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ANOTHER TRANSFORMATION OF THE 
GENERALIZED HYPERGEOME모RIC SERIES

Young Joon Cho, Keumsik Lee, 
Tae Young Seo and Junesang Choi

Abstract Bose and Mitia obtained certain interebting taribfoiuid- 

tions of the genet ahzed hypergeornetiic sei ies by using some known 

suinmation formulas and employing suitable contour integiations m 

complex function theory. The authors aim at providing anothei tians- 

iorniatiDn of the generalized hypergeometric senes by making u쥭目-af 

the technique as those of Bose and Mitra and a known summation 

formula, which Bose and Mitra did not use, for the Gaussian hyper

geometric series

1. Introduction and Preliminaries
The Pochhammer symbol (a)n =「钦萨(「denotes the familiar 

Gamma function) is used in this study as is the generalized hypergeo
metric function
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in which any values of parameters (throughout this paper) leading to 
results which do not make sense are tacitly excluded.

For a detailed exposition of the properties of the generalized hy
pergeometric function (1.1), see (for example) Rainville [41 and Slater 
[51.

The following summation formulas are well known:

F Q、 1 + 2。’ c、 d，, €■ ；
\ ' 4 1 + ci — c, 1 + a — d, 1 ci — € ;

' _ + Q —+ a _ 十 a — e)「(l + Q —d — e).
r(l + a)r(l + a — c — d)r(l + a — c — e)T(l + a — — e)5

F Q、1 十 2 _ ]
l+a — c, 1 + q — cZ.;

'3 _ r(l + a — c)r(l + a — d)
=FQ +p)F(l 十 q —c 二d)；

冃 Q, b> c ; 1
3 2 1 + a — 6, 1 + a — c ;

') r(i 十 ^a)r(i + a — 6)r(i 十 CL — c)r(l 十寿q — b 一 c) 

r(i + tt)r(i + — b)r(i + *a，一 c)r(i + q — b 一 c)

a, b, c;
*(a + b+l), 2c;

「(*)「(* 十 c)「G + + |6)r(| - + c)

3形
（L5）

「（* + 珈）「（* + 抑「（* 一 + c）「G —扣 十。）

(1.6) L「 ， 1 r（c）r（c -a-b）2刊[a，b； c：l] =（島1

Mitra [3] and Bose [2] used the formulas (1.2)〜(1.6) to get some 
transformations of the generalized hypergeometric series by employing 
suitable contour integrations in complex function theory. Here the 
authors aim at giving another additional transformation of 尸％ by using 
the same technique of Bose [2] and Mitra [3] and another summation 
formula which was not used by the afore-cited works of Bose and Mitra.
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2. A Transformation formula
Besides the summation formulas listed in Section 1, there is another 

well-known summation identity:

b ; _ T(1 시- C" g(§)
] + a _ b :- J 2叮 (* +物「(으—片丄 1)' 

which is due to Kummer [4, p.68].
Multiplying both sides of (2.1) by 寿f 쁵j, we, after slight re

arrangement. find that

(2.1) 2Fi

2叮(* + M)「(응 — b十 1)

oo

r=0

「0 + 尸）「也一”（一1）， 

r（r + i）r（i 十◎ 一 b 十"）

which, upon setting b = —s and 1 I a
2十2 =Pl^ yields

(2-2)
「(—s) _ 2眾-项(仞)小「(2内—1 + 件)「(—s 丄 r)(—1)「

r(Pi + * + s广 r(i)r(2P1-i)J —r(r + i)r(2P1 + r - 5)一

If we multiply both side of (2.2) by

1 I、(CY1 十 S)「(Q，2 + .5)•…I、(CYp + S)(-Z)‘ 

27" r(p2 + s) •…T(Pq 丄 s)

we get

1 「(—s)I、(％ + s)…r(ap + s)(-x)A
2双「31 + * 十 S)I、(P2 + S)- • I、(/Oq 十 s)

=_1_ 2STP0)年、「(S —1 十「)

_ 湄'r(|)r(2P1-i)^ r(r^i)

r(—6 ~r r)(—l)r r(cvj ~t s) ••「(시手 十 s)(—£)' 
r(2/>i + r 4- . r(/?2 + …^(.Pq +(s)
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Let us integrate both sides of (2,3) with respect to s along a contour 
Cn which encloses only (TV 十 1) poles of T(—s) but none of the other 
poles of the integrands, so that 択(사板) > 0. Indeed, the contour Cn 花 

taken to be a trian읺e (obtained by joining the point N -느 e on the real 
axis where 0 < e < 1, to two points on the imaginary axis equidistant 
from the origin) except for a semicircular loop round the origin so as 
to include the origin.

In the limit when N 8 (through positive integral values), Cn 
becomes C, a contour which consists of two infinite lines starting par
allel to the positive real axis from two points on the imaginary axis 
(equidistant from the origin) and the finite portion of the imaginary 
axis between them.

