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TOEPLITZ OPERATORS ON HARMONIC BERGMAN
FUNCTIONS ON HALF-SPACES

HEUNGSU Y1

ABSTRACT. We study Toeplitz operators on the harmonic Bergman
Space b?(H), where H is the upper half space in R"(n > 2), for
1 < p < oco. We give characterizations for the Toeplitz operators
with positive symbols to be bounded.

1. Introduction

The upper half-space H = H,, is the open subset of R"(n > 2) given
by
H={z=(,z,) eR": 2, >0},

where we have written a typical point z € R™ as z = (7, z,), with
2 € R" ! and z, € R. We fix 29 = (0, 1) throughout this paper.

For 1 < p < 0o, the harmonic Bergman space b” = b”(H) is the space
of all complex-valued functions u on H such that

1/p
ful = ([ larav) <.
H

where V' denotes the Lebesgue volume measure on H. The space 0" is a
closed subspace of LP(H,dV) and hence a Banach space. In particular
b? is a Hilbert space and so there is an orthogonal projection @ from the
Hilbert space L*(H,dV) onto b%.
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For each z € H, the map u — u(2) is a bounded linear functional on
b%. Thus there exists a unique function R,(-) = R(z,-) € b* such that

u(z):/Hu(w)R(z,w) dw

for every u € b%. Here and elsewhere, we use the notation dw = dV (w)
for simplicity. The function R on H x H is called the harmonic Bergman
kernel of b%. For f € L?*(H,dV) and 2z € H, we have

Qf(z) = /H Fw) Rz, w) duw.

If 1 < p < oo, then @ is a bounded projection from LP(H,dV') onto
bP(See [8]). The integral operator () extends to a class of measures as
follows: If 4 is a positive Borel measure on H such that (1 + |z|")"! €
LY(u), then R, € L*(u) for all z € H so that the integral

Qu(z) = /H R(z, w) du(w)

defines a harmonic function on H. Let M™ be the set of all positive
Borel measures such that

/ du(2) _
a1tz

For 1 € M*, we define an operator T,, by

Tuu =Q (Ud:u)

for u € b and for 1 < p < oo. This operator T}, is called the Toeplitz
operator with symbol p. If dp = fdV, we simply write Ty = T,,. Even
though 7, may not be defined on all of 07, it is always densely defined
on bP.

Toeplitz operators on analytic Bergman spaces have been well studied;
See [2], [6] and [9]. In a recent paper, Miao [7] obtained the analogous
results for positive Toeplitz operators on the harmonic Bergman spaces
of the ball. In this paper we consider positive Toeplitz operators on b”
for 1 < p < oo on H to be bounded. This paper is written as follows.
In section 2, we study the harmonic Bergman kernel R(z,w) and we
prove some basic lemmas which will be used in the next section. In
section 3, we prove the main result of this paper, the characterizations
of boundedness of positive Toeplitz operators.
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Throughout this paper we will use the same constant C' > 0 to denotes
various constants, often with subscripts indicating dependency, which
may vary at each occurrence. When 1 < p < oo, we use p’ to denote
the index conjugate of p, i.e., 1/p+ 1/p’ = 1. We use the symbol = to
indicate that the quotient of two quantities is bounded above and below
by inessential constants when the variable varies.

2. Preliminaries and Basic Lemmas

In this section, we review some preliminaries from [3], [4] and [8]. We
also prove in this section some lemmas which we will use later. The
explicit formula for harmonic Bergman kernel R(z,w) is given in [3] by
4 n(z, +w,)? — |z —wl|?

noy, |z — w2

R(z,w) =

for z,w € H, where 0,, denotes the volume of the unit ball of R" and
w = (w', —w,). From this formula, we can see easily that

Cy,
2.1 R < —
21) R(zw)] <
for all z,w € H.
Let R = span{R(z,-) : z € H} and let D, denote the space of all

harmonic functions v on H such that

sup |u(z)[(1 + |2]") < oc.

