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THE INCOMPLETE BETA AND
THEIR ASSOCIATED FUNCTIONS

Inhyok Park. Young Joon Cho.

Tae Young Seo and Junesang Choi

Abstract The authors aim at providing some identities involving 
the hypergeometric function via some known or piesumably new for
mulas for the incomplete Beta and then associated functions Some 
piopeities of the Beta and Gamma functions are also consideied

1 ・ Introduction
The incomplete Beta function B工(q, /3) is defined by

(1.1) Bx (a;, (3) :— f 片"(1 — ±)"一' dt (0 < x < 1; Re (a) > 이
Jo

whose associated function (as normalized version) is given

(L2) 4(«, (3) := 뚸으'쁘,
B(a, /3)

where the Beta function B(a, /3) is a function of two complex variables
a and [3)defined by the Eulerian integral of the first kind

(1.3) B(q, /3):二二[疔t(1 一 t)^-1 dt (Re(cv) > 0; Re(Q) > 0), 
Jo
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which, upon setting t = sin2 0, is equivalently written in the form: 
(L4)

舟/2
B(a.月)：=2 / (sin0)2aT(cosO)2Ji 曲(Re(a) > 0; Re(仞 > 0).

Jo

Note that Choi et 시. [1] obtained and proved some interesting 
known or presumably new identities for the Beta function by introduc
ing another definition via the generalized (or Hurwitz) zeta function. 
The incomplete Beta function is related to the beta distribution in 
statistics

The Beta function is closely related to the Gamma function

(1.5) B(a, 伊) = 第으心2 ("NO, T，—2, …),
丄(a十0)

where V denotes the well known Gamma function which has several 
equivalent definitions Some of which are mtrodueed as follows:

广8
(1.6) r(z) = I (Tttz~xdl (Re(z) > 0, L Euler);

Jo

n! nz

(1 7)

T(z) = lim . 、/ 、
7ZT8 z{z + l)(z + 2)…•(z 九)

(z 供 0, —1, —2, ... ; K. F. Gauss);

(1.8)
金*"行[(1 + f) exp (—£)

(K. Weierstrass),

where 7 is the Euler-Mescheroni constant defined by

(1-9) 7 = lim — — log n
n—>00 fc 으 0.577215 664 ... .

We summarize some properties of the Gamma function.

(L10) 「（2 + 1） = Z「（Z）；
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7T
(LU) 昨)「(—)=碎(*。,土1,±2,...);

(1-12) r(l) = 1, F(l/2) = v击，r(n + l) = n! (n€Nu{0}), 

where N denotes the set of positive integers.
The hypergeometric function 2^1 is defined by

(1-13) 2 比("3技) = 支 의勢兰 (c^O, -1, -2,...), 
n=o何爲*

where the Pochhammer symbol (a)n is defined by. a any complex num
ber.

, 、 , [ 사+ 1) . . . (a 十 “ 一 1) if n G N
(E) 皿=< 1

[ 1 it n — 0,

which, in terms of the Gamma functions, we find

(1 15) («)n = 匚으土의 (a 丰 0, -1, —2, .. )
1 (a)

The hypergeometric function 2^1 is, more precisely, called Gauss's 
hypergeometric function after the famous German mathematician Carl 
Friedrich Gauss (1777-1855) who in the year 1812 introduced this func
tion into analysis and gave the F-notation for it. One of Gauss's impor
tant identities for 2 尸1 is the following well-known summation formula* 
(116)

2Fi(a, 6; c; 1) = 3애* “一一(Re(c-a-6) > 0: c 尹 0, -1, -2,

A number of summation theorems for the hypergeometric function 
(1-13) when z takes on other special values are recorded in various 
literature

In this note some identities involving 2F1 are provided by making 
use of some formulas for the associated 1丄(％ /3).
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2. Some Identities for 2^1 via Ia

The Ma이aurin series of the following function is given by, for any 
complex number a,

(2.1)
8 / \

(1 十 z广 = £ (I히〈1),
丿

where the generalized binomial coefficient (：) is defined by

5 ( 잇。二 七丄)mN
(2-2) I ) ：- S n-\nJ I 1 if 丸=0,

which is equivalently written in terms of the Pochhammer symbol

We thus find that

(2.4) (1 手)-오
= £^n (I기 <i)・

From (1.1) and (1.2), we find that, upon using (2.4) and integration 
termwise,

(2.5) Ix(a. (3)=〒广"1 "; a 十 1;游.
丄(a十1)「(仞

Indeed,

1 rx
/，(Q，0) =而一瓦 t 产顷

•이a p) Jo

1 yA (1 - /3)n Xri
3(a,月)W% n! n + a

= 1 ，ra V (l-/3)n 「(71 +a)
_ B(% 们 J in\ 
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which, in view of (1.15). reaches at the desired identity (2.5) (cf. 4, p 
128]).

