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ON THE INTERSECTION OF TWO TORUS KNOTS

Sang Youl Lee and Yongdo Lim

Abstract We show that the intersection of two standard toius knots 

of type (Ai, A2) and (/?i, /?2)induces an automorphism of the cyclic 

group where d is the intersection number of the two torus knots 

and give an elemental y pi oof of the fact that all non-trivial torus knots 

are stron이y inveitiable knots We also 아low that the intersection of 

two standard knots on the 3-torus Sl x S1 x S1 induces an isomorphism 

of cyclic groups.

1. Introduction

Throughout this paper, we shall denote the set of all integers by Z 

and the cyclic group of order d by = {0,1, •- , d — 1}. For any two 

integers p and 7, by (p, g) — 1 we shall mean that p and q are relatively 

prime integers.

Let S3 = {(z, w) G C2 \ I끼2 + jw|2 = 2} be the 3-sphere in the com

plex 2-space C2. A simple closed curve embedded into S3 is called a 

knot and the torus knots are simple closed curves embedded on the 
standard torus T2 = S1 x S1 ~ G S3 | |히 = |w| = 1).

For A = (Ai, A2) G Z x Z with (人 1, 人2) = 1, let 사乂 二二 {사、4。) = 

(ez2Alt, ez2X2t) G T2\t G [0, 찌} be a standard torus knot A torus knot 

is said to be of type (Ai,人2), denoted by T(Ai,入2) or simply T4, if it is
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homologous to the knot The torus knot T(Ai, A2) is said to be triv- 

ial(or unknotted) if either Aj = ±1 or 入2 = 土L Two non-trivial torus 

knots T(Ai, A2) and T(/3i,(丸)are of the same type if and only if (/3i,时 

is equal to one of (Ai, A2), (入2,，打), (一서, 入2), and (-Ai, -A2)|l].

In this paper, we show that the intersection of two standard torus 

knots of type (人 1,入2) and(J3「时 induces an automorphism of the 

cyclic group of order d = |人1。2 —入2岛|, the intersection number of 

7、(入 1,入2) with T(/3i, /?2), and give an elementary proof of the fact that 

all non-trivial torus knots are strongly invertiable knots(cf. [2]). We 

also show that the intersection of two standard knots on the 3-torus 
S1 x S1 x S1 induces an isomorphism of cyclic groups.

2. Intersection of two torus knots

Let A = (AAi,入人2) and B =(仞务用庚)with A,/3 > 0 and (入 1,入2)= 

«3侦&) = 1. Suppose that A 丰 B. Th旬 for i € [0, ?) and s E [0, g),

= cy (s) if and only if 入사其 一 仞弗s & 7「Z侬 = 1,2) if and only if 

there exist m,n E Z such that 

|02血 一 月1끼 rn 7T.

Ad

I人2m _ 人 1끼 TV
7「€ 1°' 时

where d = |Ai/32 一 人2丿S|.

LEMMA 2.1. Let (Al, A2) and (/31, /?2)be two pairs of relatively prime 

integers. 〃 人仍2—入281 > 0 (respectivelyf 私防一〉展1 V 0丿，then there 

exists a unique (m0,n0) e Z x Z such that

岛 一 riQpi = 1, (A2mo — Aino, Ai^2 —入2。1) = 1,

and 0 < 入— Aino < 入1丿62 ―入2$ (respectively, *血—〉槌\ < 

A2m0 一 A]Zio < 0丿.

PROOF. Replacing (/九，Q2) by (―炕，—盼 it suffices to show for the 

case Ai/?2 一〉展、> 0. Since = 1, we can choose m,n E Z such 

that m伉 ~n/3i = 1. Pick an integer k (unique) such that 如頒沒款 < 

k < 1 + 슸七쓰뽀" Then 人0 — 人2m，< k(X\(丸 — 入2。1) V 人1例 一 
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〉展1 + Ain —人2m. This implies that 0 < 人2（m — k/九）—Ai（n — k%、） < 

Ai/02 —入2月1 By setting mo = m — k/3i and no = n — kj3小 we have that 

mo/32 一 n0Z?i = 1.

