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ON SUBMODULES INDUCING PRIME 
IDEALS OF ENDOMORPHISM RINGS

Soon-Sook Bae

Abstract In this paper, for any ring R with an identity, m oidei 
to study prime ideals of 나le endomorphism rmg of left
R—module rM, meet-prime submodules, prime radical, sum-prime 
submodules and the piime socle of a module are defined Some lela- 
tions of the prime radical, the prime socle of a module and the prime 
ladical of the endomorphism ring of a module are investigated It 
is revealed that meet-pnme(ar sum-prime) modules and semi-ineet- 
pnme(or semi-sum-prime) modules have their prime, senii-prinie en
domorphism rings, respectively.

0. Introduction

For an associative ring R and any left module rM. its endomor
phism ring Endfi(M) will act on the rj谊ht side of rM, in o나words. 
rMeticIr(m)will be studied mainly. Thus the composite of endomor
phisms preserves the order such that the composite jg : M — M of 
f : M — M and g : M — M defined by rnfg 二二for every 
m € M.

For any submodule N < rM, we have ideals:

(N : M) {r e R \ rM C N} < R

Anrifi(N) = (0 : N) = {r G H | rN = Q} < R
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of R and a left and a right ideals:

[N = {J e EndR{M) I Imf = Mf J N} <i EndR(M)

In = {f E EndR(M) | N < kerf} <r End^M}

of the endomorphism ring Endn(M), briefly denoted by S. For any- 
subset J of S、let ImJ = j Imf = £作』M f and her J ~ 
Rf^jkerf be the sum of images of endomorphisms in J and the inter
section of kernels in J, respectively. Also we call N an open submodule 
if N = N°. where N° = 【函,/ € 5, is the sum of images
of endomorphisms contained in N and call N a closed submodule if 
N — N, where N = C}^<kerfkerf, / e S, is the intersection of kernels 
of endomorphisms containing N,

Here is the definition of a prime submodule that McCasland and 
Mock set up in their paper “Prime Submodules”，1992 性"

For a proper submodule P < rM、if rm 6 P{r G R and m e M) 
implies that ei난ler m G P or r G (P . M). then P will be said to be 
prime in M.

Lemma 0.1. [4] Let R be any rmg and M any R—module. Then
Q submodule N < M ts prime if and only if P ==(丿V : M) %s a prime 

zde세 of R and the (R/P)—module M/N is torsion-free.

Comparing the definition of prime submodule with the following 
definition of meet-prime submodule, it looks very different. But for any 
integral domain R with identity if rM is a multiplication module([3^), 
it follows immediately from the Lemma 0 1 and the Corollary 3.3 that 
P is a prime submodule of p is meet-prime in fiM defined in
the next section §1. Also it follows immediately from the Lemma 0.1 
and the Corollary 3.7 that P is a prime submodul e of <=> P is 
sum-prime in fiM defined in the next section §3.

1. Meet-Prime Submodules

It isn't easy to see the structure of prime ideals of R、S and 나，e 
structures of prime submodule of rM, In addition, there are operations 
十 and A on the family of all submodules of rM. Using the fact that 
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under these + and A, the family of all submodules of rM is closed, 
from the structure of submodules there may be some methods to find 
prime ideals of S and those of R.

The following definition is one of methods to see relations between 
submodules of and prime ideals of the ring R and the endomor
phism ring S.

Definition 1.1. For a submodule P < rM of a left module 
rM. we will say that P is a meet-prime submodule of M if it satisfies 
the following conditions

For any open submodules A. B < M with 尸。+ / = M or 尸。十 3 尹 

M,
(1) if A n B < P, then 4 < P or B < P,
(2) if (P A 71 n B)° 丰 0, then A < P or B < P.
(3) if P C A = 0. then A~QorP + A — M.

