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ON THE FINITE DIFFERENCE OPERATOR (y:(u,v)

GYUNGSO0O W00, MI-NA LEE AND TAE YOUNG SEO
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ABSTRACT. In this woik, we consider o {inite difference operator L,
corresponding to

L= ~{tgy + Uyy) in €}, u=0 on d

in Sy . We derive the relation between the absolute value of the
bilinear form {2 {u, v) on S,z 1 x 82 and Sobolev {1 notnus.

1. Introduction and preliminaries

Let  := I x I. where | = [0,1], and let b = 37, where N is a
nonzero positive integer. The knots are given by the points 1, = th(z =
0,1,...,N) and the 2**- subinterval is denoted by [, 1= uw,_1,2,i(2 =
1,2,--- ,N). Let {&} | be the set of local Legendre-Gauss{LG] points
(see [1]) such that &, = x,_, +%. With o = 0 and n..( = 1, define Si 3
as the space of continuous piecewise linear functions on the unit inter-
val whose restriction on each subinterval [¢,,&-1:.(» = 0.1, -, N)
is linear satisfying the zero boundary conditions. The basis func-
tions for Sp; are given by the usual hat functions {¢x}l., satisfy-
ing ¢x(&) = Sy, I = 0.1,--- N + 1. The two dimensional space
Sh: ) is defined by the tensor product of two one-dimensional spaces
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Sk, . The basis functions {®,(z,y),x = 1,2,---, N?} of Sy, are
given by ®,(x,y) := ¢e(x)i(y), # = k + N{I — 1). We will denote
an ~ by if there are two positive constants «, 3, independent of N,
such that for all N, 0 < aay < by < fay. Let {t.‘:z}:i1 be such
that  u, ;== wu(£), ¢=1,2,---,N, where, is the local LG points
in I. Then the one dimensional second order central finite difference
operator corresponding to —" is given by

. \ 2 Uk+1 1 1 Uk -1
|L ragly = — —_— —
e = e T e (hk T hH) e Gy

where hp := §yy — &, (K =0,1,- -, N).

2. Main results

In this section we will compare the finite difference scheme defined
in the space 5, correspomding to

L= —(uze +uyy) in Q, =0 on 9.
with the usuaEI Sobolev H! norm of .
Let {u,}/”, be such that
uk,l':u,u. = u(Pp)’ Pp=(§ka€i)a #=k+(l*1)N~

where P, is the local LG points in .

The finite difference operator L. corresponding to L on Sp: ; can
be written as

¢ > 2 Upr1.2 1 1 Uk —1.1
ILn2ujpy : = —— | — Up g — :
: b + hg 1 { g hi  hr_—q kot b

" 2 { Ykl 1 1 " “k,l—l}
_ i _
hy + hiy hy h " hio) YT T

Define the bilinear form on Sk X Spey as

N
(2.1) In:(u,0) = h* Y (Lt ;.
2,2 =1
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Let, for u; and uq in C, define

§ (e uz) o= hioulv—l + hl—l(ug ) (@ — ),
o1, 10) = i + (= )G — 570)
One can easily verify that
(2.2) Re(g(ui,ug)) «~ f(ur, ug),

[Im{g{uy, us))l < C fur, u2),

where (' is a positive constant.
Note that the bilinear form Iy (u,v) defined in (2.1) can be written
as, using the changes of indices and boundary conditions,

(2.3)
En (e, v)
N N-2 B )
= h Z'rg('“l 7 U2 ) - Z (u"’ 17— “‘z‘y)('l,’z w13 — 1:,‘})
L 41,7 42,2
3= 1 —2 h'z

T y(-un,, ~un-1,)]

N N-2 B _
-+ hZ[y(?! 1, U 2) + E (U'hj'i'l - Uz,y)(vw_,_l — U‘l.J)
e by g,
2.0 1 122

he

- Q(—“'Uz N _uz,N—l)}

For the continuity, we need a simple lemma.

LEMMA If f s a hnear function on [a,b], then there are posibive
numbers C,,1 = 1,2, such that

b b
h / F)da < b ; u{f (@) + fY?Y<Co | flu Yoda.
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PROOF. Without of loss of generality, we may assume ¢ = 0,6 =
h > 0. f(z) = Ex + 1. It suffices to show that there are C,,2 = 1.2 such
that C1 B < A < (3 B where

2
A= g{n2+(€h+n)2} = §2—h3 + &nh? + 1k
_ £ 4 2 2

By a simple comparision, the first inequality is obvious with Cy = 1
For the secand inequality, using the ineguality ab < 21_5“2 -+ %bz. we
have

CoB ~ A = (% - %)5%3 +(Cy — 1)enh? + (Ca — Vh
C: 1 C-1 (G- 1)

> _ 213 _ 2y
> ( 3 T3 T YR® +(Cy — 1 5 )n*h
We need tofind 5 > 0 with some positive ¢ > 0 with
1 1 1 1 € €
Co(z ——)—=+=—> - =)= = >0
2(3 26) 2+26_0and02(1 2) 1~1—2_0

Now it is easy to find Cy > 0 with % <e<2

THEOREM. For u,v € Sp2y, there is a positive constan! Cy, inde-
pendent of h, such that

(2.4) [€n2 (2, v)| < Callufliiv]h-
PROOF. We have. from (2.3).
| €y (u,v)]

Al P — |u,+13~u”||27”1]—~5”
<hY lglus,,ug )l + Y R L
pr = h,

+ lg{—uny, ~un-1,)|]

N N-2 - —
4+ }LZHQ(U "’ 2)1 - Z 'uz.3+] - U’z,}””h_}--l — Uy
g 1y Ug, :

+ g{—ta, vy —t0 N1 )]



ON THE FINITE DIFFERENCE OPERATOR Iy, (u, ) 101

By (2.2), we have |g(u1,u2)] < Cf(uy,uz) where  is an absolute

positive constant. Therefore, using the fact v € S, ; and the boundary
condition. we have

[€n2 (u, V)|
N N o /N ! 3
<Ch Z{ Z E‘luzﬂ,] - uz,112> Z . [Tor1,y — Byl ) }
=1 \72=0 " =0
e v %
+ Ch Z{ kz h_lum*rl - uwlz Z ™ [Uig+1 — G 3| ¥
=1\ =0""7 y=0""

=
ol

Z/Em ]aa:(u&,)lzdx) (EN: /)quH \'Ucr(né;,)l'zd;rj

P i 4
\ &I /

1

EJ‘rl : N 5‘1“1
Z T et Pan ) (30 [ e
J:O 7

/ o (- €7Id~c> (/Ollvg.(«,e,nzdwf
+ c;,,; ( / oy 6, -)1‘24:«) (/ e n%yf .

If we use Cauchy Schwarz inequality. the boundary condition. and
Lemma, we have

ol

1

I

o

:—
/‘“‘\/‘"\/’\

N 1 2

N 1
|€p2 (e, )} < dh Z/ tu_,,(-,f,)[?’dw Z lzJ,(-,E,)tzdw
;170

1Jo

N 1 % N 1 . %
~dh <Z/0 |1y (&, )lzdy> (Z/O [y (é,:-)fz(ly)
2= 1 =1
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(e

<d / Z [t (&)1 + fua (1 641 2l

/ Z-llvz( ) a6yl
i (u[ Z@ ]?iy(ﬁz, )|2+Iuv(§z41> )l }dy

/ I'Uy & )lz + vy (&or1. )‘zde

SC(/uZ)Z(/v3>2+C</u§> (/w)
\JQ 0 Q Q

< C{llual)? + [y 1123 {{|va 1 + oy 12

[

i,

where ' is a constant.
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