Suppose that c is a common divisor of AaW-and 一〉에* ・ 

Then 人2〃却 — Aizzq = c人〉'订力 — X시3\ = cy for some rr, ?/ G Z. It then 

follows that 入2”10。2 — Aino/32 = cx02,Xil3"用 一入2月1九（）=cyn（）. By 

adding these two equations, we get A2（/?2W 一 /3ino） = c（x/?2 + yno）- 

Since ^tuq — girzo ~ 1, c is a divisor of 入2- Similarly by adding the 

two equations A2mo/3i — 杼1血 = cx/3i, Xi^mo 一 入2丿= cymo, 

we have that c is a divisor of X\. Since〉財's are relatively prime, c must 

be 土L Therefore （入2〃七（）一 X貞心 0丸—入201） = 1

Now suppose that mi^2 一 ？2161 = 1 and 0 < 人2了几 1 — Ai^i < 人182 — 

入2。1 Then （mi —m©% = （?妇—々o）/务.Since S and % are relatively 

prime, a\ 一 no = %I丄 for some 卩, C L Now since 0 < 又가血 一 < 

入 1例 一入2/务 for I — 0,1, it then follows that

—（入M2 — 入2/务）< 入2（m° — + Ai（ni — no） < 入仍2 —入2月1 -

Note that A2（7n0 — mJ + 一 n0） = &（人1场一人201） This implies 

that —1 < ^ < 1 and hence 卩,=0. Therefore, n-[ = n（）and =rn,（）

Theorem 2.2. Let A = （AbA2）血 B = «九，炀）be two pairs 

of relatively prime integers and let d =卩门風一入2庇| >。・ Then the 

standard torus knots Ta and Tb intersect at d- points, and there is an 
automorphism a : Zj —> Zj such that a々（뜨） = <也（히害） 伽 each 

k G也心

PROOF. Suppose that 人 102 —入2/九 —d > 0 By Lemma 2.1. there 

exist Hio, no G Z such 난lat — 二二 L （人2m（）— 入二二 

1, and 0 < 人2皿）一 Aino < d. Let a be the automorphism on Zj 

deh교ed by cr（l） = X^mQ 一〉財。・ For k G Zj, let（y（k） 二二 p. Then 
（Aamo —Aino）fe = p+qd for some g G Z. Set tk = |tt, Sk = = 히

Since阮m心一 0貞用=1,
7f

- j3\Sk = -[/cAi（/32771，0 一 0mo）-月1（人2772汹一人成成 一 qd）]
（Jj
7T

— 2 由（入102 ~ 入2炊） + 019이

7T
=—（kmo + （3\q）d E

CL
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Similarly, we have〉、出 一1丸이倉 = 与(n心k十q&2、)d G ttZ. Therefore (拍 sQ 

satisfies the equation (*) for the case that A = == 1. By observing

that a a and (xb intersect at most d- points, we conclude that these are 

all solutions of cvA(i) = Qb(s) for (i, s) E [0, tt) x

If〉0丸—人2/务 < 0, then the automorphism a is defined by <7(1)= 

d + (人2m()— Aino), where (mo,no) is the unique pair of the integers 

satisfying ^ttiq — Qe。= 1, Ai/32 —入2月i < Aamo — Aino < 0 and 

(入2丁& — Ain0,d) = 1.

Example 2.3 (1) Let A = (3〉5),B = (2,5). Then d ~ 5 and so 

the torus knots Ta and Tq intersect at 5 points and the corresponding 
automorphism cr : Z5 Z5 is given by (r(l) — 4 (mo = —1, no = —3).

(2) Let A = (3,4), B = (3, 5). Then 衫=3, <t(1) = 2 (mo = —1, no — 
-2).

(3) Let A = (7,9), B = (3, 5). Then d = 8, a(l) = 5(mo = —1, no = 

一2).

A knot K in S3 is said to be strongly invertible if there exists an 

orientation preserving involution of S3 such that the fixed points of the 

involution are exactly two points lie in the knot K.
Let J : S3 —> S3 be the orientation preserving involution of SA 

defined by w) = (—z, —w), where z denotes the complex conjugate 

of z. Then F%x(J) = G 53| J((z, w)) = (z, w)} = E
C2 \x,y e +y2 = 2} 으 S\ It is easy to see that the torus knot 

Ta of type A = W2) is invariant under J if and only if both Ai 

and 入2 are relatively prime odd integers. In this case, we have that 

Fzx(J) QTa = {0i), (—i, —i)} and Ta is a stron믾y invertible knot.