zeH
Then it is shown in [8] that the space R and Dy are dense in b” for all
range of 1 < p < co. With these, Ramey and Yi showed in [8] that the
dual of b can be identified with »”" under the standard integral pairing
for 1 < p < co. More precisely, given a bounded linear functional A on
b?, there exists a unique function v € ¥ such that

Au) =< u,v >= / u(w)v(w) dw.
H
Moreover ||A]| =~ ||v||,;. Therefore if v € b7, then ||lul|, = sup | < u,v > |
where supremum is taken over all v € Dy with ||v||, < 1.
Now we are going to mention some basic properties about pseudohy-
perbolic balls on H. The pseudohyperbolic distance between two points
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z,w € H is defined by

B |z — w|

In [4], Choe and Yi showed that p is an actual distance which is hori-
zontal translation invariant and dilation invariant. In particular,

p(z,w) = p(da(2), da(w))

for each a, z,w € H, where ¢, is a map given by

(22) o) = (02,

a, a,

For z € Hand 0 < 6 < 1, let Es(z) denote the pseudohyperbolic ball of
radius 0 centered at z. Then from the invariant property, we can check
easily that ¢,(Fs(z)) = Es(z9) and we can also check that

, 14067 26
(2.3) Es(z) =B <(z, - 622n> T 62%)

where B(a, r) denotes the euclidean ball of radius r centered at a. ;From
this we have

1-6 2z, 149

2.4 1=0
(2.4) 140 “w, 15

whenever p(z,w) < 4.
Now we are going to prove a sequence of lemmas.

LEMMA 2.1. Let z € H. Then ||R(z,w)||, = 2, for w € E46(2).

Proof. The inequality R(z,w) < Cz, ™ follows easily from (2.1). As-
sume p(z,w) =r < 1/6. Then by (2.3), we have

1+r
|z —w| <z, + Zn < 3zp.
1—r

Therefore we have
Zn + Wy, 1—r

> >5/7

lz—w| — 1+
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from (2.4) and so

2
R(z,w) = _C_ —|n on ff” -1
|z — w| |z — |

2
S0 2(5/7)° =1
I EA Ul
>C 2"

This completes the proof. O

LEMMA 2.2. If1 < p < oo, then ||R(z,-)]||, ~ i

Proof. First note that R(z,w) = 2,"(R., o ¢,)(w) for all z,w € H,
where ¢, is a map defined in (2.2). Therefore

IRz, = /H R(z )P duw
g / IR (z0, 6.(67 ()P duw
H

= 2,7 || R(z0, ) I
because the Jacobian of ¢! is 2". Hence we get the desired result. [
The following lemma is in [4]

LEMMA 2.3. Let 0 < 0 < 1/6. Then there is a sequence {z,} in H
such that
U;’leE(;(zm) =H
and for some N € N, Eas(zy,,) intersects at most N of { Eas(z) : k € N}.

For the next lemma and elsewhere, |E| = V(E) denotes the volume
of Borel sets £ in H.

LEMMA 24. Let 1 <p <o0,0< 0 <1/6 and let u € b?. Then there
is a positive constant C' = C,, ;5 such that for a € H

C
sup |u(2)]’ < = [u(w) P dw.
z€Es(a) |E5(CL)| Ess(a)
Proof. Let a € H and let z € Ejs(a). Because p(z,a) < §, we have
Zn ~ a, and

20z,
B (Z, m) C E(;(Z) - EQ(;(CL)
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Therefore from the mean value property and Jenson’s inequality, we get

1
u(2)|P < |u(w)|P dw.
S 1B 22, 0+ 200 e rsasy
C
< — |u(w)|P dw.
“n J Bas(a)
C
N — |u(w)|? dw.
Un J Eys(a)
r
< |u(w)|P dw.
|Es(a)l Fas(a)
The proof is complete. O]

3. Main Results

In this section we give characterizations for the Toeplitz operator on
b for 1 < p < oo with symbol u € M+ to be bounded. In order to do
so, we need the notion of Carleson measures. Let 1 < p < oo and let
€ M*. Then p is called a Carleson measure on b if the inclusion map
i:b” — LP(u) is bounded. Namely, p is a Carleson measure on OP if and
only if

[ 1wl duw) <6, [ Jutw o

for all u € b?. We refer more on Carleson measures to [1] and [5].
If 4 € M™ is a Carleson measure on b”, u € R and v € Dy, then it is
not hard to check that

(3.1) <Tyu,v>= /Hu(w)mdu(w),

which enables us to make a connection between Carleson measures and
positive Toeplitz operators.
Now we are ready to prove the main result of this paper.