Trivially every module M is meet-prime in rM.
For example, we have that any prime ideal (p) with, prime p of a com

mutative integer ring Z is a meet-prime submodule of a left Z—module 
zZ. Clearly the zero submodule of any simple module is meet-prime.

Remark 1.2. Every meet-prime submodule is not maximal, in gen
eral.

Since the non-maximal submodule pZ[x] < 的时次시 (for prime p) is 
meet-prime.

Proposition 1 3 For any left R—module rM, we have the follow
ing.

(1) For distinct nonzero open meet-prime submodules P and Q of 
a left R—module rM , Lt follows that P + Q = M.

(2) For a submodule P < rM, P° rs rneet-prime if and only if P 
is meet-prime.

PROOF. (1) Assume P + Q 丰 M Since P C (P 十 Q) = P 手: 
0 and Q「1 (P + Q)二二 Q X 0, the meet-primenesses of P and Q and 
the openness oi P + Q implies P — Q Therefore we have P 二二 M.
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(2) Since for any open submodule U < M, U < P <==> U < P° 
and (P°)° = P°. The proof is easy from the definition of meet-prime 
submodule.

REMARK 1.4. In a Z—left module ^Z(p°°) every proper submodule 
is meet-prime since ^Z(p°°) has a unique zero open submodule of it, hi 
other words, no nontrivial submodule is ope교 in ) telling that 0
is a unique proper open meet-prime submodule.

The following are some criterior of meet-prime submodules of a mod
ule.

A submodule P < is maximal among open, submodules when
ever K < M is open such that P < K. then P ~ K or K — M 
follows

Lemma 1.5. If a submodule P < rM is maximal among open sub- 
i교g사려多 then P fe meet-prime

PROOF. From the maximality of open submodule P = P° among 
the open submodules of M、the proof is easy.

It is well-known that not every module has a maximal submodule.

COROLLARY 1.6. For any left R—module rM we have the following.
(1) If P 色 rM is any maximal submodule of M, then P is a meet

prime submodule of M.
(2) If I* = J S is a maximal ideal of S} then P is a meet-prune 

submodule of M.
(3) For an ideal J S,寸 the ideal IM J is a maximal ideal of S, 

then MJ is a fully invariant open meet-prime submodule.

PROOF. The proof is established easily.

2. Sum-Prime Submodules

As a dual way of meet-primeness of submodules of QU, the following 
definition is one of methods to see relations between submodules oi pM. 
prime ideals of the ring R, and the endomorphism ring S.
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Definition 2.1. For a submodule P < RM of a left R—module 
rM, we will say that P is a sum-prime submodule of M if it satisfies 
the following conditions:

For any closed submodules A,B<M with PQA^O or PDB^O
(1) if P < A -t- B, then P<A^r P<B.
(2) if 尸十 A 十 3 N M, then P < A or P < B.
(3) if」P + A = M, then A^M or Pr\A = 0

Trivially the zero submodule 0 is sum-prime in rM.
For example, we have that a prime ideal 2Z($ = 4Ze 丸黑峪 of a 

commutative ring Zg is a sum-prime submodule of a left module 
Z6 %6・

Remark 2 2 The submodule {0, l/p,2/p, - . — 1)/p} is a sum
prime submodule of with a prime number p However the sub-
module {0, l/p,2/p. - . (p — l)/p. - , l/pn.2/pn. - • . (p — l)/p7,}(n e 
N, n > 2) is not a sum-prime submodule of it.

Every sum-prime submodule is not minimal, in general. Each non- 
minimal submodule nZ < ^Z(0 7^ n G Z) of an integer module is 
sum-prime.

PROPOSITION 2 3 For any left R~module rM, we have the follov)- 
mg:

(1) For distinct proper closed sum-pnme submodules P and Q of a 
left R—module rM 〉 it follows that P Pl Q — 0.

(2) For a submodule P < rM» P is sum-prime and only if P is
surn-prime.

