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Ritz Analysis of Rectangular MEMS Structures (I)

- Formulation and its Implementation -
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Abstract

We apply the Rayleigh Ritz method to analyze multi-layered plates with residual stresses. The
method is very simple, straight forward, and easily programmable, but it should be applied to structures
only in simple shapes. We derive coupled variational equations based on the principle of virtual
displacement, and investigate what kind of basis functions is desirable for the analysis of rectangular
plates with various boundary conditions. We demonstrate the effectiveness and usefulness of the method
through several examples. The analysis results obtained with the method are in good agreement with
those available in literature. A multi-layered MEMS plate example shows that the coupling effect
should not be ignored and that residual stresses do influence the stiffness of the structure very much.
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Fig. 1 Cross-sectional View(a) and Top View(b) of
The
coordinate system used in the analyses is
depicted in (b)

a Multi-layered Rectangular Plate.
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Table 2 Relative

Aty MEMS

Calculated

calculations

Errors of the
Results with EIGF. The
are for an isotropic and homogeneous

%zl gz A4 (1)

square plate, where E=272 GPa, v
=(.25, thickness= 3.8 m and a=b=2
mm
Number of D:g:::‘;n Normal Stress | Normal Stress I\:::;:‘
Terms @, 0) 042, 0) | 00, b2) 0,0, 0
1 X1 554 % 267 % 267 % 298 %
3 X3 -1.01 % 118 % 118 % 199 %
s X5 0.14 % 573 % 572 % 311 %
7 X7 -0.08 % 301 % 31 % -1.91 %
9 X9 -0.08 % 341 % 3% -191 %
nXxXnl 014% 570 % -5.70 % 3.14 %
13X13| 064% -5.70 % -5.36 % 124 %
Table 3 Relative  Errors of the  Calculated
Results with POLY. The calculations

are for an isotropic and homogeneous

square plate, where E=272 GPa, vy
=0.25, thickness= 3.8 m and a=b=2
mm
Number of Center Normal Stress [Normal Stress {Normal Stress
Tems | D G0 | a0, | 0,0 0
w(0, 0)
1 X1 341 % 342 % 342 % -17.8 %
2 X2 0.53 % 192 % 192 % 6.05 %
3 X3 -0.16 % 133 % 133 % 296 %
4 X4 -0.07 % 102 % 102 % 175 %
5 X5 -0.03 % -827 % 827 % -L15 %
7 X7 -0.01 % -5.62 % -5.62 % 052 %
10 X 10 0.00 % 424 % -424 % 0.30 %
12 X 12 0.00 % 342 % 342 % 0.19 %
15 X 15 0.00 % -2.86 % 2.86 % 0.14 %
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Table 4 Polynomial Basis Functions for Various
Boundary Conditions

uy = (1 _ 772) 52:‘—1 772,1'—2
353§ (1 - 52) 521‘-—2 7721'—1
(1-8) (-4 2 p¥?
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ccee (1-H Q- 27!
(-8 A=) & """
(1-&) &g
ceFE - gty
(1 _52)2 EZ;‘——Q 772/‘—2
1+9& 4
1+8& 1y
(1+9% 14
- £ (44)
BAx, v, 2) = 6—22112— 0%, ¥, 2) (45)
h2
Bfx, v, ) = a7 o,(x, ¥, 2) (46)
y= A=0pd (47)
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Table 5 Analysis Results of a Simply Supported
Square Plate with Uniform Residual Stress

a max( BQ max( By)
7
Present | Ref. [4] | Present | Ref. [4] | Present | Ref. [4]

0 0444 .044 0479 .048 .0479 .048
1 0218 .023 .0224 021 0218 023
2 .0143 015 .0143 013 .0133 015
3 .0106 .010 0103 009 .0092 012
4 .0084 .008 .0079 007 0068 .009
5 .0070 006 ' .0064 006 0052 .008

Table 6 Analysis
Plate with Uniform Residual Stress

Results of a Clamped Square

bk a bk

, @ 80.9.9) | BLF.2.5)
Present | Ref. [5] | Present | Ref. [5] | Present | Ref. [5]