Now using the well-known asymptotic formula for T:

(2.4) 十 사‘

r(a + s) 2 exp [ (s

where oo ; | arg(s)| < yr — 6 ; | arg((s + cv)| < 7T — e for 0 < 6 < 7T.
It is not difficult to find that (cf. Bose [2]; see also Rainville [4, pp. 

94-102]) the general term of the summation part on the left-hand side 
of (2.3) tends to zero exponentially as 3?(s) —> oo along C provided 
that 

(2.5) x Q C when p — q — 1 <0; |씨 V 0 when 卩 一 q — 1 = 0.

This argument shows that the order of integration and summation 
may be interchanged even when the range of integration is infinite.

We thus obtain

(2.6)

PfA \

"1 十 2，P2, . . . , )

_ 2'2片叮、(内)宁、「(2仞 +

_ r(i)r(2P1 _ 1)L rF+1)

] f 「(； _ (사:1 + s) P(Qp 十 $)(_%)"

2航 Jc r(2pi + 質 + «)r(p2 + s) •…r(pg + s) 1
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where

f , • • »_「(사1) * * * r(dp) 石,

P/q\Pl,P2,-.., Pq； X)二 %) - gP 七
j - -(사，

Pl' • • i Pq'
x

under the condition (2.5).
Regarding C to be the limit of Cn as mentioned above, with replaced 
5 by r -F i and integrated with respect to t, we find that 
(2-7)

f ( 顷，...，Qp : ') = 2羽-叮、(/31)
p q l仞十 *, P2, , pq ； XJ ~ r(j)r(2^ -1)

E8「(2pi — 1 十質)( a】+ 厂，a2 + 匚• •…Qp + 質： A 
r=u 「(尸 亠 1) p 이 [2所 +2匚 Q2 十 C . . . , % + 尸; '丿

under the condition (2.5).
The convergence of the right-hand side of (2 7) can readily be justified 
as in [2]. In fact, the absolute value of the general term in (2.7) is less 
than the absolute value of the general term of a hypergeometric series 
of the form with argument x/4, which evidently converges
absolutely for all x when p — q — 1 < 0 or for \x\ < 1 when p — q — 1 — 0.

The restriction on the &s may be removed by analytic continuation.
Now (2.7) also holds for |x| = 1 when p — q — 1 — 0, which can be 

proved by appealing to AbeFs theorem on continuity of power series 
by first proving that both sides of (2.7) converge when \x\ — 1

It is also not difficult to 아low that both sides of (2.7) converge for 
x — 1 provided

>0,

and similarly for x — —1 provided 

3? Pi + Pi +
3 VL盘

1=1

> 0
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When p > q + 1. the left-hand, side of （2.7） is divergent imless either 
x = 0 or one of the is a negative integer.

We have considered the convergence of （2.7） for the case when p = 

g + L
The special case of （2.7） when x = 1, p — 1 = 2 = g, pi = 013, and 

P2 = +a2 十 1）, with the aid of Watson's Theorem （1.5）, becomes

] r（ai）r（^）r（Pl）
Pi + z, 5（ai +。2 + 1）； 矽0 + *）「G + 을~ + 끗）

厶 厶 .

2^-ir（p1）^r（2p1-l + r） 
「（羽 T） ；스 「（r + 1）

「（*+仞+r）I、（* 十号十号+r）

「仕 十응l +歸）「隹 + 号十 頌）

_______________ 「（* — 끌 十 腎 十 仞）「01 + "「（皿 一 質）「（仞 十 3

一 导 十 内 十 成）丁（* 一 靜 十们 十 額）「（叩1 + 由）「（* + 응l 十 号 十 〃

which, upon dividing r into even and odd parts, yields

oil, a2, pi；

3F2 I I 1
（2.8） "1 + 5, 3（。1+曲 + 1）；

」 厶 厶

'「侦 + 쯧 + 쯔）— 뜨 一 号 +所） ' （街,。2； 仞,。2）, 

where, for convenience,

f （ai,O!2；Pl,P2）

______________________ 1
r、G 十 쓸）「G 十 譽 ）「（* 一 号 + 仞）「（* 一參十仞）

1 % 。2 ~
P\ 一矿 内，■'頌， 二厂；

5 …Z 2 2 1
1 1 1 «2I"，2_T + P15 2~T+P1；.
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________________________ (2pi - l)o：ia：2

4「(1 十 쯩)「(1 + 腎)「(1 — 粉 十 仞)「(1 — 豎 + Qi)
' 1 Oil 1 «2 , 1
PL亍所，有十万，有+寸］

4^3 3 、 也， 、 叫
5，1 —5一 + 仞，1 —T pi；

■ 厶 厶 厶 -

the two 4]% being well-poised, and terminating when pi is a negative 
integer
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