Proof

(1) Assume P n Q 7^ 0. Since P + (PCQ) = P*M and Q 十 
(P A Q) — Q 丰 M、the sum-primenesses of P and Q and 
the closedness of F Q Q implies P — Q Therefore we have 
p n Q = 0

(2) Since for any closed submodule F < M, P < F <=> P < F 
and P = P. The proof is easy from the definition of sum-prime 
submodule.
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REMARK 2.4. In a Z—left module 泓咤 ® for prime p the closed 
sum-prime submodules" which are not fully invariant are 0 ® Zp and 
Zp ® 0. And ® is a unique closed fully invariant sum-prime 
submodule.

The following are some criterion of sum-prime submodules of a mod
ule.

A submodule P < is minimal among closed submodules when
ever K < M is closed such that K < P. then P ~ K or K = 0 
follows.

LEMMA 2.5. If a submodule P < rM 相 minimal among closed 
submodules, then P is sum-prime.

PROOF. From the minimality of closed submodule P — P among 
the closed submodules of M. the proof is easy.

It~is well二kiiDwi厂*hat nor every module has a minimal sutrnodule.

COROLLARY 2.6. For any left R—mpdule rM we have the following.
(1) If P < rM is any mmtmal submodule of Mf then P is a sum

prime submodule of M.
(2) If Ip J < S is a minimal ideal of S? then P is a sum-prime 

submodule of M.
(3) Foi an ideal J < S, ij the ideal IkerJ 拓 a minimal ideal oj S, 

then kerJ = Qf^jkerf is a closed fully invariant surn-prime 
submodule.

PROOF. The proof is established easily.

3. Meet-Prime, Sum-Prime Submodules, and Prime Ideals

For any fully invariant submodule TV < M we have two-sided ideals 
(N : M) < R and < S. Thus it may be found relations between 
meet-prime submodules of and prime ideals of 5(or R)・ Here are 
some results.

Proposition 3.1. If P zs a fully mvariant meet-prime submodule 
of rM, then Ip is a prime ideal of S.
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PROOF Since P is meet-prime if and only if P° is meet-prime by 
(2) of the Proposition 1.3 it suffices to 아low that for any fully invariant 
open meet-prime submodule P < M, is a prime ideal of S. Assume 
that P is a fully invariant open meet-prime submodule

Let IJ Q Ip ~ {f E S \ Mf < P} for subsets /, J C S — 
EndR(M、).

(I) First if P = 0. then MI J = 0. If MI C MJ = 0 < F = 0. then 
MI = 0 or MJ — 0 follows from the meet-primness of F = 0 Or if 
MI Cl MJ 尹 0. then P n (MI A MJ) — 0 and by (3) of the definition
1.1 we have MI = MJ = M which cannot make MI J = 0. Therefore 
/ = 0 or 丿=0 follows. Hence 丿'二二 0 is & prime ideal of S.

(II) Secondly let P be a no교zero submodule of M. Then we have 
the following cases (i) and (ii) to be concerned. Here let A = MJ and 
B = P + MI as open submodules of rM.

(i) for the case of P -h B — M、from 나le fully invariantness of P it 
follows that

MJ = (P- MI)J M PJ + MU M P 十 P = R (*)

Hence we have that J C Ip.
(ii) for the case of P + B 寸二 Af, we have to consider the following 

cases (a) and (b).
(a) if (P Q AO B)° 二二尸 C 龙「1B 乂 0、then from (2) of 나le definition 

of meet-prime submodule P, it follows that

A = MJ < P or B = P MI < P. implying that I Q Ip or J C P.