THEOREM 3.1. Let 1 < p < 00,0 < § < 1/6 and let p € M™T. As-
sume {z,} is a sequence in Lemma 2.3. Then the following conditions
are equivalent.

(1) p is a Carleson measure on b?;
(2) u(Es(2))/|Es(2)| is bounded for z € H;
(3) u(Es(zm))/|Es(zm)| is bounded for m € N;



Toeplitz operators on harmonic Bergman functions on half-spaces 277

(4) T, is bounded on b".

Proof of (1) = (2). Suppose that there is a positive constant C' =
C,,p such that

(3.2) /H fu(w)P dyu(w) < C /H fu(w)? dw.

Fix z € H. ;(From (3.2) and Lemma 2.2, we have

(3.3) [ )P dutw) < 02700

We also have from Lemma 2.1,

a0 [ )l duw > [ ()ru<w>\pdu<w>zc"<f+f”.

n

Therefore from (3.3) and (3.4), we have

p(Es(z)  p(Es(z) _ p(Es(2))

~ = <C

| Es(2)] o ey T
as desired. So the proof is complete. O
Proof of (2) = (3). This implication is clear. O

Proof of (3) = (1). Suppose that there exists a positive constant M
such that

W(Ex(2)
R 1Es(em)] =
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Let uw € bP. Then from Lemma 2.3 and Lemma 2.4, we get

/H ()P dpu(z) = / )

[e.e]

<[ P dute)
m=1 Es(2m)

< ) ilEs(zm)) sup u(2)]?
m=1 2€Es(2m)

 (Bs(z) .
gcz Bz /Emm)‘ (w)f"d
2/1925 . w) [P dw

gCMN/ ()P duw.
H

I/\

This shows that p is a Carleson measure on b” and the proof is complete.
m

Remark: So far we proved that (1), (2), (3) are equivalent conditions.
Therefore if 1 € M™ is a Carleson measure on b” for some 1 < py < 00,
then it is a Carleson measure on b” for every range of 1 < p < 0.

Proof of (3) = (4). Suppose (3). Then we know that p is a Carleson
measure on b and b by the above remark. To complete the proof of
this step, we only need to show that 7}, is bounded on R, because R is
a dense subspace of 0P. Let v € R and v € Dy. Then from (3.1) and
Holder’s inequality, we have

| ulw Jo(w) dp(w)

(/|u P duto ) ([ et dute >> "
<e(/ |u<w>|Pdw) ([t aw) !

= Cllullp[[vlly-

| < Tyu,v>|=
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Therefore T)u € WP with ||T,ul, < C||ul|, for some C' = C,,. So T, is
bounded on R as desired. The proof is complete O

Proof of (4) = (2). Assume T}, is bounded on b*. Let z € H. Because
R(z,-) € RN Dy, we have
R(z,- R(z,-
R TRy )| < 1 <o
On the other hand, from Lemma 2.2 and Lemma 2.1 we get
Kn R(z,-)  R(z) N:|<%R@%R@J>|
1Rz, )l 1Rz, )l IRz, )Ip 1Rz, )l

>Cz /H R(z,w)*du(w)

204/ R(z, w)? dpu(w)
Es(z)

1
>C — dp(w)
Es(z) Zn
~ o MEs(2)
| E5(2)]
Therefore
(L5 (2))
sup ———= < C||T,|| < oo,
LcH ‘E(;(Z)’ H ,UH
as desired. This completes the proof. O]

Remark: From the above theorem we also see that if T}, is bounded
on b for some 1 < pg < oo, then it is always bounded on b” for every
range of 1 < p < oo.
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