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A NOTE ON A THEOREM OF 
GROTHENDIECK IN CP-THEORY

Woo Chorl Hong and Seonhee Kweon

Abstract. We st니dy some properties of o^-spaces and show some suf- 
D이ent conditions that a space X satisfy the conclusion of the Grothen- 

dieck theorem.

1. Introduction

We restrict our attention to the space of all real-valued continu- 
ous functions on a Tychonoff space X with the topology of pointwise 
convergence. This space is denoted by C、(X).

A. Grothendieck proved in [4] that if X is countably compact and 
4 is countably compact in Cp(X). then the closure of A in Cp(X) is 
compact And this theorem was generalized by A. V. Arhangerskii ⑵. 
M. O. Asanov and N. V. Velichko [3] 이kd the authors 5

In this paper, we study some properties of oc/-spaces and 와〕。w suffi- 
cient conditions that a space X satisfies the conclusion of the Grothen
dieck theorem.

Throughout this paper, we assume that all spaces are Ty산lonoff 
spaces. Standard notations, not explained below, are the same as in 
[lj, [6； and [7],

Received December 7, 1999 Revised May 11, 2000

1991 Mathematics Subject Classification- 54C35, 54D20

Key 가voids and phrases: Pomtwise convergence, Function bpace, oc/-bpace; Weak 

functional tightness, Strongly functionally generator.

This work was supported by Pusan National University Rsai나i Grant, 1998.



58 WOO CHORL HONG AND SEONHEE KWEON

2. Results

Let R denote the real line with the usual topology and let us recall 
some definitions.

A subset ?! of a space X is bounded in X if /(A) is bounded in R 
for each f € CP(X). It is not difficult to prove that if a subset A of a 
space X is bounded, then the closure of A is also bounded in X.

A space X is an og~space [이 if for each bounded subset A of X, the 
closure of 丄 in X is compact. It is obvious that every compact space 
is an o^-space.

We know that if CP(X) is an o^-space, then X satisfies the conclu
sion of the Grothendieck theorem.

THEOREM 1. Every realcompact space is an og-space.

PROOF. Let X be a realcompact space. It is sufficient to prove that 
every bounded closed subset of X is compact. By ccmpartnes유 of X. 
there exists an index set A such that X is homeomorphic to a closed 
subspace of the product space where = R for each q e A
Let Abe a, bounded closed subset of X and let , X —> Ra denote the 
ath projection. Since each 腿 is a real-valued continuous function on 
X and A is bounded in X, is bounded in R, and so C " 
for some close d interval Za of R. Hence, A C ILkaJq. From the facts 
that A is closed in X and X is homeomorphic to a closed subspace 
of 风話殁，we have that A is homeomorphic to a closed subset V of

So, since A is homeomorphic to V and A G IL上

ciiu。(V) = 5卩』(【/)n = v a naEAi(x 二二 v\

i.e., V is closed in 瓦司丿叫 By compactness ofV is compact 
a고d thus A is compact.

We call a function f : X Y strictly continuous if for each 
subset A of X with \A\ < r, where 凶 denotes the cardinal of & 
there exists a continuous functions g : X Y such that g\^ = 
where /|a denotes 사le restriction function oi f on A The weak func
tional tightness(or R-tightness) of a space X [1|< denoted by 切군(X), 
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is the smallest infinite cardinal r such that every real-valued strictly 
r-continuous function on X is continuous

From Theorem 1. we have the following corollaries.

COROLLARY 2. If the weak functional tightness of CP(X) is count- 
able, then X is an og-space.

PROOF. Since 加군((爲(X)) is countable, by [1. II.4.17 Corollary and 
0.5.5.Corollary], CP(CP(X)) is realcompact and hence X is realcom- 
pact. Thus, by Theorem 1, X is an o^-space.

Corollary 3 丄 III.4.12.Theorem] and [2, Corollary 2.8]. 
If the weak functional tightness of a space X is countable, then Cp{X) 
is an og-space.

PROOF. By [1, II 4 17.Corollary], Cp(X) is realcompact. Hence, by 
Theorem 1. Cp(X) is an eg-space

REMARK. It is clear that for a separable space CP(X). the weak 
functional tightness of Cp(X) is countable Hence for a separable space 
Cp(X). X is an o^-space.

We say that a family Q of subspaces of a space X strongly function
ally generates X if for each real-valued discontinuous function f on X, 
there exists a member K of Q such that the function f\y : Y —>2? is 
discontinuous 'li

THEOREM 4. If X is a normal space, then Cp(X) is an og-space.

PROOF. Let y be a bounded closed subset of X and let / be a real- 
valued continuous function on Y. Since every closed subset of a normal 
space is C-embedded, f has a continuous extension on X. And since 
every bounded closed subset of a normal space is pseudocompact [1. 
III.4.4 Proposition] and normal, Y is countably compact. Hence, by [3j 
or [1, III.4.1.Theorem], we have that every bounded closed set in CP(Y) 
is compact Thus X is strongly functionally generated by 나xe family 
of bounded closed subsets Y of X such that every bounded closed set 
in Cp(Y) is compact Therefore, according to [1. Ill 4.14.Proposition,. 
CP{X} is an o(/-space.
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