From (1 2) we find the following identities which are readily verifi
able (cf., e.g [3, pp 27-28]; see also [4, pp. 288-290])

(2.6) Ix(a, /j) = 1 - »)

(2.7) /x(cv, /3) = x I：〕。— L 仞十(1 — x) L («, /3 - 1)；

(2.8) (a 十乃一ax) /3,(a, /3) = a(l — x) Ix{a 十 1, 0) + /3Ix(a, (3 t 1);

(2.9) (cv + (/3-a)rr} Ix(q, /3) = a(l-x) ^(a-r 1,月)十伙引如&, /3-rl),

(2.10) (a + /3) I3 (a, /3) = a Ix(a -f- 1, /3) + /3 IT(a, (3 -r 1);

(2.11) I*(a, /3) = L,(a — 1, /3 + 1) —「(〈Jr

(2.12) Ia (a,仞=LJd L 0 - 1)十 二*荀此(1 — z/-1.
1 (a 十 1)1 나3)

(2-13) 顷, 们 = 京a 十 1, 仞 十 疽쓴三爲蛇(1 - 如
r(a 十 1)1(P)

(2.14) B)=/洁(사、月十 1)-- I"/，/©”一"七 

r(a)r(/5 +1)

(2 15) (X 十 a) I3 (a, /3) = x /須(a — 1, /3 十 1) 十。丄(a 十 1, (3).
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(2.16) /,(知 + = (1 < A- < n),

one of whose proofs may be given by using the principle of mathemat
ical induction.

Now application (2.5) to the identities (2.6)-(2.15) yields immedi
ately various formulas involving the hypergeometric function as follows:
(2.17)
伙萨2珂(a, 1 — /3; tv + 1; x) -n a(l — 3讦九舟(0, 1 — a: /3 + 1 ■, 1 — x}

_ r(a + i)r(/? + i)
=一「(Q 十仞一；

(2.18)
(a 十 0 - l)2Fi(a, 1 — /3; a + 1; x) = c¥2-Fi(a — 1, 1 一 . a; /)

+ (6 — 1)(1 — x)^Fi(a, 2-/3- cy + 1; x):

(a 亠 l)(a 十 — a£)2Fi(a, 1 — /3; a -t- 1: x)
(2.19) = a(/3 — 1)x(1 一 aj)2Fi(a 4-1, 2 — /3;a--r2:x)

+ (a 十 l)(a — —/3: q + 1; z):

(a + 1)(/3 — l)(a + (0 — a)x}2Fi(cv, 1 — (3; ex + 1; x)

(2.20) = <비3(0 — 1)x(1 — 1)2-?1 (q + L 2 — (3; a 十 2； /) 
+ Q(a 十 1)(32Fi(a — 1, —ft; a; x);

2Fi (q, 1 — ; a 十 1; z) = 2Fi (a + 1, —(3; a + 1: x)
(2.21) a

H------—aFi (a + 1, 1 - /3; « + 2: j;),
a + 1

,、 伙mF、(a, 1 - /3 ; q -h 1 ■ x)
(2.22)

=fy-2Fi(a 一 1, —(3; a; c) _ a(l — z)。：
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(2.24)

(2.25)

(2.26)

(2.23)
(a + l)2Fi(a, 1 — /3; a + 1; x)

=(/3 - l)x 2Fi(a + 1, 2 - ; a + 2; x) + (a + 1)(1 —

2一咒(@, 1 — /3; a + 1; a;)

=+ f x2Fi(a + 1, l-/3;a + 2;a;) + (l-州; 
a + 1

02Fi(a, 1 — (3-, a + 1: x)

=(« -r /3) 2Fi (a, 一/3; a 十 1; c) — a(l — /)”,

(a + l)£3(c + a)拓山丫，1 — /3; a + 1; rr)

=a(a + 1) 2Fi (« — 1, —(3; a, c)
十 ct(3{ot + 0、)h 2 Fi (o + 1, 1 — (3 , a 十 2, x).
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