Now let A = (Ai,A2) and B = (K&z) be two pairs of relatively 

prime odd integers such that |入i/为一人2月1| = 2. Then it is clear that 

the intersection points of Ta and Tb are the points c匕4(。) = cv^(O)二 

(1,1) and 014(3)= 사方(爵) = (―1, 一 1). Define two simple closed curves

B) : [0, 찌 —* T2(fc = 1,2) by

Ti(AB)-
a洲）

（冗—t）

T2(A, B)=
（ 시如）

l。展）

0<t < f 

i < i < 7T,

W 응
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Then we have the following :

Theorem 2 4.
(1) B) is the strongly invertible torus knot of type (1서质시, '“云키 ).

(2) B) is the strongly invertible torus knot of type 스느시 , 1스능四 j

PROOF. Since Ta and Tb are invariant unde호 the involution J, one 

may easily see that B) and B) are invariant under the 

involution J. Note that Fix (J) A T2 = {(z,砂,(z,—砂,(—打)—"} 

and ax(号)=(务)=弓"，where X ~ A or B and 

티" 4 £ = 1,2). Thus Fix (J) Cl B) are two points lie

in Tjc(A” B) for each A* = 1, 2. Hence 7^(.4, B)(/c 二二 1, 2) is a strongly 
invertible knot

Now let p : C —T2 be the universal covering projection of T2 

defined by p(x 十 zy) = (ez2x, ez2y) for x, y G R The group of covering 

transformations of p is isomorphic to the group Z ® Z. For each pair 

(m, n) G Z ® Z, the map ta : C C defined by

ta(z)二二 z + 7ra, where a = m + tn E C,

is a covering transformation and so pta = p. It is well known that a 

torus knot represented by a loop K . [0, 찌 一스 T2 is of type (z/,, v) if 

and only if K lifts to a path K : C such that K(7r) 一 K(0)=
7T(tt + Z?丿)

By considering the lifts of 71(^4, B)(k = 1, 2) to the universal cover 
C of the torus T2 and using the covering transformations, it is not 

difficult to see that Ti (A, B) is the torus knot of type (卩느구시, *云크!) 

and 73(4 B) is the torus knot of type (、打簽丄 丄스尹시). This completes 

the proof.

Corollary 2.5. Every torus knots is strongly invertible.

PROOF Let A = (p, q) be an arbitrary given pair of relatively prime 

integers. If both p and q are odd integers, then we know already that 

the torus knot Ta is a strongly invertible knot. Thus we may assume 
that 卩(手 0) is even and q is odd By Theorem 2.4, it is sufficient to show 

that there exist two pairs of relatively prime odd integers B = (Ai,人2) 
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and C = (/31,/?2)such that either p = 炒京서」and q 二二 加成스' or 

p = 1커I?이 and q — ”크;시, To do this we present a method for 

finding the integers satisfying the required conditions.

Step L By Euclidean algorithm, find m and n such that pm — qn = 

1.

Step 2. Replace m and n by m! := + q and nf :— n + p m is

odd.

Step 3. Find an odd integer k such that mz — qk > — pk > 0.

Step 4. Set Ai :— nf — pk and 入2 ：= 〃矿 一 qk.

Step 5, Set 岛：=2p + Aj, % := 2q + 人小

One may easily check that Xz and /3t are odd integers for i = 1,2. 

This implies that the torus knot of type (p, q) can be represented by 

B) for some k which is a strongly invertible knot.

Example 2.6. (1) p = 2,q — 3：

(zn, n) = (—1, —1) 一스 二二 (rn + -「”) = (2,1)

-t (mz 一 qk, Th 一 pk) — (2 — 3知 1 — 2k)

—姦=—1

~누 (Ai、人2) 二二 S 一 pk. mf 一 qk) = (3,5)

—승 (场〃32)= (2〃사f i,2g4f 2) = (7」1).

(2) “ = & g 二二 3:

(m, n) = (2,5) —> (m\ n!} — (m, n) = (2,5)

一스 {m! — qk, nf — pk) — (2 — 3k, 5 — 8k)

—"=一1

1(入")=(13,5) 

一(爵炀)=(29」1).