(b) if (PHAOB)0 ^PQAHB = 0, then Pn(P + ^lnB) = P 0 
with P AC\B M (otherwise, P + AC\ B = M implies P 十 B = M 
contradicted to P 十 B N M) Then by the meet-primeness of P we 
have that P A Q B < P Hence A C\ B < P and A < P or B < P 
follows from ⑴ of 사le definition 1.1 Therefore I C [p or J C Ip for 
any IJ C Ip and for L J Q S . Therefore the ideal Ip is a prime ideal 
of S.
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REMARK 3.2. The fully mvariantness of a meet-prime submodule 
P of rM inducing a prime ideal Ip of S is essential. For example, on a 
Z—module Za®Z3®Z3 there are meet-prime submodules ㊉％3 ㊉％3 
and Zg ® Z3 ® 0, the one is fully invariant and the other is not, 
which induce a prime ideal /2Z용S and a non-prime ideal 
/%8$為由0 V S .

The converse of the Proposition 3.1 is not true in general. For 
example, the trivial ideal 0 = /° Endz\x\(^[^]') is a prime ideal of
Endzw，(%[자1! )•

COROLLARY 3.3. If P is a meet-prime submodule of rM over a 
commutative ring R with identity, then (P : M) is a prime ideal of R.

PROOF. Since J? is a commutative ring with identity it follows im
mediately that for any r € R, rM = Afp(r) < Af is an open submod
ule of rM, where p(r) : M M is defined by mp(r) = rm for each

M Audience (P : M)M is also an open submodule of M.
For any rs E (P : M) with r, 5 € B, let A = rM and B = (P . 

M、)M 十 sM. Then by the same method of the p호oof of the Proposition
3.1 it follows that r € (P : M) or 5 £ (7그 : M、). Hence (P : M) is a 
prime ideal of R.

COROLLARY 3.4. If P is a fully invariant meet-prime submodule 
oj rM over a. commutative rmg R with identity, then (P : M) and the 
ideal Ip are prime ideals of R and S, 7七spec切”세;g

PROOF. By the Proposition 3.1 and the Corollary 3 3 it is proved

For any fully invariant submodule N < M we have two-sided ideals 
In 4 S and (0 : M) = Annn(K) < R. Thus it certainly can be found 
relations between sum-prime submodules of rM and prime ideals of 
S and R. Here is some result.

PROPOSITION 3.5. If P is a fully invariant surn-prufie submodule 
of rM, then Ip is a prime zd&zZ of S.

PROOF. Since P is sum-prime if and only if P is sum-prime by (2) 
of the Proposition 2.3 it suffices to show that for any fully invariant 
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closed sum-prime submodule P, Ip is a prime ideal of S、Assume that 
P is a fully invariant closed sum-prime submodule of M.

Let IJ Qlp = {fES\P< kerf} for subsets I、J 으 S = 
EndR(M).

(I) If P ~ M, then kerU 二二 M. li M ~ kerl-^-kerJ, then M < kerl 
or M < her J from the sum-primeness of P ~ M. If M 手:kerl ker J. 
then by (3) of the definition 2.1 it follows that kerl + kerJ 二二 M 
contradicted. Therefore = 0 is a prime ideal of S.

(II) For P 寸二 M. let = P A kerl and B — P Cl her J as closed 
submodules of rM.

The cases of (i)C B 二二 0 and (ii) P H B 0 must be considered
(i) for P A B ~ 0. we have P = 0, then from the equation

0 = P > Pr\kerIJ > nhez A-1 (P n her J)二二厂'(0) = kerl (*)

we have tJmt kerl — 0 Thus J C Ip— IQ} follows
(ii) for the case of P A B 0. P Q B ~ P H kerJ ± 0 and
P + kerl -i- P H kerJ < kerlJ.
(a) If kerl J 丰 M. then from (2) of the sum-prime submodule P it 

follows that P < kerl or P < P R kerJ. Hence I or J C Ip.
(b) If kerl J = M. Then the following cases :
(a) P 사- kerl + P Q kerJ = P + kerl M or
(/3) P 4- kerl + P O kerJ = P + kerl 丰 M

are concerned. Since P is a sum-prime submodule, with (/3) we have 
that P < kerl or P < P C\ kerJ < kerJ. Thus IQIpoiJQlp 
follows

It remains to deal with (a) P 十 kerl = M Then by the sum- 
primeness of P we have that kerl — M or P Q (kerl PA kerJ) = 0. 
respectively. Thus I ~ 0 Q Ip only follows. Otherwise if P Cl (kerl + 
PQkerJ) = 0, then PQkerl = 0 = PP\kerJ implies P g kerU = M 
which contradicts to P < kerlJ = M,

Therefore the ideal Ip is a prime ideal of S.