0 0138 0138 0513 0513 .0229 0231

1 0078 0074 0359 0372 0113 .0096

2 0054 0050 0292 0302 0072 .0057

3 0042 .0038 .OZSZJ 0261 .0052 .0040

L

Zahe 2A0Y % F AT Yok SR
Aoy Ao EAXNE AR FF LA

Qu=192.9GPa,  Qu=15.67GPa,  Qi=3.76GPa,
Qe=8.2GPa °ITh FHA o HUY A=A
Azgor HPHoln 7Y REHFL ¥ 9
o RE 2A7} vEAAH o AEA
FEE /¥ A4S Bt ¥ W, Q,=1.0025 E,
Q2=0.0041 E, Q=001 E, Q=0.008 E 2 73 %
ok X84 AE Table 8ol FHHPE=d &

B3 F dx%n Yok

2 4% Azt
| 22 olA RN s

Table 7 Calculated Results of a Symmetric
Cross-ply ~ Laminates  with  Uniform
Pressure

a b h a bk
a (5.9.9) Blg.5.5)

Boundary Ayl Py

Condition
Present | Ref. {1] | Present | Ref. [1] | Present | Ref. [I]

ss 01206 | 01206 | 1209 | .1209 | 0323 | .0323
sC 00544 | 00544} 0680 | .0680 | .00110 | .00109
cc 00280 | 00280 | .0465 | .0465 | .00318 | .00308
FF 1092 | 1092 | 00325 | 00325 | 3601 | .3600
F$ 05992 | 05992 | 0630 | 0630 | .1938 | .1937
FC 02376 | 02376 | 0281 | .0281 | 07198 | 07188

Table 8 The Results of a Nonsymmetric Cross-ply

Laminates under Uniform Pressure

a b h a bk
a /9::(2»2,2) By(zyzyz)
L

Present | Ref. {1] | Present | Ref. {1] | Present | Ref. [1]

(0°/90% 01696 01696 (02115 02113 1794 1794
(90°/0%) 01696 | 01696 1794 1794 02115 | 02113
(90°0%, | .008086 | .008085 | .00902 | .00902 1228 1228
(90°/0%)4 00715 00715 .00749 00749 1250 1249
TL Table 99 Hol: upe} o] AFZoz A
Zool Qom rlsea FHRe JFoR YA
AT, 2 (skew) FAXRE ¢} AEF LTO =
A Aoy AAZNE AMEH Aot
of Fzt Astotdel gHaT 8 SFE

EAAG 2YND F e FRoln Usjold
3 38 2xo wANE sldel Ay Bd
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Table 9 Layer Properties for a 7-layered Plate(a=b=2
mm). The minus sign in the residual stress
indicates a compressive stress

2 729 g2 44 (1)
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Table 10 Calculated Results
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€8] A
8|4 8to) Table 110] A3Z Bt}
F&EHE ¥z gE
’e‘! Table 9o 423 groez FH}

£ oxb tgaalon ZAEYEY. o F
a 91 v‘f‘é dFo] A E FEE 9
aAHAA ol glrh At
H &

B

the 7-layered
Plate(a=b=2 mm) without Considering the

on

Residual Stresses. The stresses shown are
developed at the top surface of the ZnO
layer for an applied pressure of 1 Pa. The
out-of-plane displacement is approximated
by 5x5 basis functions and equivalent
isotropic properties are calculated so that
the bending stiffness would be the same