3. Intersection of two standard knots in 이 x S" x Sl

Let A = (Ai，A2) A3),B =(當队时 € (Z*)3 = Z* x Z* x Z*, where 

z* — Z - {o}. Suppose that g.c.d.{Ai, A2, A3} = g.c.d. {目队历 ”63} = 1
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Then we have the following simple closed curves a力，: [0,7r)厂> 

T3 = S1 x S1 x 51, the 3-torus, defined by

g(t) = (#2人"，#2人气 人#),

林@)=(事2吃#2刼，次2卽)

Suppose that A 寸二 ±B in (Z*)3 For 1 < z < J < 3, let DtJ = Xtfi3 一 

A7/32. Then by hypothesis DZJ 丰 0 for some i 寸二 j. Without loss of the 

generality, we may assume that z = l,j = 2. Let A = g.c d.{人「入2}, Q = 
g.c.d.(/3i,/32} and let Af = (Ai, A2)=(入入，入人額)，一矽二二(M&2)二二 

(雄挪既' and d = |入，％ - Xf2(3{\. Since D12

THEOREM 3.1. There exist two subgroups H\ and H2 of Za<z and 

respectively, and an isomorphism (丁 ： — Hr such that the
two simple closed curves and as has \Hi\~mtersection pomts and 
任요(끘Q = 醬”) 伽 m C Hi

PROOF. Let(Jf be the automorphism of defined in the Theorem 

2.2 viewed as 4 =(財，，羽)，B 二二(J3\ 附.Then for t G [0, ?),s G ；0,号)， 

a々(t) 二二 a印 (s) if and only if t = 끘7「, s = 으器)冗 for some m € Zj 

In particular, for G [0, 7r), we have that c匕4，(t) = a印 (s) if 하id 

only if Z = 이뭇끄0 s = 쓰嗤卢흐'?「for some m C C 6 

Since c匕4(f) = 사住心) for 如 s C [0,7r) if and only if Qa，(Z) = 사a(s), 

and一岛$ G 7rZ. Thus there is a bijection from {(t,s) € ‘0/) x 

[0,7T)I。刀(8)= QB(S)} to

F := {(dk ― m, dkf + /(m)) e x | m G Zj, 

dk + m dkf 丄 af 
一两

Let Hi be the image of the first projection of F、that is,

Hl = {I e Z\d I 크 m G 而* e Za, P G

such that (、l = dk，+ m, dkf +(rf(w)) € F},

and let H2 be the image of the second projection of F. Since a is 

an automorphism of Zj, Hi and H2 are subgroups of Zaj and 

(771 ) e、
—G Z}
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respectively. The map a : Hi H2 defined by a(dk+m) = cW+o"(m) 
is an isomorphism satisfying 务7「) =(읳貝丸) for k G Hi.

COROLLARY 3.2. If the components A and B are all odd integers^ 

then the number of the intersection pomts of 倾th，are even.

PROOF. Since ＜匕4(专) = €紬(质), the group Hi contains 쓸 which is 

an element of order 2. Hence \Hi\ is divisible by 2.

Example 3.3.

(1) Let A = (6,10,15), B = (6,15,10). Then in our notation,

= 2(3、5), B1 = 3(2,5),人=2, /3 = 3, d = 5 and by Example 

2.3, cr'(l) = 4. One may check that (1,k)仔 F for any k E 易 15. 

If /r = 0, m — 2, and 人《=0 then (2,3) € F. Hence Hi = 

{0,2,4,6, 8}, H2 ={0, 3,6,9,12} and c「(2) 二 3.

(2) Let A = (7.9,15), B = (3,5,3) The교 4 = (7‘ 9), 疔 =

(3,5), d = 8 and。'⑴ =5 (入=丿6 = 1). It satisfies that 

15 끄 一 3 으 ?꾸)G Z for each 777 6 Zs. Hence the number of inter

section points of 사* with oib is 8.
(3) Let A = (6,8,7),B = (6.10,5). Then A7 = 2(3,4),可= 

2(3,5),d = 3 and。"(1)二 2 (入=Q = 2). One may deter

mine that (1,5) € F, and thus Hi = H2 으 而* a(l) = 5.
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