Remark 3.6. The fully invariantness of a sum-prime submodule P 
inducing a prime ideal /p of S is essential. For example, on 亿㊉亿3 
there are sum-prime submodules 4Z^ ® 0 ffi 0 and 0 ® Z3 ® 0, the one 
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is fully invariant and the other is not, which induce a prime ideal 
/4Z8©0©0 < s and a non-prime ideal /o©23®o < S.

The converse of the Proposition 4.1 is not true in general. For 
example, the trivial ideal 0 = Im 寸 Endz(Z(p°°)) is a prime ideal of 
Endz(Z(p8)\ however the trivial submodule Z(p°°) < zZ(p°°) is not 
sum-prime.

COROLLARY 3.7. If P is a sum-prime submodule oj rM over a. 
corriTnutatwe ring R with identity^ then Ann^P) = (0 : F) is a prime 
ideal oj R.

PROOF. Since 7? is a commutative ring with identity it follows im
mediately that for any r E R, rM = Mp(丁) < M is an open sub
module of rM, where p(r) : Al —> M is defined by mp(r) = rm for 
each m G M、And hence kerp(0 : P) = Are(o p)kerp(r) is also a closed 
submodule of M.

For rs 6 (0 : P) with r, s G R、let A = kerp(r) and B = kerp(0 : 
P)nA:erp(s). Then by the same method of the proof of the Proposition 
3.5 it follows that r C (0 : P) or s G (0 : P). Hence (0 : P) is a prime 
ideal of R.

COROLLARY 3.8. For a commutative ring R with identity, if P is 
Q fully invartant sum-prime submodule of rM9 then (0 : P) and the 
ideal Ip are prime ideals of R and S, 丁七spect的세，g.

PROOF. By the Proposition 3.5 and the Corollary 3.7 it is proved.

4. (Semi-)Meet-Prime Modules and (Semi-)Prime Rings

In order to see relations among semi-prime rings, semi-meet-prime 
modules and semi-prime endomorphism rings of left modules, and 
relations among the prime radicals of rings, endomorphism rings and 
the prime radicals of modules, we need a new definition as follows

Definition 4.1. For a left R—module rM、 we define the prime 
radical rad(M) = C好aR to be the intersection of all fully invariant 
meet-prime submodules Pa < M for a € A. Consequently, if rad(M)= 
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C/切，then we have an open submodule rad(M) = CP& =。性 of M 
by ⑵ of the Proposition 1.3.

A left j?—module is said to be semi-meet-prime if the prime
radical rad(M) — 0 i.e., the intersection QPa = 0 for all fully invariant 
meet-prime submodules P(x < M.

THEOREM 4 2. 7/ a left B—module rM is semi-meet-prinie, then 
its endomorphism ring S is semi-prime.

PROOF. Let rad(M) = be the prime radical of rM for each 
fully invariant meet-prime submodule of rM・ Assume that is 
semi- mee t- prime.

Then rad(M) = 0 = is a fully invariant meet-prime sub
module of M. Thus the prime radical rad(S) < Cl% = =
jrad(M) — /0 — o must be zero. Therefore S is semi-prime

Theorem 4 3. For a commutative ring R with identityif a faith
ful left R—module rM is semi-meet-pr^me, then the rmg R and its 
endomorphism ring S are serm-prime.

Proof. The relation (「IF% : M) = E(R : M) implies that
0 = (0 : M) — (rad(M) : Al) = E(已：M、) > rad(H) since M is 

faithful.

