a)2+/0)2} 京方
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PROOF. Without of loss of generality, we may assume q = 0, b = 
h > 0. /(x)=成 + It suffices to show that there are = 1,2 such 
that C\B < A < C2B where

h 瘁
A = - {7?2+(CA + 끼 2} = ±-h3 + &仇 2 + rj2h 

厶 Zt

B = —h^ + 顷 h" + r)2h 
o

By a simple comparision, the first inequality is obvious with Ci ~ 1 
For the second inequality, usin흥 the inequality ab < 法서 + |*. we 
have

C‘2,B — A = — 云)&아" +(% - 1)莉仇2 + ((方 一 1)了「아&

.으 - 卜 쓰二顼" +(C2-1-0느5h.

We need to^find C2 > 0 with some positive 6 > 0 with

Now it is easy to find C2 > 0 with | < e < 2.

THEOREM. For %7丿 E S*」, there is a positive constant C.\, inde
pendent of h9 such that

(2.4) I 編(偽。)| W6II 이 11 血 111.

PROOF. We have, from (2.3).

I 匕W(?")|

V 疙"L"2〃)| + 关 5" 썯严&一" 

j=l z=2 以

十 |g(T〃v。，一

十茂［|血"心)I十 £ I細+】一%%1队1一"시

F J=2 丿

+ |g(—物"v,—偽
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By (2.2), we have |g(7妇，庭)| < where C is an absolute
positive constant. Therefore, using 사고e fact u E Sg and the boundary 
condition, we have

\(N2(U,V)\

""，"待）
N

<^£{

I 収•，&）|2血 |妃.,&)|2血

政7十]-|2 I }

1
2

N
=。疙

丿=1

1

*Ch£ l%(G, )1'시？/) I 52 / 1%(&,・)1翎

Z = 1 ) \j = Q '足
N / } 丄 ] 1

=以£ (/ 血)(/ |&(.，6)|2血

十 Ch£"L 也W(")|2伽)(/ |%(&, )|2

1

1 
2

If we use Cauchy Schwarz inequality, the boundary condition, and 
Lemma, we have

lAvH?顷丿)| < dh

l，u,y (C'

1
|廿，3（•，&）|2 衫 W）|2 血

1 

阮（£，・）片시

1
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f 足+ I缶+ 血 

+ d, ( [ m — -)|2 + ・)|2]曲

< C{\\UX\\2 + I|缶||2}§{||% ||2 + |k||2}l < 이I이IM이

where C is a constant.
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