Thickness Residual Number of Lowest
Layer | Material Stress Material Properties Terms
[ pum] w(0, 0) | Natural | g, (@2, 0) | @0, b/2) | G0, 0)
{MPa] for In-plane Frequency
E=272 GPa, 1=025 Displace- | | 47 {Pa) {Pa] {Pa)
1 Six Ny L7 140 ' ' ments (iiz]
d=3100 kg/m’
5 LTO 03 30 E=73 GPa, L=0.17, 0 Xo 102299 12.275 -44050 -18880 21610
d=2200 kg/m’
F169 GPa. 1026 1 X1 | 02746 11.265 66340 28430 36390
= a, =0.26,
3 | Poly Si 04 -40
d=2300 ke/m’ 2 X2 | 02762 11.199 73030 -31300 35660
E=73 GPa, L=0.17, -
4 | LTO 02 -30 42200 kg’ 3 x3 | e | 111 72690 | 31150 | 35660
Qu=Qz~157.5 GPa, 4 X4 | 02762 | 11199 | 72680 | 31150 | 35660
5 ZnO 0.5 variable Q1=67.5 GPa, Qie=Q15=0,
: 5 Xs | 02762 11.199 72710 -31160 35660
Qu=45 GPa, d=5700 kg/m
= Equivalent
I ol " E=73 GPa, L=0.17, VTN 02209 | 12275 | s3ss0 | 14770 | 23570
. 3 Isotropic
d=2200 kg/m
E=69 GPa, 1=0.33,
7 Al 06 20 2 Y033
d=2700 kg/m’
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Table 11 Calculated Results on the 7-layered
Plate(a=b=2 mm)
Residual
Stress in Lowest
w(0, 0)
the 200 Naturalv 0.2, 0) | G0, b12) | 040, 0)
Layer | L7 | Freaseney | gy (Pa) (Pa]
[kHz]
[MPa)
0 001204 | 50.832 -12720 -5430 900
100 | 001535 | 45.063 -14370 -6240 1150
200 | 002127 | 38376 -17350 -7450 1620
300 | 003492 | 30.128 -22490 -9640 2810
400 | 01023 17.964 -39890 -17100 10360
420 | 01687 | 14.163 -53280 -22840 19420
430 | 02498 | 11750 -68070 -29170 31550
440 | 04781 8.608 -106640 -45700 68190
445 | 08719 6.432 -170230 -72950 134050
448 1705 4629 -302280 -129550 | 275730
450 | 4615 2827 -760430 -325900 | 774110
5. e
tedd AAZAL 71 AARY o e
gz dhion ZAbsAstgict. Ao deEo
A A FPRPel dNE HEF
$44e fESGON PR g EF
e FAHEE T uFd JAFFE FL
A%E ¢ 2Y% BY DAPFE B, S
g A 1A% ATl M A @ske
W ool #X4 BUAH WRolUth ByeA
ol B F A= AXZAE ol da A s
1 AgE vndgen #F AR, AFS
g, 5348 & T A V& AFd ¢4A
e A8 dA%. MEMS & PR o= 54
4, WA Awoy AREe 7302 WA
HZE B Ak AFo] dA axel

olo
4
lo
o
'(r)lrL
o

fo -
N

1o
&L oo
Ml £

2
w2

My Ho Hu
% ol
=)

4> ol
30

dlo

tlo

Iz

38,
I

ot i
oY Md
i rlo
do
%
fo
B>
o
_k1:_1‘
e
g
ACH
ot
ox.

it
-
et

= Moz

=
o
)

DU S o3
R
2
P lo
rle rS‘L
)
W e

2
¥e X
fasa
o
rs

lo rir

BN
o
lo
__>|'I_'4
iR
o ¥
Fa
ot &
L2
4d
T
o of
o 8
i o
2,
it
B i

%

2 o 9k ¥ O

D e T A [ e
_QL
o
[
r o
2
A
2.
=
T
=
o »n
X

do
4
PN

T

Py
°

(1) Reddy, J. N., 1997, Mechanics of Laminated

Composite Plates, Theory and Analysis. CRC
Press, New York.
(2) Ambartsumyan, S. A. and Kunin, I, 1991,

Theory of Anisotropic Plates, Strength, Stability,
and Vibrations. 2™ Ed. Hemisphere Pub. New
York.

(3) Ritz, W, 1909, "Ueber eine Methode zur
Loesung Gewisser Variationsprobleme der Mathe-
matischen Physik," J. Reine Angew. Math., Vol.
135, 1~61.

(4) Timoshenko, S. and Woinowsky, Krieger S,
1959, Theory of Plates and Shells. 2™ Ed. Mc
Graw Hill, New York.

(5) Chang, C. C. and Conway, H. D.,1952, "The
Marcus Method Applied to Solution of Uniformly
Loaded and Clamped Rectangular Plate Subjected
to Forces in Its Plane," J of Appl Mech., Vol.
19, 179~194.

(6) Ried, R. P, Kim, E. S, Hong, D. M. and
Muller, R. S, 1993, "Piezoelectric Microphone
with On-Chip CMOS Circuits," IEEE/ASME J. of
Microelectromechanical Systems, Vol. 2, 111~120.