Recall that a ring is said to be prime if its zero ideal is prime. Thus 
we can define in the same way, if rM has a zero meet-prime submodule 
of it. rM will be called a meet-prime module.

THEOREM 4.4 For a cowTnutatwe rmg R with identity, if there is 
at least one faithful meet-piime module, say rM, then R is a pri/rne 
rmg. And so is S.

PROOF. Let rM be a left faithful meet-prime module. Since 0 
is a fully invariant meet-prime submodule of a faithful module M we 
have that

0 = (0 , M)彳 R and 0 = 口 S are prime ideals of R and S. 
respectively. Hence R and S are prime rings.
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THEOREM 4.5. If a left R—module rM is meet-prime, then S i，s a 
prime ring.

PROOF. Since Z° = 0 S is a prime ideal of S by the Proposition
2.1 it follows immediately that S is a prime ring.

PROPOSITION 4.6. For a commutative ring R with identity, %f a left 
R—module rM is meet-prime, then Ann^(M) = (0 : M) is a prime 
ideal of R and S is a prime rmg,

PROOF. It is an immediate consequence of the Theorem 3 3 and the 
meet-primeness of the prime radical rad(M) = 0.

PROPOSITION 4.7. For a commutative ring R with identity, if a left 
faithful R—module rM is meet-prime, then R and S are prime rIngs.

PROOF. It is clear.

APPLICATION 4.8. Clearly semi-meet-primeness 另 次胄而:기 implies 
that its endomorphism ring is semi-prime.

For any indexed family of {Mailer of R—modules E T), a di
rect product fjQ,er Ma(a direc sum is said to be of invariant
factor modules G T) if each homomorphism group

HomR(Ms Mg) — {/ I / Mq -t is an R-homomorphism}

is a trivial additive group for each a 尹 in「that is, zero.

PROPOSITION 4.9. If Haer ls a direct product of semi-meet- 
pnme invariant factor R—modules Ma (a E T), then [丄虹厂 M収 is also 
semi-meet-przme. Hence S is semi-prime.

PROOF. Considering the canonical projections (here they are en
domorphisms) 7rt : Mo, —> Mb defined by (o/)们=for each 
(如)C「jMa, from the fact that

for every fully invariant meet-prime submodule PL < it follows 
that every preimage 7匚"'(R) is meet-prime in [J since is 
a direct product of invariant factors. The rest of the proof can be 
established easily.
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COROLLARY 4.10 If M(x is a direct product of rneet-prime 
tnvajbant factor R~rnodules then H^er ts a^so semmeet-
prime. Moreover S is serru-prime.

PROOF. The proof is an immediate consequence of the Proposition 
5.9.

COROLLARY 4.11 For a commutative rmg R with identity, if a. left 
semi-s%m.ple R—module rM is a direct sum of simple mvojia/nt factor 
modules ? then its endomor-phisrn rmg S is semt-prime. Additionally^ 
if rM is faithful^ then R is also a serm-prime ring

PROOF. The proof is elementary by the Theorem 4.3 and the Propo
sition 4.9 since every a direct sum of semi-simple invariant factor mod
ules is semi-meet-prime.

5. (Semi-)Sum-Prime Modules and (Semi-)Prime Kings

In order to see relations among semi-prime rings, semi-sum-prime 
modules and semi-prime endomorphism rings of left modules, and 
relations among the prime radicals of rings, endomorphism rings and 
the prime socles of modules, we need a new definition as follows

Definition 5.1. For a left R—module rM. we define the prime 
socle

soc(M) — Vs Pq to be the sum of all fully invariant sum-prime 
submodules < M for cv G A. Consequently, if soc(M) = £P心 
then we have a closed submodule soc(M) = F农=R, of M by 
⑵ of the Proposition 2.3

A left R—module rM is said to be semi-sum-prime if the prime 
socle soc(M) = M i.e , the sum E 7% 二二 M for all fully invariant 
sum-prime submodules % M M

THEOREM 5.2 If a left B—module rM is semi-swn-pnme, then 
its endomorphism rmq S i,s semi-prune.

PROOF. Let soc(M)=〉:丿％ be the prime socle of rM for each 
fully invariant sum-prime submodule of rM. Assume that rM is 
semi-sum-prime.
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Then soc(M) = M = £PgPa is a fully invariant sum-prime sub
module of M. Thus the prime radical rad(S) < n/pQ = 1〉二玖 = 
Isoc(m)~ Im — 0 must be zero. Therefore S is semi-prime.

Recall that a ring is said to be prime if its zero ideal is prime. Thus 
we can define in. the dual way, if rM has a nonzero trivial sum-prime 
submodule M of itself M, rM will be called a sum-prime module.

THEOREM 5.3. For a commutative rmg R with identity, if a faith
ful left R—module rM is semi-sum-prime, then the i mg R and its 
endomorphism ring S are semi-prime.

Proof. The relation (0 : E R*) — D(0 :已)implies that
0 = (0 : soc(M)) = 0(0 : Po.) > rad(R) since M is faithful

THEOREM 5.4. For a commutative ring R with identity, if there is 
at least one faithful sum-prtme module, say rM, then R is a prune 
ring. And so ts S.

PROOF. Let be a left faithful sum-prime _R—module. Since M 
is a fully invariant sum-prime submodule of a faithful module M we 
have that

。二(0 : M) < R and 0 = Im 寸 S are prime ideals of R and S、 
respectively. Hence R and S are prime rings

THEOREM 5.5. If a left R—module rM is suTn-pTirne, then S is a 
prime ring.

PROOF. Since Im = 0 < S is a prime ideal of S by 나le Proposition
4.1 it follows immediately that S' is a prime ring.

PROPOSITION 5.6. For a commutative ring R with identity, if a left 
R—module is sum-prime, then Annft(M) = (0 : M) i,s a prime 
ideal of R and S is a pnme rmg,

PROOF. It is an immediate consequence of the Theorem 5 3 and 나2 

sum-primeness of the prime socle soc(M) = M.
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PROPOSITION 5.7. For a commutative ring R with identity, a left 
faithful R—module rM is sum-prime^ then R and S ate prime imgs.

Proof. It is clear.

APPLICATION 5.8. Clearly semt-sum-primeness of a left ^—module 
®p Zp (prime number p) implies that its endomorphism rmg is semi
prime.

PROPOSITION 5.9 岛可&4@ is a direct sum of setm-sum-piirne
invariant factor R—modules (a G r)? then is qIso serni-
sum-pnme. Hence S is semi-pnme.

PROOF Considering the canonical injections (here they are /?—homor 
phisms) y : Mq 〜defined by ⑦次° for each =

if 邛 壬 ⑦ o if I = c匕 there is an /?—endamQrphism
㊉y : ©M7 —t ㊉ Ay ^From the fact that

for every fully invariant sum-prime submodule it follows
that every image 么0匕直)is sum-prime in ㊉ since ®M(X is a direct 
sum of invariant factors. The rest of the proof can. be established easily

COROLLARY 5.10. If ®cx^vMOc is a direct sum of sum-prime in
variant factor R—modules then is also semi-surn-prune.
Moreover S is semi-prime.

PROOF. The proof is an immediate consequence of the proposition 
6.9.

Corollary 5.11. For a commutative rmg R with identity, if a left 
semi-simple R—module rM is a direct sum of simple invarw.Tit facto? 
modules , then its endomorphism rmg S ts semi-prime. Add血on ally, 
寸 rM ls faithful, then R is also a semb-prime rmg.

PROOF. The proof is elementary by the Theorem 6.3 and the Propo
sition 6.9 since every a direct sum of semi-simple invariant factor mod
ules is semi-meet-prime.
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